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‘ansistor Amplistat-Regulated Sectional 
Drive at Southland Paper Mills 


A. E. VICKERY 


MEMBER AIEE 


HE HISTORY of the paper industry 
and the history of paper machine 
fes is a story of continued. progress; 
gress in improved performance, in- 
used reliability, and operator con- 
ence. 
his progress has not been the result 
a whim or a slogan. It has come as 
er necessity since the economic founda- 
n of today’s paper machines, large or 
all, is based on the ability continuously 
produce a high-quality product. The 
gressive outloek of the paper industry 
a desire for new and better systems 
provided the co-operation required 
ween manufacturer and user to make 
ih advances possible. 
he progress in machine drives did 
take place overnight. It began in 
1920’s and has continued to advance 
ough the past two decades. 
he early drives of the 1920’s were 
tit as crude as can be imagined in the 
it of today’s sophisticated engineering 
cepts. It must be remembered, how- 
r, that the electric sectional drive of 
se days was only required to provide 
al or better performance than the exist- 
mechanical drives that were difficult to 
intain, dangerous to personnel, and 
ited in capacity. Typical of the elec- 
drive of those days was the original 
e system installed in Crown Willa- 
tte Paper Company, West Lynn, Oreg., 
920; see Fig. 1. Synchronous motors 
re connected to the d-c motor shafts 
ough cone pulleys and belts, providing 
synchronizing means, while the large 
w-speed d-c motors provided the bulk 
the driving power. 
m the 1920’s, this powerful synchronous 
tor tie was superseded by the mechan- 
commutator-type rheostat position- 
uilating systems such as that shown in 
2. The next decade saw the intro- 
ption of a position-regulating system 
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utilizing a master selsyn transmitter, belt- 
driven selsyns on each section, and differ- 
ential selsyns operating carbon pile re- 
sistors in the motor field circuits. By a 
specialized cam arrangement, the sensi- 
tivity of this selsyn system could be main- 
tained essentially constant over a fairly 
wide range of machine speeds. (The 
previous systems had reduced sensitivity 
at reduced speeds.) This selsyn-regulat- 
ing system furnished throughout the 


1930's by the General Electric Company, 


is shown in Fig. 3. 

These various modifications provided 
considerable improvement in over-all 
drive performance but by the late 1930’s 
and early 1940's, these regulating systems 
were reaching the limit of their perform- 
ance capabilities. It then became neces- 
sary to find a system providing faster 
response with essentially the same reg- 
ulating accuracy. 

To meet this demand for improved 
performance, several trial installations of 
high-accuracy speed-regulating systems 
were made in 1940 and 1941. The per- 
formance of these initial installations 
made it apparent that high-gain speed- 
regulated systems would provide greatly 
improved transient performance with 
more-than-adequate steady-state per- 
formance. Fig. 4 shows the electronic 
amplidyne speed-regulating system fur- 
nished by the General Electric Company 


Sectional drive in- 
stalled in 1920 


Fig. 1. 
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for the past 10 years. This regulating 
system consists of a high-accuracy refer- 
ence system, a d-c tachometer-generator 
feedback system, an electronic pre- 
amplifier, and an amplidyne generator 
operating in either the motor or the gen- 
erator field circuits. This high-response 
speed-regulating system, combined with 
individual generator power supplies for 
the various sections, provided excellent 
performance with great flexibility. From 
1946 to 1958, over 100 such machine drives 
were installed representing more than 
1,000 individual regulated sections. 

These speed-regulated electronic-ampli- 
dyne multiple-generator drives provided 
very satisfactory performance. The 
steady-state performance was good and 
the transient performance shown in Fig. 5 
was amply satisfactory for paper-making. 
From an operator’s standpoint, it was 
convenient, easy to use, fast in response, 
and generally a quite satisfactory system. 
In terms of equipment availability and 
machine lost time attributable to drive 
performance, the modern drives (installed 
in the early- and middle-1950’s) are 
averaging well under 2 minutes per day. 

Such an operating record would appear 
to be quite satisfactory but there are 
always possibilities for improvement. In 
1954, the General Electric Company 
initiated a study program aimed at further 
reduction of the drive maintenance. 
Consideration was given to all types of 
speed-sensing systems, amplifiers, power 
amplifiers, and generating equipment with 
due regard for the economics that must 
always be considered. As a result of this 
study, a development was initiated to 
design, test, and evaluate a high-accuracy 
transistor amplistat speed-regulating sys- 
tem with performance equal to the elec- 
tronic amplidyne system. 


Fig. 2. Rheostat-type position regulator 


The attainment of the objective of 
maintenance without sacrifice of drive 
performance involved three major points 
of consideration: (1) circuit design, (2) 
regulator mechanical design, and (3) 
over-all control-panel design and system 
design. 

The first consideration represented the 
major portion of the design and develop- 
ment work. It was necessary to have 
minimum system drift (due to tempera- 
ture or other causes), adequate system 
loop gain for system response and regula- 
tion, and high-impedance input circuitry 
(essentially to impose zero-loading on the 
high-accuracy d-c tachometer speed- 
sensing element). Of the many possible 
methods of approach, the final circuit 
arrangement was selected on the basis of 
over-all simplicity and a minimum of 
components that might require main- 
tenance or replacement. This design is 
shown in block fashion in Fig. 6. The 
reference power supply provides an 
accurately regulated set of bus voltages for 
the individual section preamplifiers and 
the master speed control. The master 
speed reference supply provides a stiff 


Fig. 3. Block diagram of electronic amplidyne sectional drive 
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reference voltage (common to all sections) 
adjustable over the full range from zero 
to 100% machine speed. Built into this 
transistorized speed reference system is a 
linear timing circuit which provides con- 
trolled rates of acceleration and decelera- 
tion when changing the over-all machine 
speed. 

In each section, the master reference 
voltage is compared with the section speed 
in a conventional bridge circuit which 
permits the use of a simple series rheostat 
for vernier adjustment (draw) of in- 
dividual section speeds. This input cir- 
cuit represents a load on the speed-sensing 


tachometer generator of about 1 megohm. ~ 


Any error voltage is amplified and through 
the power amplistat changes the section 
generator excitation as required to main- 
tain the section speed. 

The drift-free amplification of such low- 
level high-source impedance signals repre- 
sented a major design problem. Tem- 
perature-controlled ovens’ drift could 
have been controlled by temperature or 
compensation circuits but the added com- 
plications were not desirable. The final 
design uses a-c amplification of the input 
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Fig. 4. Carbon pile position -regulator control pané 


signal to convert the initial low-level h: 
impedance signal into a higher-level lo 
impedance signal that no longer 
sents a problem from a temperatur 
standpoint. A conventional 60- 
vibrator-chopper is used to conv 
d-c input to a-c and demodulate the 
put of the a-c amplifier to a d-c power 
put. Similar choppers are used thr 
out the paper industry in the pro 
instrumentation systems and their re 
of operational life is exceptionally hig 

The remainder of the amplifier sy; 
is conventional transistor d-c amp. 
tion up to a sufficiently high power le 
to drive the 400-cycle amplistat p 
amplifier. It is necessary, of cour 
provide a very flexible lead-lag notch 
work system in the amplifier so tha 
over-all system performance can readi 
matched to the inertia and characte 
of the driven section. In addition, a 
circuit in each section preamplifier ] 
vides a controlled rate of accele 
when the section is started. 

The basic design was first tested i 
own factory in bread-board constr 
and following these tests a full-sized 
suitable for field testing was cons 
Through the co-operation of a major 
this trial panel was operated for se 
months on both high-inertia and 
inertia sections of a high-speed f 
machine. From observations of the $ 
tem performance under conditions of 
temperature, voltage, frequency, 
final design was evolved that would : 
the operating performance requiren 
of today’s machines and provide 
dustry with reduced maintenance 
freedom from lost time (that can k 
pected from elements having essen! 
unlimited life). 

The design of the circuit is imp 
but the best of circuits can be inadeq 
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he mechanical design and components 
- not suitable for the conditions and 
ice involved. 
Because corrosion conditions represent 
1ajor problem in paper mill design, it 
desirable to isolate all small com- 
nts from the mill atmosphere. Ge 
also desirable to have the potted sub- 
tions of such size as to be reasonable in 
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Fig. 7. Transistorized preamplifier panel 


Fig. 6 (right). Block diagram 
transistor-amplistat sectional 
drive 


replacement costs. With this in mind, 
the preamplifier circuit was divided into 
modules, each a complete subsystem, 
which were then potted for component 
protection. Interconnections between 
modules use high-pressure line contact 
connectors which have a proved history 
of maintaining good contact under corro- 
sive conditions. 

The complete preamplifier shown in Fig. 
7 shows the over-all preamplifier construc- 
tion. 

The amplistat power amplifier is a 
400-cycle unit supplied from a separate 
motor-driven 400-cycle alternator. The 
selection of 400 cycles was based upon the 
space and weight of the section amplistats 
rather than upon the slight increase in 
speed of response. The mill power supply 
at 60 cycles is not used for it is desirable 
completely to isolate the regulating 
system and the drive performance from 
the multitude of transient voltage in- 
herent in all mill power systems. 

From the regulator to the hermetically 
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Fig. 8. Southland Paper Mills no. 4 machine 
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sealed control relays and heavy-duty 
armature components the entire control 
was designed for the continuous service 
requirements of the paper industry. 

The Southland Paper Mill was con- 
ceived and built by its president, Ernest 
L. Kurth, Sr. It was the first commercial 
newsprint mill ever built to make news- 
print from southern pine. It has grown 
from one 1,500 fpm (feet per minute) 
newsprint machine to four newsprint 
machines totalling 7,800 fpm in a period 
of 20 years. 

The no. 4 paper machine shown in Fig. 
8 is a 270-inch Fourdrinier machine of 
Pusey and Jones manufacture. The 
drive (motors, gear units, generators, and 
control) is designed for a speed range of 
1,000 to 2,700 fpm on 32-pound basis 
weight newsprint. The speed is con- 
tinuously adjustable from a dead stop 
through 2,700 fpm from the operator’s 
control console at the tending side of the 
machine. 

Considerable over-all planning was 


Fig. 9. Southland Paper Mills 
no. 4 machine drive 
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given to each item of the drive including 
the selection of paper-mill-type brushes 
for the drive motors and generators. 
Flexibility, reduced maintenance, and re- 
duced down time attributable to electrical 
repairs and adjustments were important 
factors in the selection and installation of 
this drive. Although the drive was only 
a comparatively small portion of the over- 
all installation, it could not be overlooked 
as am important item in reducing main- 
tenance and production down time. 

A sectional drive meeting these require- 
ments was the objective in the selection of 
this drive with transistorized preampli- 
fiers and amplistat (self-saturating mag- 
netic amplifier) power amplifiers. As 
many moving parts as possible within the 
regulating loop were eliminated as were 
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500KW 200KW 


other potential sources of trouble such as 
vacuum tubes and thyratrons. All the 
conventional and proved regulating sys- 
tems were considered and finally elim- 
inated in favor of this all-static amplifier. 

The amplifier’s general physical ar- 
rangement is shown in Fig. 9. Its gen- 
erators were divided into two motor- 
generator sets, each driven by 1,500-hp 
(horsepower) synchronous motors. The 
generators were selected in a minimum 
number of ratings (three 500 kw, three 
300 kw, one 200 kw, and one 100 kw) mak- 
ing for greater flexibility in maintenance 
and provision for spares. Generator 
positions on the lineshaft of the motor- 
generator set are in the same sequence as 
their respective paper machine sections. 


The second press generator is mounted 


Fig. 10 (left). 
Section drive 
motor 


Fig. 11 (right). 
Machine — drive 
control panel 
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on the dry-end motor-generator 
balance the loads on the two se 
a provision for mounting and dri 
spare generator from the wet-end 
generator set. 


generators, were kept to a min 
three basic sizes. There are thre 
hp motors, six 250-hp motors, an 
125-hp motors in the drive. The m 
shown in Fig. 10, are of conve 
splashproof forced ventilated co 
tion with air entering at the back en 
each motor and being discharged 
the room at the commutator end, 
permanent-magnet-excited tachom 
generators provide the speed signal fo 
regulating system and the speed and 
indicators on the machine. 
The over-all drive control has six 
regulated sections: couch drive roll 
press, second press, drier, caler 
reel. In addition to the speed-r 
sections, the suction couch drive 
ulated to follow the couch drive r 
the amount of load on the suctic 
drive determined by the amouni 
vacuum in the couch roll. The sue 
pickup roll, wringer roll, top 
press, and bottom transfer press drix 
helper motors operating in parall 
the first press with their operating k 
adjusted by motor field rheostats. 
section panels, and the master refe 
panel (which provides regulated por 


r the preamplifiers, and regulated 400- 
cle power for the power amplifiers) are 
hown in Fig. 11. 

A rate amplifier, mounted on the refer- 
nce panel, provides a definite rate of ac- 
leration and deceleration when theentire 
beed of the machine is changed. The 
celeration and deceleration rates are 
dependently adjustable. The regulated 
rect current from the reference panel 
pplies the master speed-adjusting heli- 
bt located on the drier operator’s console 
hich provides a master reference signal 
hich in turn is fed to the rate amplifier. 
he rate amplifier output is the reference 
r all the section speed regulators. This 
bmmon reference is fed to each of the 
eed regulators (except the drier regula- 
-) through individual helipots for draw 
ijustment. (Drier reference is directly 
pm the rate amplifier output.) Slack 


a 


: 5. 13. Main motor-generator sets and 400- 
cycle units — 
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Fig. 12 (left). S23 ‘Guant 6 oye 


Back view of 
drive control 
panel 


Fig. 14 (right). 
Speed charts of 
no. 4 machine 


takeup, where desired, is provided by 
means of a pushbutton short-circuiting 
out a resistor in series with the reference 
circuit. 

The control room in which these panels 
are installed has a closed air system with 
air conditioning. The corrosion condi- 
tions that had been encountered in other 
areas of the mill made this construction 
desirable even though the small regulating 
components and relays had been sealed to 
protect them against corrosion and con- 
tamination. 

The regulator panels mounted on the 
front of each section panel have no mov- 
ing parts except for the sealed Stevens- 
Arnold 6-volt 60-cycle chopper used in 
the first stage of the regulator. These 
regulator panels are identical for each 
section. The units are completely inter- 
changeable with the only adjustment 


necessary being the setting of the three 


adjusting rheostats to the same settings 
as were previously used. 

Each section panel is also arranged with 
essentially identical circuitry permitting 
maintenance personnel to become readily 
familiar with the relay sequencing and 
basic adjustments. The slide-wire re- 
sistors for adjustment of crawl speed, re- 
generative braking current limit, etc., are 
conveniently mounted on the front of the 
panel while the larger resistors for motor 
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field adjustments are rack mounted at the 
top of the panel. : 

Two modes of operation (at very low or 
crawl speed) were provided for each 
section. One uses the _ transistorized 
speed regulator and the other uses the 
amplistat as a voltage regulator. The 
speed is not adjustable by the operator in 
either mode but is readily set at the re- 
quired value by maintenance personnel. 
To change from transistor speed regula- 
tion to amplistat voltage regulation re- 
quires the change of one jumper by the 
electrician. This option applies to slow 
or crawl speed only. Regulation at 
operating speeds is always under the con- 
trol of the transistor amplifier. This 
amplistat crawl option is intended for 
maintenance purposes only wherein it 
may be desired to remove one of the 
transistor amplifier panels for testing 
during a wire change or other scheduled — 
shutdown. A spare amplifier panel is on - 
hand and can be installed arid adjusted in © 
a matter of 20 to 30 minutes and the drive 
returned to operation. This will allow 
checking of the removed panel on the 
bench in a methodical manner without 
penalizing the machine for excessive 
electrical down time. 

Armored power and control cables were 
used in making the connections between 
the section generators, section panels, 
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section motors, and section operator’s 
panels. Fig. 12 shows a back view of the 
control panel and the manner in which the 
incoming and outgoing cables were in- 
stalled. Fig. 13 shows the two main 
motor-generator sets together with the 
400-cycle motor-generator set and the 
cable runs to these units. ° 

After all wiring was completed, each 
section was checked for proper sequential 
operation, motor fields were set, genera- 
tor buck fields were adjusted, and the 
static settings of the regulators were 
made. Section motors were then 
operated uncoupled and general regulator 
performance observed before the motors 
were coupled to the machine. Once the 
motors were coupled to their final inertia, 
the sections were operated throughout 
their speed range and checked in detail 
for response, regulation, and stability. 
These tests were made with high-accuracy 
fast-response recorders capable of measur- 


ing minute errors in the regulating system 
performance. Fig. 14 showing the drier 
and second press sections in operation at 
1,750 fpm provides a picture of recorder 
performance. As the chart shows, a 
minute gear eccentricity exists in the 
drier section and the 2-cycle-per-second 
cyclic operation is clearly defined. Full 
scale on the chart shown in 25 fpm. 

A photoelectric recorder (for accurate 
fast-response recording of section speed) 
and a standard cathode-ray oscilloscope 
(for checking the regulator performance) 
are the basic instruments used in setting 
up and maintaining the regulating sys- 
tem. 

As can be expected in the installation of 
a new design regulating system, the initial 
inspection and adjustment involved some 
changes. These were primarily concerned 
with added filtering in the regulator panel 
to eliminate stray voltage pickup that was 
interfering with regulator performance. 


The machine was placed in opera 
with stock on the wire in October 1 
with no operating problems insofar as 
drive was concerned. After several we 
of operation, a 50-ampere silicon rect 
in one of the power amplistats failed 
had to be replaced. This failure 
located and corrected by the electrici 
in a minimum of time. After about ag 
month of operation, erratic performan 
on several sections with a resultant 
time of about 4 hours was traced to 1 
connections. A subsequent, comp 
recheck of the panel by the electric 
located and tightened many additi 
loose connections that could cause trout 
in future operations. > | 

The experience in these initial months § 
of operation has been very satisfactor 
It appears likely that the transist 
amplistat regulator will establish a pattern’ 
of maintenance and production that willl 
be most satisfactory. 


Discussion 


E. C. Fox and S. J. Campbell (Westinghouse 
Electric Corporation, East Pittsburgh, Pa.): 
The use of solid-state devices as regulator 
amplifiers has proved to be one of the most 
important steps in recent years to improve 
reliability and reduce maintenance on paper 
machine drives. The use of 400-cycle mag- 
netic amplifiers on sectional drives is, of 


Fig. 15. Typical NEMA I cubicle for one 

section of a multiple generator sectional drive; 

400-cycle magnetic amplifier located below 
magnetic panel 
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course, not a new development. The 
Westinghouse Electric Corporation has a 
total of 12 sectional drives in operation using 
400-cycle magnetic amplifiers, the first of 
which dates back to early 1956. These ma- 
chines cover a range of products from news- 
print to 300-pound board, with operating 
speeds from 180.to 2,500 fpm. 

The paper mentions that the selection of 
400 cycles for the magnetic amplifier was 
based primarily on weight and space con- 
siderations. It has been our experience that 
the trend to higher machine speeds makes 
necessary more rapid transient response 
and higher steady-state accuracies. These 
requirements are more easily met with 400- 
cycle regulator power supplies as compared 
to those of 60 cycles. These drives include 
selenium rectifiers in the regulator circuits, 
as shown in Fig. 15. Experience has 
shown that these rectifiers are very reliable. 
Rectifier aging has had no appreciable effect 
on regulator operation. Future drives will 
see an increased use of silicon rectifiers, 
primarily because of their associated reduc- 
tion in space requirements. More care must 
be taken in applying silicon rectifiers than 
selenium rectifiers because voltage surges 
are more apt to damage the former. 

We should appreciate the authors’ com- 
ments on three items: 


1. Published figures on down time for 
sectional drives indicate that approximately 
32% of electrical down time is chargeable 
to regulator components and regulator re- 
adjustments. 
amplifiers will reduce this figure. How- 
ever, d-c pilot generators and draw rheo- 
stats operating into high-impedance input 
circuits are still used. We wonder whether 
any immediate developments are wunder- 
way to change the nature of the speed cue 
and draw-adjusting devices to reduce down 
time chargeable to these devices. 


2. Thespeed charts of Fig. 14 indicate that 
section speed is being held within 1 fpm at 
1,700 fpm. This represents a steady-state 
accuracy of approximately +0.03%. Pre- 
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Certainly the use of static - 


vious papers on tachometer feedback regu 
lators state that the drift of this typ 
tachometer is guaranteed to be less © 
0.03%, and that accuracies as high as 0. 
are required on some machine sections. 
is difficult to see how a steady-state acceur 
of +0.3% can be obtained on a prolo 
basis when the tachometer drift is of 
same order of magnitude. Wenotetha 
60-cycle vibrator chopper and d-c pi 
generator have.been used in other paper 
industry applications as elements of i 

tegrating amplifiers to offset amplifier 
and to increase the speed regulating 2 
curacy. Is the chopper described in 
paper also being used as part of an inte 
ting circuit, as it has on these other appli 
tions? 


3. The magnetic control and regulators: 
supplied as open panels, located in a co: 
room with closed air conditioning. Th 
an excellent example of what appears t 


ciate the authors’ comments on the 
tive installed cost and operating meri 
of this system as compared to NEM 
(National Electrical Manufacturers 
ciation) I cubicles in a control room suppl 
with filtered air only. ; 


1. Macnetic AMPLIFIER REGULATED 
IN THE Paper InNpustry, M. H. Fisher. TA 
Technical Association of the Pulp and 
Industry, Easton, Pa., vol. 38, Sept. 1955, pp. ¢ 
22. 3 


2. INTEGRATING AMPLIFIERS BROADEN FI 
FOR APPLICATION OF ELECTRIC Drives, C. D. B 
Electrical Engineering, vol. 74, no. 10, Oct. 1 
pp. 901-04. 
3. Discussion by C. D. Beck, of ConTRot 
SPEED AND CoT In ConTINUOUS PROCESSING, 

Anger, D. L. Pettit. AZIEE Transactions, pt 
(Applications and Industry), vol. 73, 1954 (Jan. } 
section), pp. 491-92. St a 


A. E. Vickery and G. E. Shaad: The F 
Campbell discussion covers several poit 
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Fig. 16. 


Tachometer generator accuracy: chart sensitivity 0.01% per small division; 


chart speed 3 inches per hour 


interest that are subject to considerable mis- 
understanding. They are therefore well 
worth some additional comment. 

The selection of 400-cycle magnetic ampli- 
fiers was based upon space and weight, as 
stated in the paper. A speed-regulated sys- 
em having adequate preamplifier gain, 
roper degeneration around the system time 
onstants, and adequate stabilizing com- 
onents will show little difference between 
O-eycle and 400-cycle magnetic amplifiers. 
ther factors such as roll unbalance, gear 
acklash, inertia time constants, etc., 
e limiting on the system response long be- 
ore the time constants of the magnetic am- 
lifier become a significant factor. 

Experience over the past decade has 
roved beyond any question the reliability 
f the BC46 Alnico excited d-c tachometer 
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generators. Care in installation and reason- 
able preventive maintenance make these 
units a source of negligible lost time. Im- 
properly installed or maintained, they or 
any other component can and will cause lost 
production. 

Draw rheostats do not have the 100% 
reliability record that we should like to ob- 
tain. Even so, given proper protection 
from water and stock, their operating record 
is quite good. The simplicity of the system 
has such advantages from a maintenance 
standpoint that possible rheostat failures 
become a secondary item. 

The d-c tachometer generator has a 
guaranteed 8-hour drift of 0.03%. This is 
based upon a 1-megohm, or higher, resist- 
ance load in a constant ambient of 20 to 
50 degrees centigrade. Actual charts of 
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The methods that have generally appeared 
in the literature to date all require a some- 
what hit-or-miss type of procedure. The 
equations for the output are set up, and, 
in general, equations containing both sam- 
pled and unsampled forms of the same 
variable result. The trick is then to per- 
form analytical sampling (or starring) of 
one such equation, solve for the sampled 
variable, and finally search for the right 
equations in which to substitute. Un- 
fortunately no optimum way of carrying 
out this procedure has yet been formu- 
lated. It would be desirable then to 
devise a systematic procedure for form- 
ulating the output of a sampled-data sys- 
tem in terms of the input and the system 
variables, as Mason}? has done with con- 
tinuous systems. 

Salzer* has presented the technique of 
replacing the sampler in a sampled-data 
system by a signal source and defining 
what he calls the ‘‘cut transfer function.” 
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tachometer performance, given in the 2- 
hour test chart, show drift to be consider- 
ably less than this figure; see Fig. 16. 
Mill-operating experience has shown that 
under constant load conditions, the drift 
and wander (including tachometer genera- 
tor drift), of a well-designed system will be 
well within 0.02%. Many dry end sec- 
tions require drift and wander performance 
of this level for satisfactory operation. 

The a-c chopper amplifier portion of the 
preamplifier is not used as an integrating 
system but merely as a means of providing 
a-c amplification of the very low level input 
signal. By the use of a-c amplification at 
this point the problems associated with 
temperature drift of transistorized d-c ampli- 
fiers are largely eliminated. 

The use of open panels with an air-condi- 
tioned control room was the result of several 
factors: It was possible to locate the control 
room so as to keep unauthorized personnel 
out of the room. This established, the open 
panels are convenient to install and to 
maintain, and they require a minimum con- 
trol room area. Air conditioning with a 
closed system was desired from a corrosion 
standpoint for NEMA I enclosures and 
normal filtering does not remove the gas 
contaminants that have caused operating 
problems in so many mills. There are, of 
course, methods of removing such gases 
from the incoming air but in this case air 
conditioning was the preferred solution. 


He applies his method to single-sampled- 
loop systems only; this paper will under- 
take to extend this technique to multiple 
sampled-loop systems. 

This concept of replacing the sampler 
with a signal source enables one to liken 
sampled-data systems to multi-input con- 
tinuous-data systems, and consequently 
set up the system equations in operational 
matrix form. Hence a systematic pro- 
cedure is available for obtaining the output 
of sampled-data systems. 

In general, however, this procedure re- 
quires the inversion of matrices, and hence 
involves a fair amount of computations. 
Therefore, instead of using this brute force 
algebraic method, it would be worthwhile 
to obtain a general expression for the gain 
of a multisampled-loop system using the 
kind of topological techniques developed 
by Mason for continuous systems. 

A gain expression is proposed in this 
paper, and it is shown to work in a large 
number of systems. The authors have 
not found any counter examples to the 
proposed gain expression, and therefore 
feel that it may be general. 

This paper begins by introducing 
Mason’s theorem and proceeds to intro- 
duce Salzer’s technique of replacing the 
sampler with a signal source. The ideas 
of the two methods are considered to- 
gether and extended to the multisampled- 
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TABLETS INPUT-OUTPUT RELATIONSHIPS FOR SAMPLED SYSTEMS 
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loop case. From these later considera- 
tions the proposed general expression is 
derived. A list of rules for applying the 
gain expression and a table of systems 
to which the expression has been applied 
are then given. 
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Single-Sampled-Loop Systems 


An important background to the deriva- 
tion of the desired gain expression is the 
method of one-step reductions of con- 
tinuous-data linear systems as established 
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by Mason. Mason has shown, for ¢ 
tinuous systems, that the transfer g 
between two nodes can be determined 
inspection for any multiple-loop syst 
from its signal-flow graph. This prope 
is expressed in the following theorem: ’ 
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ansfer gain between any two nodes of a 
ystem is equal to a quotient whose 
enominator is equal to: one minus the 
im of the loop gains taken one at a time, 
lus the sum. of the products of the loop 
ains taken two at a time for all loops that 
o not touch (have common branch or 
ode), minus the sum of the products of 
ne loop gains taken three at a time 
yr all loops that do not touch, and so 
The numerator of the quotient is 
qual to the sum of the forward path gains 
here each of these terms is multiplied by 
factor made up of the number / and all 
gned loop gains and products of loop 
ains that appear in the denominator and 
Db not touch any node or branch found in 
he forward path. 

In this theorem, a feedback loop is a 
mtinuous succession of branches, tra- 
prsed in the indicated branch direction, 
hich forms a closed cycle along which 
ch node is encountered once per cycle. 
he loop gain of a feedback loop is equal 
the product of the gains of the branches 
rming the loop. A forward path is a 
mtinuous succession of branches, tra- 
irsed in the indicated branch direction 
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from the input node to the output node, 
along which no node is encountered more 
than once. The forward path gain is 
equal to the product of the branch gains 
along the forward path. 

The theorem will be illustrated by 
calculating the gain of the multiple-loop 
system shown in Fig. 1. The system has 
three feedback loops with gains bc, fg, 
and fibj respectively, and four forward 
paths with gains add, efh, abjfh, and efibd 
respectively. Two of the feedback loops 
(bc and fg) do not touch. By direct 
application of the theorem the gain (trans- 
fer function) is equal to: 


_ abd(1—fg)+-efh(1 —bc)+abjfh+ efibd 
a 1—be —fg—fibj +befg 


C 
(1) 


It is thus apparent that the direct re- 
duction of even the most complex systems 
is possible by Mason’s method. If this 
were a sampled-data system in which the 
signal in each branch were sampled, then 
all the transfer functions would be sam- 
pled-data transfer functions (discrete 
filters), and all node variables would be 
sampled functions. The identical pro- 
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NOTE: The corrections indicated by Dr. Salzer in his discussion have been incorporated in the table. 


cedure just described would constitute 
a valid one-step reduction, except the 
notation could be changed by putting an 
asterisk after every letter in equation 
1 and by showing a sampler at the 
end of each branch in Fig. 1. 

The situation is quite different when 
the system contains both sampled data 
and continuous data, as would be the 
case if a sampler were inserted at the be- 
ginning of branch a, for example. It turns 
out that the reduction process as dis- 
cussed could not be directly represented 
by a transfer function. The problem be- 
ing that in passing through the sampler in 
branch a the operation is not a multiplica- 


tion in the frequency domain; rather a 


summation. 

For this reason, one is led toward 
searching for a technique to handle the 
sampler. It is at this point that Salzer 
introduced an artificial signal source in 
place of the sampler as an aid to analyzing 
these systems. 

To introduce the use of the artificial 
source, consider the system of Fig. 2. 
(In this paper it will suffice to show that 
this artifice works. For a more complete 
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Fig. 1. Flow graph of a multiloop continu- 


ous-feedback system 


discussion, see reference 3.) If the 
sampler is opened and a source inserted, 
call it S*, and if the transfer functions 
from input to output, input to sampler, 
and sampler to output with the sampler 
open are denoted with a primed notation, 
then the system output will be given by: 


C=RGi'+-S*G.,- (2) 


where G;,’ is the transfer function from 
the input to the output with the sampler 
‘open, and G,,’ is the transfer function 
from the sampler to the output with the 
sampler open. If the system had more 
loops with samplers, then the output 
would be given by: 


C=RG ig! +S1* G50! +:S2*Gs0/ + see =F 
. Sn*Gsno’ (3) 


where the prime means that all the sam- 
plers are open (except as noted later) when 
obtaining the given cut-transfer function. 

The source S* is restricted to be equal 
to the sampled form of the signal entering 
the sampler. 

The signal appearing at the input to the 
sampler is: 


S=RGis' +S*Ge5* (4) 


where G*,, is the transfer function from 
the output side of the sampler around 
the loop to the input side of the sampler 
with the sampler open (and if there were 
other samplers in the system, they would 
also be open, except as noted later). 

Starring equation 4 the following is 
obtained: 


S*=RGis’*+S*Gss (5) 
RGis'* 
* 
S 1G." (6) 


Substituting equation 6 into equation 2: 


Gio! (7) 


Thus a general expression for the out- 
put of a one-sampler sampled-data sys- 
tem has been derived. (The discussion to 
this point has followed closely that of 
Salzer in reference 3.) 

We have at this point managed to 1. 
bypass the problem presented by the 
sampler, and 2. find a means by which 
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Fig. 2. Single-sampled-loop sampled-data 


feedback system. D indicates discrete filter 
(input and output sampled); asterisk replaces 
sampler that would ordinarily follow box 


Mason’s methods can be used to find in- 
put-output relationships for sampled- 
data systems. 

As an example of this, consider more 
precisely the system of Fig. 2. 

An expression for the output in terms 
of the input and the system parameters 
is desired. 

First, apply the formula derived for a 
one-sampler system. One can write the 
terms of the formula by inspection via 
Mason’s theorem cited earlier: 


A) eee A Sia Y eee ten sae 

OTA GH? = ae Sak Gre. mene Cry 
GeH \* 

cg oy 1 es 8 

ins co NS 


Then substituting these terms into equa- 
tion 7: 


(ion) 
RC 1+GH Ge 
C= ye 
1+GH | a Gell. \i gh eee 
1+GH 


(9) 


Now, for comparison purposes, try to 
find the output of this system by ordinary 
algebraic manipulations. The mathe- 
matics proceeds as follows: 


C=EG+E*D*G, (10) 
E=R—-CH (11) 
C=RG—CHG-+E*D*G, (12) 
C(.+GH)=RG+E*D*G, (13) 
RG D*G, 
PILES EY 
i+GH'” 14GH (ay 
E=R—-EGH—E*D*G,H (15) 
E(1+GH)=R—E*D*G.H (16) 
G.H 
Tie eee eee 
1+GH 1+GH ey) 
R 


Fig. 3. Multisampled- 
loop sampled-data 
feedback system 
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R € Gere Ne 
*— _ A*ep* (128) 
‘. (5) a ($2) @ 
ere 
(ee) 
ie papessa\] 
1+GH | 
j 
And finally, from equation 14 the output) 
is obtained: 


E*= 


(ran) 

nee 14GH] py» _Ge 
1+GH 1+D*( GH \* 1+GH 
| 1+GH 


It is thus quite apparent that even for 
this simple system the technique using 
the formula gives a much more direet 
answer than does the technique using the 
algebraic equations. In addition, due fe 
its systematic nature, the formula method 
is considerably less susceptible to errors 

It will suffice now to say that thes 
method works, and that the answers are 
obtained in a very straightforward 
tematic manner. The desired end ne 
is to generalize this method to syste 
with many sampled loops. 


Multisampled-Loop Systems 


The extension of this method to multi 
sampled-loop sampled-data systems will] 
be derived along heuristic lines. Follow+ 
ing this, some rules will be given, them 
some examples will be demonstrated 
(For a more complete presentation of thisi 
subject see the authors’ closure.) 

In comparing the derivation of 
general equations given by Mason i 
continuous systems, and the derivation 
equation 7, it isnoted that much similarity: 
exists. By logical inference then, ¢ 
could investigate the nature of these st 
ilarities and make some appropriate | 
tensions. 

It has been mentioned before that i 
output of a system with samplers in 
loops is given by the following express 
(equation 3): 


C= RG! -FS;"*Gnol Ss Gay oe ee 
Sn *Gs no’ 


The only terms of this expression t 
have not been defined are the terms S. 
This is the quantity that represents © 


Y Nye 7 
Se i 


January I 


pve source. This source is obviously 
ppendent upon the input (R) to the sys- 
jm; therefore, it is expected that an ex- 
ession defining S,* would contain a 
m relating the input and the trans- 
rence from the input to the switch, 
pnce a term RG’is,. The next question 
how is this term further modified? At 
is point compare the derivation of equa- 
pn 6 with those of Mason, and by ex- 
nsion it can be said that the new equa- 
on should contain a denominator which 
ould be made up of: one minus the sum 
the gains of the sampled loops in the 
stem, plus the sum of the product of all 
e€ gains of the sampled loops, taken two 
a time, that do not touch each other, 
ee. 
Now all that is left is to define the 
rm sampled-loop gain; this is taken care 
very nicely by the term already de- 
hed as G*snsn- In addition to the 
rms derived by analogy via Mason’s 
uation, it turns out that for these sys- 
ims another term is required in the 
nominator: the product of the self- 
ms less the product of the cross-terms. 
hat is, the product of the G*;,s, terms, 
ss the product PraeG aaa ss, tae G* ens}. 
Hence, a general expression for the out- 
ut of a multisampled-loop sampled-data 
stem with » sampled loops may be 


RG in! +S1*Gsy0' +S2*Gso0' +... + 
Sn*Gsno’ (21) 


RGisn s 


n x 
Lens" re Gsys9 Gees,” ahs Gsnsy e 


k=1f 


P,=product of loop gains taken two 
at a time that do not touch each 
other 

_ P;=product of loop gains taken three 

* at a time that do not touch each 
other 


This equation then should give the out- 
at of any sampled-data system in terms 
the input and the system parameters. 
pply this equation to a multisampled- 
op system and again compare the two 
ichniques for finding the output. 

Consider Fig. 3. Again the component 
rms of the formula can be obtained by 
spection. Note that the system con- 
ins three sampled loops, two of which 
> not touch. Therefore, the equation 
‘the slave source will contain an extra 
oduct term in the denominator. The 
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So SS 
1-9 Gase* +) Pa Patek 
k=1 


Gio’ =0 Gsys9* = G,* Goat = — D*G,G2G3* 


Gsys,* a H3G;* 


Gis,’ =1 Gis,’ =0 
Gis,’ ==(0) 

Gsyo" =G1G2G3 G20 ’=—D*G,G2G; 
Gsyo! as — H3G; 


Gsi*=-GGGs* — Gus,*=—D*Gi* 
Gna = — HiG,* *(22) 
The equation for the output follows 
directly as: 
Can R GGL +HAGs*) +R*CGG* Gs 
1+G,G.G;*-+G,*D*+G3H3*+ 


D*G,*H;G3* 
(23) 
and 
Cte R*G1G2G3* 
1+G1G2G3*+G,*D*+G;H3*+ 
D*G,*H3G3* (24) 


Now find the same relationship using 


standard algebraic techniques. The cal- 

culations proceed as follows: 

C=E3G3— C*H3G;3 (25) 
= RiG2G3— C*H3G; (26) 
= F.G1G2G3— C*H3G; (27) 

R,=F,*G,—R*D*G, (28) 

R,* = E,*G,* — Ri*D*G,* (29) 

£,*G,* 

Rt == = 
=F DG (30) 


G = Ey *GiG2G3 ae Ry *D *GiGoG3 — C*H3G3 (31 ) 


Let 
AAG,G2G;, B*AG,*D* (32) 
then 
E;*B* 
C=Ey*A-T a, A CHG ; (33) 
since 
E,* =R*—C* (34) 
Bx Be 
=R*4—C*A—R*A (3 — 
C= ipBet 1+8B; 


C*H;G; (35) 


B* 
* *_ A* 
i (4 ‘ oa 


and finally, 


Ct= R*GiG2G3* 
1+G,*D*+-G,GiGs* + HiGs* + 
G\*D*H,G;* (38) 


The expression for C is obtained by 
substituting equation 38 into equation 35. 
The computations are lengthy and will not 
be included, but the answer is the same as 
in equation 23. 

It is again apparent that the formula 
gives a much more direct, straightforward 
solution to the problem The use of the 
formula minimizes (in general) the time 
required to find a solution of this type; 
however, and more important, due to its 
systematic nature, it minimizes the chance 
of error involved in finding the solution. 

A few rules will now be given for apply- 
ing this formula to sampled-data sys- 
tems. 


1. nm is equal to the number of separate 
loops with samplers in them. 


2. If a sampler immediately follows a 
summing junction other than the first, 
always move it back through the summer 
before numbering samplers and evaluating 
the system gains. 


8. When evaluating a particular loop gain 
(primed or starred functions) if the loop 
has more than one sampler in it, replace 
the box(es) between each set of samplers 
with a starred function, and delete the 
latter sampler(s). 


4. When evaluating the cut transfer 
functions (primed functions) and the 
Gsnsn* terms, consider all the samplers 
not in the loop as being open, and use 
Mason’s rule and rule 3 for finding the 
transmission of the rest of the system. 


rc 


5. When numbering the samplers, the 
following must be observed: (a). count only 
the first sampler in each loop; and (0). the 
order of numbering must be such that 
when evaluating the expression Gs,s.* 
Gsys3*...Gsns,* there are the same number 
of starred terms as appear in the expression 


n 
II Gsjs,*. (Usually, if a cyclic order of 
k=1 


numbering is observed, starting from the 
major loop around to all the minor loops, 
this condition is fulfilled.) 


Table I showing sampled-data systems 
analyzed by this method is given for reauy 
reference of the input-output relationships 
of the given systems and to assist in using 


C*= et a this formulation. 
1+A*—A* TLBe +H3G;* The last column in the table is described 
only by C. The user can do any of three 
re( A* ) things with this expression: 1. he can 
NC eh (36) consider both sides of the equation as 
14 A* 4iG* functions of s and thus will have the La- 
CB place transform of the output; 2. he can 
take the z-transform of both sides of the 
Fee RtAS (37) equation and thus have the output of the 
1+B*+A*+H;G;*+BH;G;* system at sampling instants only; and 38. 
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take the modified z-transform of both 
sides of the equation, and have the con- 
tinuous output of the system in terms 
of the z-transform. 

All the samplers in the tabled systems 
are assumed to be in synchronism. 


Multiple-Input Systems 


This method can easily be extended 
to multiple-input multiple-sampled-loop 
sampled-data systems. Since the sam- 
pled-data system can be considered as 
linear (at sampling instants), multiple 
inputs can be considered as in the con- 
tinuous case; that is, each input can be 
considered independently, and by super- 
position the output can be obtained by 
adding the components due to each input. 
For multiple-input multiple-sampled-loop 
sampled-data systems, one has only; to 
find the output for each input as described 
earlier and then add the components to 
find the total output. 

Consider for example, the system of Fig. 
4. 

The output of this system is desired. 
By superposition, the output C is the sum 
of the responses to the two inputs, R; and 
R:. Considering the system for just Ri, 
it is noted that the system is the same as 
no. 26 in Table I. Therefore 


C Ry *(GiGo +HA2G2*GiGe aes GG. *HG2) 
5 a 
1+G,G,*Hi*+G:H2* 
(39) 


Considering the output due to Re, the 
system becomes as shown in Fig. 5. 


Fig. 4 (left). Multi-input Rp 
multisampled-loop sampled- ° 
data feedback system 


Fig. 5 (right). Fig. 4 con- 
sidered for Rz input only 


This system is readily solved by com- 
paring it to system 16 in the table. The 
only term that changes is G,,*, and it 
becomes instead G*D*H,*—G*H* sp. 
With the proper substitutions the output 
is given by: 

R2*G2 


SSS Se 40 
1+G2*H2*+G2*Gi*Hi* ce 


Ce 


Then the total solution becomes: 


C=O+Cs 
_ RN GGst HCCC: CiG"EaGs) 
1+GiGa*H* +GoHa* 
Ro*Ge 
1+G,*G2*H,* +Gs*He* 


(41) 


Again it is noted that a quick solution 
is available using the method herein 
introduced. 


Conclusions 


In this paper, an expression giving the 
output of a multisampled-loop sampled- 
data system has been heuristically de- 
rived. The equation works for all sys- 
tems of the nature introduced in this 
paper, and the authors feel that there may 
not be any difficulties in applying the 
equation to any linear sampled-data 
system with all the samplers in synchron- 
ism. However, the authors would like to 
suggest as an area of study that a formal 
derivation of this expression be found, or 
at least the derivatiou of an explicit defini- 
tion of the class of systems for which this 
formulation will work if it is not absolutely 
general. 


2 


Discussion 


John M. Salzer (Thompson Ramo Wool- 
dridge Inc., Los Angeles, Calif.): The 
authors have made a notable stab at 
solving a rather nasty problem of finding 
the input-output relationship of systems 
which have several samplers and any 
number of loops. 

The authors reached an intuitive formu- 
lation of this solution. Admittedly they 
do not prove this formulation; they claim, 
however, that it gives the answer for all 
the system solutions they attempted. 

I would like to emphasize that the 
solution of such multiloop and multi- 
sampled systems is complex, treacherous, 
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and full of pitfalls. Moreover, offering a 
general solution without proof leaves one 
full of doubt and uneasiness. The work 
originally done by the authors probably 
got close to a solution, but the method 
and result presented were incorrect and 
so were many of the specific examples. 

Of the specific examples cited (Table I 
of the paper), the discusser considers the 
following solutions correct: 1 through 21, 
23, 25, 33, 34, 35, 37, 38, and 40. The 
following solutions were incorrect but con- 
tain only what appeared to be slight typo- 
graphical errors: 22, 28, and 36. The 
following solutions were conceptually and 
basically incorrect: 24, 26, 27, 29, 30, 31, 
32, 39, and 41. 

It might seem peculiar that I claim that 
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the method presented was wrong and 
so many of the solutions turn out to DB 
correct. This is due purely to the f 
that in the simpler system configuratio 
many of the terms of a general solut 
are zero so that their erroneous abset 
in the general formula does not influe 
the answer. As the system configurati 
become a little more complex, as in the 
which this paper was written to solve, 
method presented starts producing # 
correct answers. It is noted, howey 
that except for misprints, the auth 
find the correct denominators in the solw 
of all examples. This suggests, but d 
not prove, that the denominator in 
authors’ generalized equation 21 is correet} 
Another point to note is that the samp 


January 1 


————— ¥* 
S2= G2G3G4 
oe GeG3G4 


Cc 


Giga = © 
* —— * 
Csis5 = H3G4 
* 
Gs,s, =| -G," 


Gs,0 =- Gi G2G3G4 


—_ * ——_ * ——— ee 
RG (1 +H3Gq )G2G3G4 - RG, GaG3Ga H3G4 


——— * * ——* ——— * En IE a os —_— 
BmHiGr +Ga Hac; +HaGa, +6, GaGaGq + HiG, AaGa +Gs HoCi esGau 


Fig. 6. Simplified solution of example 41 


m of the system output is correctly 
en in all examples after the continuous- 
a part of the numerator is sampled. 

is interesting that the block diagrams 
ll the examples can be rearranged in a 
aner requiring only two sampled-data 
ats to interrupt all self-loops. This 
mits then the solution of all problems 
= presented by a method adequate for 
two-sampled-loop case. For example, 
last block diagram 41 is shown to 
ain five samplers, but it can be re- 
nged to contain only two sampled- 
a loops as shown in Fig. 6. The two 
plers S; and S: are adequate to inter- 
all loops. 

n the process of studying the subject 
er, the discusser has arrived at the 
eral equation for a two-sampled-loop 
em. Using the notation of the article, 
equation reads as follows: 


RGip'’ + 
Oa *(1=—Gasn*)Gsio' + RGin*Gnsg"Gno' + 
le *(1 — Gars,* )Grs0! + RGis,*Gerei*Gavo’ 
Gisys;* — Gsqs0* — Gsysq* Gsosy* +G 5151 *G soso” 
(42) 


derivation of equation 42 will be 
ussed in a forthcoming article. For 
mple 41 of Table I, after rearrangement 
shown in Fig. 6, the various quantities 
listed and the final formula derived as 

of Fig. 6. It is readily visualized 

the answer for this example as was 
sn in the article is not correct because it 
mtuitively clear that Hz; must have an 
t on the continuous output of the 
em. It is one of the interpolating 
jinuous-data transfer functions con- 
ing S. to the output. 
quation 42 can be utilized to solve all 
other examples. 


B. Ash, W. H. Kim, and G. M. Kranc 
lumbia University, New York, N. Y.): 

authors have made an _ interesting 
tribution to the theory of sampled-data 
ems. Their paper extends the topo- 
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logical ideas of Mason to multiloop sampled- 
data systems. However, the authors’ 
general gain formula, as presented in the 
paper, does not appear to be valid. First 
of all, the authors imply in their rule 5 
that the application of the formula depends 
upon a certain technique to be observed 
in numbering the sampled loops. The 
authors unfortunately do not reveal this 
technique. Second, the general expres- 
sion for S;,*, equation 21, is open to ques- 
tion. According to equation 22 the func- 
tion S;* is zero. Since the input to sampler 
S3, however, is the system output, S3;*=C*, 
which is certainly not zero. 

Equation 21 implies that all one has to 
do is to place a sampling switch in series 
with the input in order to make the sampled 
output identically zero. 

Most of the examples which appear in 
Table I are incorrect. For instance, the 
output of system 30, as computed alge- 
braically, is 


= 
R*G,G2+-R* GiG2(G2H2)* — R*(GiG2) *(GoH2) 
1+(GiG2)*+-(G2H2)* 


Only the first term in the numerator is 
present in the paper. However, the 
sampled output: 


~ pe RUGGD* 
~ 1+(GiG2)*+(GeH2)* 


* 
agrees with the authors’ result. 

In almost every example considered by 
the authors, the actual output contains 
terms of the form 4B*—A*B which do not 
appear in the paper. If the sampled 
output is taken, these terms drop out, 
since (AB*—A*B)*=0. Thus the sampled 
output as computed by the authors is 
invariably correct. 

The discussers are preparing a paper 
on the signal-flow-graph approach to 
sampled-data systems. A general gain 
formula, somewhat similar in appearance 
to that of the authors’, will be presented 


with proof. 


George G. Lendaris and Eliahu I. Jury: 
The authors wish to thank Dr. Salzer for 
taking the time and effort to study the 
paper in as much detail as he did and for 
pointing out that there exists a limitation 
to equation 21 for the output of an n- 
sampled-loop system. Also the authors 
would like to thank Dr. Salzer for indicat- 
ing the typographical and gross errors that 
appeared in Table I. These corrections 
have been incorporated so that the present 
form of the table should be correct in its 
entirety. 

It may be noted at this point that it was 
quite fortuitous that the last three entries 
in the table turned out being 7 Z2 systems, 
for this was not the original intention of 
the authors. Note also that even though 
these systems appeared to have more than 
two loops, the formulation gave the right 
denominator for the output. 

The authors would also like to thank 
Mr. Ash, Mr. Kim, and Mr. Kranc for 
their discussion and for their efforts in 
pointing out the inaccuracies that appear 
in the paper. 

Both discussions indicate that equation 
21 is not valid for the general case of the 
continuous output, but that it may be 
valid for the general case of the sampled 
form of the output (at least for »=2). 
Subsequent work by Mr. Lendaris indicates 
that this latter fact is not correct either. 
The numerator is not completely general, 
even for the sampled case. 

In his discussion, Dr. Salzer presented 
a general equation for the continuous output 
of the »=2 system. This equation is 
correct, for it is a special case of the general 
solution of the problem which was recently 
derived. 

Messrs. Ash, Kim, and Kranc made a 
statement in their first paragraph concern- 
ing the value of S;*. Their comment 
implies that they do not fully appreciate 
the concept of the fictitious signal source 
as is borne out again by their comment in 
the succeeding paragraph regarding equa- 
tion 21. 

The authors could continue point by 
point to discuss the items mentioned by 
the discussers, however it is much more 
useful to present instead the subsequent 
work done in this area by Mr. Lendaris 
with the purpose of clearing up all the 
inaccuracies and misconceptions pointed 
out and perhaps those not yet noted. 
(who wishes to express thanks to Professor 
C. A. Desoer for his inspiration and guid- 
ance in formulating this material). 

For context purposes one might consider 
the following to be inserted in the paper 
in place of the section entitled ‘Multi- 
sampled-Loop Systems.’’ 


ALGEBRAIC METHOD 


For extending this approach to the 
multisampler system, consider Fig. 7 as a 


R Cc 
* 

S; Ss; 
* 

eT ee 
* 1 { 

Sn Sh 


Fig. 7. Maulti-input multi-output model of n- 
sampler sampled-data system 
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model of a sampled-data system. In this 
model the system has been rearranged 
such that the input node, the output node, 
and all of the samplers are outside the box, 
and the rest of the system is inside the 
box. The nodes on the right, which will 
be called output nodes, represent the output 
terminal of the system, C, and the input 
terminal of each of the samplers, S,, 52, 

.., Sn. The nodes on the left, input 
nodes, represent the system input terminal, 
R, and the output terminal of each of the 
samplers; i917, Se 2s) ne Lhe, latter 
represent the fictitious signal sources 
introduced earlier in the paper. 

The resulting multi-input multi-output 
system inside the box is a linear time- 
invariant (because it has no samplers) 
system, hence there exists a continuous 
transfer function from each of the input 
nodes to each of the output nodes. These 
transfer functions will be denoted by G’ 
with the appropriate subscripts; the first 
one referring to the input node, the second 
to the output node. 

Keeping these definitions in mind, the 
following set of equations describe the 
input-output relationships of the system 
located inside the box: 


Si = RGis;’ + S1*Gs15,/+ miss +Sn*Gsns1" 
: [43(1)] 


Sn =RGisn’ +S1*Gsi5n’ + anels +Sn*Gsnsn’ 
[43(n)] 


C=RG io’! +:S1*Gsi0’ + eer +S8n*Gsno! 
[43(n+1)] 


Since the sampled signal sources (.S;,*, 
k=1, 2, ..., m) are by definition the sampled 
form of the input to the samplers (.S;, 
k=1,2,...,), equations [43(1)] to [43(x)] 
can be starred and rearranged, yielding: 


RGis,'* = S1*(1—Gay5)*) — S2*Gys,*— 


my Lee — Sn*Gsns,* [44(1)] 
RGisn* =— S$; *Gsisn*— S2*Gsgsn *_ 
eee +Sn*(1—Gensn*) [44(n)] 
or rewriting in matrix form: 
(Gsysi* Ss: 1) Gsys1* Garayc Ban Gsnsy = 
Gsys,* (Gals — 1) Gs,s.*. . -Gens,* 
Gs,8n* Gsysn* Gsgsn*. . 
384. 


-(Gsnsn*—1) Sn* 


Fig. 8 (left). Signal-flow- 
graph representation of equa- 
tions 49 and 50 


¥ 
Gs,s, 
Fig. 9 (right). Information 
from equation 48 added to 
signal-flow graph of Fig. 8 


This set of m equations can be solved for 
Sy*, So*, ..., Sn* using standard algebraic 
techniques. When this is done, the result- 
ing equations can be substituted into 
equation [43(z+1)] to obtain an expression 
for C in terms of the input R and the 
system parameters. 

As an example of this method, consider 
the case where »=2. The equations for 
this system can be written as: 


Si = RGisy! +S1*Gs,5,/ + S2*Gsosy" (46) 
S2=RG is,’ +S1*G5159/ +S2*Gso59’ (47) 
C=RGig+ S1*Gsto' +S2*Gsq0' (48) 


Starring and rearranging, equations 46 
and 47 become: 


RGis,* = Sy*(1 a Gsysi*) se} S2*Gsesy id 


RGis,* oS Si *Gsy59* +Se*(1 aes: Gsosq*) 


Solving equations 49 and 50 for S,* and 
S,*, and substituting these into equation 
48, there results: 


C=RGio’ + 


RGis, * [Gs,o a“ 1— Gisq59 #) +Gsisy *Gso0 a ] ai 
RG iso” [Gseo iM the Gsis, 2) +Gisqs1 *Gsy0 dé ] 


te Gsy51 — Gszs2* a Gsysq *Gsas1 ¥ +Gas1 *Gisas0 - 
(51) 


Equation 51 is the general equation for 
the output of any sampled-data system 
containing two samplers (which are in 
synchronism). This equation is identical 
to Dr. Salzers’ equation 42, and this repre- 
sents a formal derivation of it. — 

One could continue in this manner and, 


(49) 


(50) 


using this algebraic method, derive a 


general expression for the output of an 
n-sammpler system for each x. It is obvious, 
however, that these general formulas 
become very lengthy and unwieldy for 
n>3. For this reason, recourse is made 
to topological methods of finding the 
output of an m-sampler sampled-data system 
in terms of the input R and the system 
parameters. 


TOPOLOGICAL METHOD 


Consider again the set of equation 45. 
Instead of solving this set algebraically, 


Sheehy onl ledge 
RGis2'* 


(45) 


RGisy hg 
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one can associate to it a signal-flow gra 
and then apply Mason’s theorem to f 
signal-flow graph for obtaining the desira 
relationships. 
(The signal-flow-graph techniques 
Mason are given in references 1 and $ 
the paper. It should be pointed out 
more recent work has been done in f 
area by Coates.!_ The method he preser 
is guaranteed to give a minimal te 
expression for the gain, and for this re¢ 
is in many cases superior to Masor 
method. His method will not be given | 
the present discussion, however, so as 
to confuse the issue at hand.) a 
To illustrate this process, consider agai 
the case where n=2. From equations -| 
and 50 one can readily construct the signa 
flow graph shown in Fig. 8. (The ing 


node in this signal-flow graph is lab 13 


with a Z and the branches leading fre 
it with an RG’% or RGis;,’* term becaw 
Mason’s theorem gives the transfer 
from one node to the other, and by ma 
the input node variable 7, an expressi 
the output is obtained directly.) 
adding the information contained in 
tion 48 the signal-flow graph becor 
shown in Fig. 9. Applying Mason 
theorem to find the gain between the nod 
labeled 1 and C, one obtains equatior 
This expression, which was constr 
directly from the signal-flow graph, 2 
represents the general equation for 
output of any sampled-data system 
taining two samplers (which are in 
chronism). 
The topological method will not be 
however, to derive the general formul 
for the u-sampler sampled-data sys' 
the reason being, as noted earlier, 
these general formulas are too length 
be practical. Instead, the topological 
nique will be applied directly to | 
individual system under  considerati 
This approach is advantageous because 
simplifications arising out of a parti 
system configuration are borne out ir 


n=2 n=l 


Fig. 10. Example of reducing numb: 
samplers in block diagram 


TANUARY 


gnal-flow graph before the calculations 
e made. 
Now that the procedure of constructing 
signal-flow graph of the type indicated 
Fig. 9 has been justified, one can bypass 
i€ process of using the model and the 
uations used before. Instead, one can 
directly from the usual block-diagram 
tm of the sampled system to the signal- 
w-graph form. The 
notice about the signal-flow-graph 
resentation of the system is that all the 
de variables are sampled functions, and 
the transfer functions are starred 
ausfer functions, hence, as mentioned in 
€ paper, one can apply Mason’s theorem 
find the desired output. (These com- 
ents do not, and need not, apply to the 
tput node nor the branches leading to it.) 
To apply the results of the foregoing, 
e the following procedure: 


Eliminate all redundant samplers in 
e original block diagram. See Fig. 10 
rt anexample. This step is not necessary 
r cotrect results, but it simplifies the 
ulting flow graph. 


Number all samplers in any fashion 
ired, 


On a separate sheet of paper draw a 


* 
Gsss, 


important thing. 


Fig. 11 (left), An n = 5 
sampled-data system 


Fig. 12 (below). Signal-flow 
graph of system in Fig, 11 


node for each sampler indicated in step 2? 
and label these S,*, So*, ..., S,*. 


4. Open all samplers in the block diagram. 


5. Start from sampler 1 and traverse all 
possible continuous paths from the output 
of sampler 1 to the input of all samplers. 
Where these exist, draw in a branch on the 
signal-flow graph from node S,* to the 
respective node S;* with the direction 
indicated and the appropriate sampled 
transfer function. Then start at sampler 2 
and repeat the procedure until all samplers 
are covered. 


6. Now add two other nodes: one labeled 
with a Z (the input), and one labeled with 
a C (the output). From the input node 
draw a branch to each of the nodes which 
has a corresponding continuous path in the 
block diagram, and label with the appro- 
priate gain (RGi’ to the output, and 
RGis,* to the other nodes). Then draw 
a branch from each of the nodes S;,* which 
has a corresponding continuous path in the 
block diagram to the output node C and 
label appropriately (Gsjo’). 


7. Apply Mason’s theorem between the 
input node and the output node of the 
resulting configuration to find the desired 
output. 
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As an example of this procedure, con- 
sider the system in Fig. 11. The samplers 
are numbered from 1 to 9. The signal- 
flow graph given in Fig. 12 was constructed 
directly using these rules. Using Mason’s 
theorem on Fig. 12, the output is given by: 


RGis, *Gsis9 *Gesosq *G's,0 
i= Gsy51 *_ Gsosy *Gsssq *— 
G55, *Gsosq *Gssss *Gsesi *_ 


, * * 
Gays» *Goosy *Gsas1 “ir Gays; *Goosg *Gousq 


C= 


(52) 


where 


Gis,’=1 Gsis,* = —GiH,* Gs,s,* = — G;H,* 


Gsys.* = Gi* Gees, * = GoH3* G5, 39° = — H,* 
Gsqs,* = Go* Gs,s;* =GsHo* 
Gs,0' =G3 Gra — H;* 


This result was obtained with a minimum 
amount of calculations. If the algebraic 
method had been used, this whole page 
would not have sufficed to carry the general 
formula for the 7=5 system. 

There are several techniques for minimiz- 
ing the number of nodes, and hence the 
computations, in the signal-flow graph, 
such as, perhaps eliminating nodes S,* and 
S;* in Fig. 12 by inspection. This would 
be done by replacing the appropriate 
transfer function(s) by a starred transfer 
function. But due to space limitations 
these techniques will not be presented in 
this discussion. 

The method presented is completely 
general, and Mr. Lendaris foresees no diffi- 
culties in its application to any u-sampler 
systems no matter how complicated so long 
as all its samplers are in synchronism. 

This concludes the closure to the dis- 
cussions. We would again like to thank the 
discussers for indicating the errors that 
appeared in the paper and for stimulating 
me to do further work in this area. It is 
hoped that the short presentation of this 
material will suffice to clear up any diffi- 
culties arising out of the paper, and help 
to clean up this general topic of signal-flow- 
graph applications to sampled-data sys- 
tems. 
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N INTERESTING SIMILARITY 

exists between the mechanical sam- 
pling and zero-order hold function of 
sampled-data systems, and the mathe- 
matical ‘‘sampling’”’ which is character- 
istic of numerical methods of analysis. 
This paper describes an investigation 
into this similarity. The results are 
numerical methods of analysis princi- 
pally adapted to the transient solution 
of nonlinear sampled-data control sys- 
tems. While numerical methods gen- 
erally provide approximate solutions to 
nonlinear continuous systems, numeri- 
cal methods applied to many nonlinear 
sampled-data systems provide exact solu- 
tions. Approximate solutions exist when 
exact solutions are not possible, i.e., 
for the more complex system configura- 
tions. 

The methods developed are useful 
for the solution of transient problems 
which arise in systems containing any 
one of a wide variety of nonlinearities. 
The procedures are not applicable, how- 
ever, to problems containing stochastic 
relationships. The z-transformation is 
used extensively to provide notational 
simplicity and to take advantage of 
existing transform techniques and tables. 

In this paper specific systems which can 
be effectively reduced to the block dia- 
gram form appearing in Fig. 1 are con- 
sidered. The block containing NV repre- 
sents a nonlinear relationship between its 
input and output terminals, and the 
block containing G, indicates a linear 
transfer function. Systems containing a 
nonlinearity between two frequency-sensi- 
tive elements are considered in Part II of 
this report.1 While the block diagram 
used in this paper certainly cannot repre- 
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sent all sampled-data control systems, it 
is sufficiently general to represent, mathe- 
matically, many systems presently 
undergoing analysis. Furthermore, only 
those systems are considered which have 
a constant sampling period and a zero- 
order hold in the error channel before the 
continuous portion of the system. The 
nonlinear relationships have the one 
restriction that a unique output be deter- 
mined for every specified input. 

An expression is developed which, by 
repetitive application, permits the sam- 
pled error values of a nonlinear sampled- 
data system to be found in response to any 
specified input disturbance. The step, 
impulse, and ramp input functions, how- 
ever, have simplifying advantages. Al- 
though the results are easily adapted to 
machine programming, the specific intent 
of this development is to provide a prac- 
tical procedure not dependent on a ma- 
chine solution. 

Known techniques for analyzing non- 
linear sampled-data control systems are 
limited essentially to three: the describ- 
ing function method, the phase-plane 
method, and numerical methods. The 
describing function method, when applied 
to a system containing a nonlinearity and 
a sampler, is generally inadequate.? Basi- 
cally, the sampling phenomenon is 
replaced by a dead time, a procedure which 
becomes less descriptive as the sampling 
period approaches the speed of response 
of the linear portion of the system. 
Methods using the phase plane have more 
pertinent application but are limited, 
practically, to systems with a second- 
order transfer function. The methods of 
phase-plane analysis, where possible and 
sufficiently complete to predict transient 
phenomena, may also require relatively 
complex techniques which vary with the 
type of nonlinearity considered, etc.2—4 

The principle of numerical methods of 
analysis has been adapted to continuous 


Fig. 1. System con- 
figuration for an exact 
solution 


SAMPLER 
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nonlinear control systems,5—’ and more 
recently to discontinuous nonlinear con 
trol systems.’ Reference 8 develops @ 
special transform table to estimate a time: 
domain convolution combined with 
relatively fast mathematical sampling 
rate. The solution involves a polynomiali 
long division with the nonlinear ¢o-j 
efficients of the system equation chan 
at each step of the division. Th 
method is not easily applied to systen 
with higher-order transfer functions 
with relatively complex nonlinearities. 


Method of Analysis 


The method of analysis described i 
this paper provides an exact solution f 
the transient problem and is applicable 
to the system block diagram configt 
tion shown in Fig. 1. For simplicifl 
initially assume that: . 


1. G(s) is the transfer function of tha 
linear frequency sensitive elements of they 
system and contains no dead time (trans 
port delay). 


2. N is a uniquely defined time-independ4 
ent functional relationship 


Ecn(t) ey NIECt)] (1), 


ie., any given input condition deter a 
unique output, dependent only on the | 
stantaneous input magnitude. 


8. The sampler function is adequately ana 
unambiguously described as 


Ede)= > (E(RT){ Uk) — 
U{t—(k+1)T}}) (22 

where T is the sampling period, and U(i 
kT) is a positive unit step function occurri 
at t=kT. The lower limit on the summ 
tion would be zero if this equation were 2 


plied to a system solution which neglect 
negative time effects or memory. 


The effects of system dead time, 
storage states in the nonlinearity, 
considered separately in the followi 
sections. 


the error can be written as 
E(s)=R(s)—Gi(s)Een(s) 


The Laplace transform of equation 2 is | 


B4s)=) ymuner( ey 
k=—© 
= eee 


January 16 


uations 2 and 4 represent a series of 
ilses, each T seconds in duration, spaced 
seconds apart and with amplitudes 
(kT). Equation 1 states the Z,,, differs 
om E, only by the nonlinear relation N, 
Hependent of time. Therefore 


(s)= Dotveaniey( =) 


k=—o 
(5) 


here N[E(kT)|=N[F;] is defined as 
e output amplitude of the nonlinearity 
as a result of an input amplitude 
kT). 

From equations 3 and 5, it follows 


)—E(s)=G(s) D> N{E(AT)]e-*7" (6) 


ae 
p=6(0( =) (7) 


Applying the z-transform, equation 6 
a be written as 


s)—E(s)=G(2) D) N(E(@RT)|e* (8) 
k=—o 

As the information in the 2z-trans- 
m of a time function is contained at 
mple instants only, equation 8 contains 
unknown value of the error function 
t=kT. 

sing a definition of the z-transforma- 
n and assuming that G;(s) is realizable, 
3) can be expanded into a power 
ies of z. 


)=gotgiz—1+ goz-2+ . . pee: eet (9) 


ere g;, is the value of the impulse re- 
mse of G(s), g(t), att=kT. An input 
ction, zero for negative time values. 
also be expanded in a power series of 


)=Rot Riz! Roz 2+... (10) 


quating the unknown error function 
a similar power series 


)= Et Eis +Ex +... (11) 


becomes the value of the unknown 
br function at t=kT. Equation 11 
umes for convenience that the error 
ction is zero for negative time. Sub- 
ting equations 9 through 11 into equa- 
1 8, it follows that 


to — Ey) + (Ri—Ei)z-!+ 
(Ro—E)z-2+...} 
=(gotgiz—1+ gz 2+... )(N [Eo] + 

7 QN(2)274+-N [Ee 7+...) (12) 


satisfy this equation the coefficients 


of corresponding powers of z must be 
equal, or 


Eo= Ro— goN |Eo] 
Fi=Ri-—gN [Ei]—g:N [Ey] 


Rk 
Ex=Re- Ss gnN [Ex_n] 


n=0 


k 
=Ri- D) ge-nNIEn] (13) 
n=0 


Each equation in equation 13 has one 
unknown. The solution of each un- 
known is used in the solution of subse- 
quent equations, a characteristic of many 
numerical methods. 

The application of equation 13 is 
greatly simplified if gs=0, a condition 
often found in practice. The implica- 
tion of go=0 is that sufficient delay exists 
in G(s) to limit its impulse response, g(t), 
to zero at ¢=0. Noting equation 7, a 
minimum of a single time constant delay 
in G,(s) will insure this condition. If go= 
0, equation 13 reduces to 


Fiu=Ri-—gN [Eo] 
Eo= R2—g1N [Ei |—g2N [Eo] 


k 
Ex=Ri— >) gnN[Ex—n), 20=0 (14) 
n=0 

where J is equal to the magnitude of the 
step disturbance. For each FA; value 
equation 13 may require the solution of an 
algebraic equation of the order of the 
analytic description of NV, or a solution by 
trial and error if VV is known graphically. 
However, if equation 14 is applicable, each 
F,, is found by determining N[#;,_;] and 
summing a sequence of numerical prod- 
ucts. Generally a graphical form of J is 
best adapted for use with either equation 
13 or 14. 

Equation 13 can be rearranged and 
written in matrix form: 


||R—El| =||e[|l|-V 12 (15) 


It is interesting to note that ||G|| in equa- 
tion 15 is defined as a transmission 
matrix by Friedland? in a discussion of a 
numerical technique for the analysis of 
time-varying sampled-data systems. 

Another form of equation 14 can be 
developed by subtracting two consecutive 
error values, E, and E;, 1. Then, after 
rearrangement 


R,= Ey)—aN [Eo] 
Fo= i+ Ri—Ry—aoN [E1]—a1 N [Eo] 


Exa1= Ext Reyi—Rx—ON [Ex] — 
aN [Ex—-1)—a2N [Ex_2] — aaa 
k 
=Ey+Rivi—Re—- > nN [Ex—n] (16) 


n=0 


where 


a= £1 
Cr — 29 oi, 


k= £k41— 8k (17) 


The expression of equation 16 has an 
important advantage over equation 14, 
as the series a; often converges rapidly 
toward zero, whereas the series g, may 
converge toward a constant. Conse- 
quently the number of terms in equation 
16 for an E,, as k increases, approaches a 
limit, while those in equation 14 con- 
tinually increases. 


Intersample Analysis 


Quite often the information obtained 
about the system error at sampling in- 
stants permits adequate interpolation of 
the error between sampling instants. 
When this is not possible or desirable, 
intersample values may be found at the 
expense of additional calculations. 

Barker” (Section 3.4) describes the use 
of the modified z-transform to obtain 
intersample information for linear unity 
feedback systems. A similar method can 
be used here. Referring again to Fig. 1, 
a specific error value at any sample time 
is found by considering a function of all 
previous error samples N[E;,], and the 
impulse response of G(s). Specific error 
values between sample instants consider 
all previous sampled errors N[E,], and 
the delayed impulse response of G(s), 
the delay limited to a maximum of one 
sampling period. The modified z-trans- 
form, G(z,m) is defined as 


G(z, m)=2-1)> g(kT+mT)z* (18) 
k=0 
0<m<l 


The lower limit on the sum is zero, 
assuming g(¢) to be the impulse response of 
a realizable transfer function.4 Let 
2m be the coefficient of the z~* term in 


Fig. 2. Simple nonlinearity for Fig. 1 
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Fig. 3. Error response for 


a system with a simple 


nonlinearity 
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the series expansion of G(z,m), similar to 
the notation used in equation 9. If the 
input is expanded as in equation 10, 
it is readily shown that 


Va hj 10) 


Em=Rr— >) &mnN[Ex—n], #>0 


n=1 


(19) 


Notice that E,,, is not a function of past 
delayed sampled error values but a func- 
tion of past sampled error values. 


Systems with Simple Nonlinearity, 
Example I 


To illustrate the method of analysis just 
described, a solution is derived for the 
system appearing in Fig. 1 with a G(s) 


1-e«° 1 
ao) aan) 


and the asymmetrical simple nonlinearity 
shown in Fig. 2. A simple nonlinearity is 
defined as a nonlinear output-input rela- 


(20) 


tion dependent only on the instantaneous - 


input magnitude, and independent of any 
past input values or storage state. 
Assume a unit positive step function in- 
put and all initial error conditions zero. 
Then, from a standard z-transform table, !? 
and with T, the sample period, equal to 
one second 


0.3682-++0.264 


C2) =F 7 3682-40.368 


(21) 


This can be expanded by division 


G(z) =0.3682!+-0.7682-?+-0.9142-8+ 
0.9672 -4+-0.9872—5-++0.9942 6+ 


0.9972-7+0.9982-8+... (22) 


As go=0, and g, approaches a constant as 
k approaches infinity, equation 16 is 
easier to apply than equation 14. From 
equation 17 it follows that 
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a =0.368 
a, = 0.768 —0.368 = 0.400 
a2=0.146 
a3 = 0.053 
a4=0,019 
ag= 0.007 
ag= 0.003 
a;=0.001 
: (23) 


R(z), the step function input, is also 
expanded: 


Ria) de eee 
24> 


Substituting this and the coefficients of 
equation 23 into equation 16 yields 


Lo 1 
£, =1—0.368N [1]=1—0.368(1.387) =0.497 
E,=0.497 —0.368N |0.497]—0.400N [1] 

= 0.497 —0.368(0.186) —0.400(1.37) 


=—0.118 
E;,= —0.392 
E,= —0.390 
E;= —0.213 
Ey= —0.054 
E;= —0.020 


The result of an analog computer sim- 
ulation of this solution for comparison 
with these calculated values is shown in 
Fig. 3. 

Although a 10-inch slide rule was 
used for all calculations, the cumulative 
errors for the calculated values of FE, 
are within a nominal +0.03 experi- 
mental reading error for the correspond- 
ing values of E;, through the seventh 
sampled value. 


Systems with Single-Storage 
Nonlinearity 


A single-storage nonlinearity is de- 
fined as a nonlinear output-input relation 
dependent on the instantaneous input 
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magnitude and a storage state created h 
the one previous input magnitude. Hit 
system in the last example containe 
single-storage nonlinearity, such 
hysteresis loop or mechanical backlas} 
the method of solution would differ onl 
in the evaluation of N[E;] in the applies 
tion of equations 13, 14, or 16. NZ, 
would depend on the value of Z,_1 as we 
as E;, to establish the input-output uniqn 
ness. For a single-storage nonlinearity 
the nonlinear function might be writte 
N[Ex, Ex_1]. 

_ Consider the idealized saturation 
in Fig. 4. Assume that the system i 
rest for negative time, H_,=0 
N[E-x]=0 for k>0, and that the initi 
error, E», is established by a step inp 
occurring at¢=0. Then, the correspon 
ing nonlinear output must be on the cu 
abdoewj in Fig. 4. Let Eo be equal tot 
abscissa value of the point g; N[Ey 
the ordinate value of point g. Then 
point g establishes a curve from whi 
the next nonlinear function value 
N{£;,] is determined, ie., abfgij. C 
tinuing this procedure for other J 
values, it is apparent that the A 
quence is just traced along the single-s 
age nonlinearity according to the b 
definition or inter pretaes, of the 
linearity. 

An extension of this mddiientiell 

permit the inclusion of a multistorage n 
linearity into:the system of Fig. 1 whic 
of the form 


N(Exl =N[Ex, Ex1, Exe, « 


a ae oe ~ am ee ta Nat © ma 


eet 


» Exe nds q 


as long as a unique output is deter 
for each input condition, (Ez, Bro 
Ex—n). 
To illustrate a problem with a sin 
storage nonlinearity, consider the 
given by equation 20 and the singled 
age nonlinearity shown in Fig. 5. 
assume a unit step function input; | 
ever, assume an initial constant eé arr] 
value of —0.08 with N[—0.08] 
(This is due to the open-loop drift of t 
test equipment used to check the sol 
tion.) | 


Aa 


Fig. 4. Single-storage nonlineari 


JANUARY 


ombining the coefficients of equa- 
n 23 with equation 16 and the non- 
earity given in Fig. 4 yields 


1= —0.08) 

—0.08+ 1.00 =0.92 
0.92 —0.368N [0.92] =0.92 — 
0.368(0.644) = 0.683 
0.683 — 0.368 NV [0.683] = 0.400(0.644) 


=0.118 
—0.401 


—0.823 
—0.826 
—0.500 
— 0.056 


he evaluation of a single-storage non- 
ear function can be made easier if the 
computed value is placed on a graph- 
| representation of the nonlinearity. 
. 6 illustrates the EZ, values that were 
tted for this example calculation. 

ig. 6 shows an analog computer re- 
mse for this example, easily verifying 
se computed values. In the method of 
culation and the accuracy of the result 
5 example corresponds to the previous 
strative example. 


stems Containing a Transport 
Delay 


The linear portion of the system may 
Iude a transport delay which is an 
n multiple », of T. Then G(s) has the 
ne form as the right side of equation 7 
multiplied by a term e~?7*; G(s) has 
same form as the right side of equation 
ut multiplied by z~?. The equation 
responding to equation 12 is 


Ro— Eo)-+(Ri — Ey)2-1+(R2—E2)2-2+...} 


=(goz?+g12- 1+ go? 2+...) X 
(N [EZ] + NEEil2z-!+-...) 


ere g, is determined from that part of 

) which does not include the trans- 
delay. 

Hquating coefficients of like powers of 


10 
N[Ex]} All44 Ayes 
oO ° 
E> E| =) 
E — 
“0.47 4047 LOE, 
E; 

-10 


U 


Single-storage nonlinearity for Fig. 1 
. 


NUARY 1960 


Fig. 6. Error re- === 5 = = SS E 

sponse for a system He == 

with a single-storage 

nonlinearity 22S Ses —IS¢m mpi Ee co 
oecccees ge 

== a=s50 ==5==== oa : 
SESeGee fe cceneoetce ===== : 
== SSS =S= === S> 2 =S== S252 =25° 
== ====== SSS aS 
== = = 
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2, and rearranging, leads to the develop- 
ment of the following equations: 


Fo=Ro 

Fi=R, 

Ep=Rp—goN (Ei), 
ai 


Ex=Ri-) ) &nN[Ex—p—a), k>D 


n=0 


(25) 


The first » values of the error, all equal 
to the magnitude of the disturbing func- 
tion, indicate no system error correction 
until the initial nonzero error has tra- 
versed the transport lag. 

The effect of a transport lag which is 
not an even multiple of T can be in- 
vestigated by applying the techniques 
described in the literature.!*4 Let 
d T be the transport delay, where \ is a 
positive number but not an integer. 
Also let G(s) be that portion of G(s) 
excluding the effect of the transport de- 
lay. Define \=p—A, where # is a posi- 
tive integer and OAS 


G(s)= Gd sje = Gils\e et At 
As 
‘Sime [Ga(s)e47*] =ga(t+ AT) 


it is possible to define Gq(z) as 


loo 


Ga2)= >| gn T+ ATs 


n=0 
Then, it is possible to write 


G(z)=Ga(z)2-” (26) 


Table II in reference 13, or any modified 
z-transform table, can be used for the 
evaluation of G,(z). If Gg(z) is expanded 
in a s~! power series, the kth coefficient 
g, may be found and substituted into 
equation 25. 
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Modifications and Extensions 


In the examples discussed a simple G(s) 
transfer was used. A more complex G;(s) 
only increases the work needed to derive 
equation 22, the G(z) series expansion. 
The complexity of subsequent work re- 
mains unchanged. 

It is apparent from the examples that 
any form of intricate description of VV adds 
no significant increase in the solution 
time. Furthermore, as equation 24 may 
be the effective form of a digital computer 
command, a generalization of equation 24 
will be a nonlinear functional relation not 
only of all past sampled error values, but 
also all functions of any past sampled 
values, etc. Then the computation of any 
value of the sampled error sequence £; will 
depend on the evaluation of the particular 
numerical program that created the V 
designated in the block diagram. Al- 
though the application to systems con- 
taining involved digital programs does 
not appear attractive, application to dual 
mode system operation, for example, is 
straightforward and only as involved as 
the dual mode switching criterion. 

Nonstep input functions are easily 
considered. If, for example, the input 
is a unit ramp function, beginning at a 
sample instant, and g=0, the equation 
corresponding to equation 14 is 


k 
Ex+t =Ex+ T-)> anN[Ex_n] 


n=0 


(27) 


Equation 17 defines a,. Other noncon- 
stant inputs, such as a sine function, can 
be included by obtaining the correspond- 
ing R(z) in a power series expansion and 
combining this with equations 8, 9, and 
11. Usually, however, it is not possible 
to write the kth term in as concise a form 
as is done in equations 14 or 27. 
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The methods discussed are not partic- 
ularly suited to the manipulation of 
(slowly) time-varying parameters. How- 
ever, the procedure used by Boxer and 
Thaler,’ and Kukel,? may be modified for 
use with these methods. Thus, if a sys- 
tem parameter is not constant but a 
slowly varying function of time, an approxi- 
mate solution can be developed as de- 
scribed in this paper but with a readjust- 
ment of the magnitude of the time-vary- 
ing parameters at each increment or 
sample of the time solution. This would 
be laborious if the varying parameter 
changed many terms in the g; or a, Series. 


Conclusions 


A significant application of numerical 
techniques to the analysis of nonlinear 
sampled-data control systems has been 
described. The methods developed are 
relatively easily and quickly applied, 
requiring only algebraic operations and a 
z-transform table. The latter is a con- 
venient aid in the initial expansion of the 
linear portion of the system. 

The applications of these methods do 
not become appreciably more complicated 
with higher-order system transfer func- 
tions or involved nonlinear functional 


descriptions. This is in direct contrast to 
conventional methods applied to nonlinear 
analysis. An exact solution results if the 
nonlinearity precedes the system fre- 
quency-sensitive transfer functions. A 
second paper considers this problem with 
the nonlinearity effectively located be- 
tween two transfer functions.! 

These methods are well adapted to sys- 
tems with sample periods approximately 
equal to the predominant time constants 
of the system, i.e., for transients sig- 
nificantly controlled by sampler action. 
They may also quickly provide limited in- 
formation of limit cycles, following speci- 
fic initial conditions. This information is 
generally very difficult to obtain by 
analytical methods. 
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MEMBER AIEE 


effectively occurs between two linear fre- 
quency-sensitive elements, as shown in 
Fig. 1. This paper extends the applica- 
tion of numerical analysis to this more 
complex problem. The resulting meth- 
ods no longer lead to an exact solution. 

If a nonlinearity exists between two 
frequency-sensitive functions, it is possi- 
ble to approximate the input to the non- 
linearity with a sequence of pulses and 
then to apply a numerical procedure of 
analysis. This is done in the following 


ZERO ORDER 


Fig. 1. System con- 
figuration for an ap- 
proximate solution 


~ SAMPLER 
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sections. Modified 3z-transforms 
multirate sampler notation are used 
brevity in the thoeretical deve eae 
but only standard z-transform tables 
needed in the ultimate applications. 
methods are readily adapted to mech 
ical programming but do not necessa 
require a machine solution. 


A statement of the general meth 
which are developed is involved. 
application of these methods, howeve 
not complex because of simplifying 
proximations that can be made. 
the expense of computational labor, 
solution can be obtained to any degre 
accuracy. The methods have direct 
plication to the solution of nonlinear 
tem transient problems, and indif 
application to limit cycle descriptions 4 
system design. The input function 
type of nonlinearity that may be 
sidered are relatively general but do 


BIT (k+T (k+ 


SIT (k+2)T 


2. Pulse response with a straight-line 
approximation 


de those which are controlled by 
hastic processes. 


Problem 


pnsider the block diagram configura- 
in Fig. 1; G, and D, are linear 
ency-sensitive transfer functions, 
e WN represents a nonlinear re- 
mship between two signal terminals. 
ally assume that: G(s) and D,(s) 
ain no dead-time delay; N is a 
uely defined time-independent func- 
al relationship of one input; and the 
pler function is adequately and un- 
iguously described as 


= >) {E(kT(UG—RT)— 
k=—o 
U(t—(R+1)T))} (1) 


re T is the sampling period, and U(t— 
is a positive unit step function oc- 
ing att=kT. Modifications of these 
litions are discussed following the 
ec development. 

ith the use of the notation suggested 
ig. 1, the nonlinear relation is written 


t)= N[E,(¢)] (2) 


inique output amplitude at a given 
p, Eyn(t), is dependent on a nonlinear 
tion of a unique input amplitude at 
same time, £,(t), and possible past 
it magnitudes or storage state. It is 
possible to write 


)= E-(t)« gi(t) (3) 


ire gi(t) is the impulse response of 
). Itis convenient to combine equa- 
s 1 and 3 and insert the result into the 
tional notation of equation 2. 


co 


d= S> Niexfe-4e—kT)— 
k=—0© 
gi7'"(t—(R+1)T)}] (4) 


a 


q)—g, 1()) = Dd gidt, and E(kT)=Ex 


he nonlinear function NV cannot be 
ibined with D, and EH, with linear 
yolution or superposition techniques. 
is, of course, is the basic quandary in 
analysis of continuous nonlinear sys- 
is. A technique is suggested to ap- 


TUARY 1960 


Fig. 3. Multirate 

sampler approxima- 

tion to the system 
in Fig. 1 


T SAMPLER 


proximate the summation term of equa- 

tion 4 by a sequence of zero-slope straight 

line segments (staircase approximation). 
For example, let 


Then the time function E,(#) can be 
shown? to have the shape of the smooth 
curve illustrated in Fig. 2. To make 
maximum use of the z-transform tech- 
niques, a square pulse approximation 
is made of the time response. These 
pulses are sketched in Fig. 2 with the use 
of arbitrarily, three approximating non- 
zero pulses. 

The straight-line or pulse approxima- 
tion shown in Fig. 2 is simply an effective 
mathematical sampling operation between 
G, and N. Therefore a second sampler 
is added to the block diagram, as illus- 
trated in Fig. 3. T is the mechanical 
sampler period, T/n the mathematical 
sampler period m>1. As a consequence 
of the added sampler, an approximate 
solution can be found by modifying the 
methods of multirate sampled-data sys- 
tem analysis. 


Method of Analysis 


Following the methods of reference 3, 
a new block diagram is first constructed 
(Fig. 4) which is equivalent to the block 
diagram in Fig. 3. This diagram con- 
siders the high-rate sampler as a series 
of synchronized base-rate samplers, each 
with a period 7, and each placed between 
a mathematical lead and lag time transla- 


SAMPLER 


Ty, SAMPLER 


tion of a multiple of the high-speed 
sampler period. 


When equations 1 and 3 are trans- 
formed and combined, E,(s) becomes 


E(s)= > (E(RT)~*"*)G(s)(1—e-***) 
k=—o0 
(5) 
where 


qs) 


Referring to Fig. 4, consider only the 
contribution, C,(s), of the pth channel to 
the output C(s). It follows that 


c= mf ye Beene Lex 


k=—o 


(e—? 78m ee e (Pt) zhRy (6) 


where 


D 
ue and E,(s)=E,(s)e?7*™ 


D(s)= 

The WN with the bracketed term in this 
equation, and in those which follow, has 
the same meaning as the corresponding 
notation in equation 2, ie., N[ ] signifies 
a unique quantity related in a nonlinear 
manner to a unique condition repre- 
sented by the function inside the brackets. 
Thus, in equation 6 © 


De Freres 


k=—o@ 


=e) NET bee 


Fig. 4. Multirate sampler approximation to the system in Fig. 1 
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Equation 6 can be z-transformed and 
combined with the equation [R(s)— 
E(s)=C(s)], and a summation made 
on , the parallel branches in Fig. 4. 
Using the modified z-transformation, it 
can be shown that? 


R(2)—E(z)= > {NIB p/n)(z—1)1X 
p=0 
(ve. 1—p/n)— -( ee) 


(7) 


Equation 7 can be reduced to a more 
convenient form: 


R(z)—E(z) 


NS Geo ys Gnutp mx 
P=0 u— © 


Mae Zo : (8) ; 


where gnusp is the 2,~%%*”) coefficient 
in the series expansion of the g-trans- 
formation 


z( Se (1— &*) 
Ss \2n=es/n 


and dny_p is the zn” ” coefficient in 
the series expansion of 


2(2& Gu -er)) 


The summation on p in the last two 
equations is a time summation of a se- 
quence of noncoincident pulses, one from 
each pth channel, cycling consecutively 
every T' seconds. Equations 7 and 8 con- 
tain the assumption that the order of 
Dy,(s) is at least s~! as so, a condition 
often realized in practice. If this as- 
sumption is not valid, the summation in 
equations 7 and 8 must be from p=1 
to p=n—1 with an added term for the 
p=0 channel. 

R(z) and E(z) can be expanded in a 
power series of known and unknown 
coefficients respectively, and substituted 
into equations 7 and 8. The resulting un- 
known E(kT) values can then be found 
by an expansion, and equating the co- 
efficients of like powers of z “, similar to 
the methods described in reference 1. 

In both equations 7 and 8 the basic 
sample period of the error solution is T 
seconds; each zg in these equations is 
defined as <*”, If the sampled error solu- 
tion is desired at T7/n=T’ second inter- 
vals, equation 8 is easily adapted. To 
do this: 


1. Consider R(z) and H(z) on the left of 
the equation expanded in terms of «°”’. 


gn=el's/n 


2. Consider 2~” and 37” to be equal to 
e~4T’S and e~“"’S respectively. 


3. Develop Gnu+p from 
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z(2 (1 =<") 
$ 


and 
dno_p trom (7 Pils) (4 -«"") 


4. In connection with the foregoing, insure 
that E(z), within the nonlinear brackets, 
has coefficients of a series expansion which 
change only to the values of every th coeffi- 
cient of the new E(z) solution. Symboli- 
cally?4 


R(2)n—E(2)n 


n—1 


= 4] Be) Dr et |x 
D=0 n=0 


g=eI's 


g=eT/s 


(Soins er) (9) ; 


In equation 9 the subscript refers to a 
z-transformation with z=«"/”. — 

The term 9nu+p can be shown” to be 
the magnitude of the nu-+pth approxi- 
mating pulse of the Gi(s) pulse response. 
In Fig.-2, for example, #1, 92, and 93 are 
the only nonzero approximating pulses. 

Equations 7, through 9 appear to be 
formidable expressions, but it must be 
remembered that they are general results. 
the ” represents the number of approxt- 
mations made for E,(t) during one base 
period T. This would be kept to a 
minimum in practice, say two or three, 
if possible. The term u is an index on 
the series expansion of the z-transform 


mot 


ents 
oo() 


If a sketch, such as Fig. 2, is made, 
the series Jnu+p 2-(™t”) may be termi- 
nated after the coefficients become less 
than some value, or after a given number 
of terms. Also, by means of this sketch 
the computed values of gnuip could be 
replaced by any other approximating 
values. 


Simplification of the General 
Problem 


Consider the effects on equation 8 from 
three reasonable simplifications to the 
general analysis problem presented by 
the system in Fig. 1: 


1. The mathematical sampler operates at 
twice the mechanical or base sampler fre- 
quency. 


2. Four straight-line approximations to the 
pulse response of G;(s) are adequate. 


3. The terms gi(¢) and di(t) do not contain 
an impulse at ¢=0, i.e., 9. =0 and dy)=0. 


The approximation in Fig. 2 satisfies these 
simplifications. 
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ally approach zero rapidly. g and, 


0.127 


Fig. 5. Simple nonlinearity for illustraticl 


Assume a unit positive step input fin 
tion. Noting that n=2 and umax=4| 
a result of the first two simplificatic 
equation 8 can be reduced to 


((1—Ey)+(1—Ei)21+- (1 — Ez)a7+ . | 
=} NBN a+ 2D dae + 


{NEC ot « 


tudes of the three nonzero straightt- 
approximations to the pulse respom 
of Gi(s)(l—e*’)/s. Solving for 
coefficients of the unknown error seri 
the following equations result: 


E,=E(T)=1-a4N [Emil 
E,=E(2T)=1—ai{ NEw) + N[Engs]} 
NE aga] —ds NRE 

By = E(3T)=1—a{ N1Exgs] + N[Eagil} = 4 
doN [EG] [aN ea 4 

dsN [Eog2] —dsN 0 3 


or 


k 
Ey = Exi— Oe (dara — dex 1) 


Pie 


es, H+ N [Ex—2-1 G3] )—3 


Si (dey — day—2)( N[Ex—y-1 ga]) 


y=1 


In the equation for a general &; 
terms (dez—1—daz~3), and (day — day- 2) 


defined with equation 8. 


Illustrative Example 


For an example, consider the s} 
in Fig. 1 with 
0408, yyy o 12 
(s+1)’ s(s+-2) 
T=1 second, R(s)=1/s, and the s 
N shown in Fig. 5. Let »=2, the m 
matical sampler operating at twic 
mechanical sampler frequency. 

The two expansions which dete 


Gi(s)= D(s)= 


and dx, using the expressions 
tion 8, are 


with 


0.405 | 

(ear 
(s+) ji ae 
Sara | iets \ 
S = \s-o60)~*” 


=0.15972—1!+-0.25652-2+-0.15522-3+ 
0.09412~4+-0.05722-5+ ... (12) 


2 , 
2) *° ay 


__0.1842+0.132 aes 
27—1.3682-+0.368 “* 


= 0.1842—1-+ 0.384224 -0.4572-3+ 
842-4+.0.4942-5+ 0.497284... (13) 


= e058 


onsider only the first three terms of 
tion 12 (Wmax=4, but g=0). Then, 
hree simplifications mentioned in the 
section are satisfied and equation 11 
pplicable. Note the convergent se- 
pe: 


184 
384 
dy = 0.273 


= 0.100 
3 = 0.037 
=0.013 


n, it follows that 


Ey=1 
E, = Ey—diN [Engi] = 1—0.184N [0.1597] 
=1—0.184(0.127) =0.977 
Ey = E,—di( N [Eiji + N [Eogs] Vere 
(ds— di) N [Eo ]—d2N [Eog2] =0.977 — 
0.184(0.127-++-0.127) —0.273(0.127) — 
0.284(0.127) =0.847 


The results are given in Table I. For 
comparison and checking, this example 
was placed on an analog computer with 
two samplers, the first operating at 
1 cycle per second as stated in the 
problem, and the second operating at 2 
cycles per second, simulating »=2 in 
Fig. 4. The computer solution, however, 
does not limit wmax to four, but considers 
all terms in the g(z) series. The computer 
results are shown in Fig. 6 with the 
sampled error values also listed in Table I. 
To check the approximation caused by 
including a second sampler and by 
letting n=2, the computer results for 
the problem without the second sampler 
are given in Fig. 7. The sampler error 
values in Table I from the solution 
show very close correspondence to those 
from the approximate solutions. The 
computed results, including the seemingly 
severe roundoff effects of equation 11, the 
accuracy of the measured quantities, and 
the 10-inch slide rule calculations, are 


Fig. 6 (left). 


Approximate 


system response, 


Table |. Calculated and Experimental Sam 
pled Error Values for the Numerical Example 


Approximation 

Sampled Calculated Experimental Experi- 
Error n=2,u=4 Ti —'25)t mental 
Boyne 1 000% meme. 100). teak ee 1.00 
Biccekaneees OOF a koh ciern QUOT eee ee ae 0.94 
Bb oa ONSET eae OS 82 ee ee 0.77 
Planet tsats O665i0 ak eee 0 CBs wee mea 0.60 
Dd Pie tar 0} : 480 rea asserens OAT nee ee 0.48 
BG aniston ONS eran eters ON 2 Spr cisee 0.24 
Bigs sr ster 03169) or ees ic ONTO eee ae 0.08 
Yh Teeny QNOS3M ee wee =O. 055 ¢ ute —0.06 
S=OU0See cates =+0.03 

within 10% of the maximum error 


through the seventh sampled value. 

A comparison of the two experimental 
results suggests that the slowness of the 
calculated response is due to the samll 
value Of t#max. However, the accuracy of 
the approximation resulting from the use 
of the second sampler with one half the 
base period, is within the instrumenta- 
tion tolerance. 

The signal out of G; and the derivative 
of the signal out of D; are included in both 
Figs. 6 and 7. The filtering which is 
apparent on these signals is basically 
responsible for the close check of the 
approximate solution (with »=2) and the 
exact solution. 

The accuracy of these approximating 
results for the low ” and tmax values in 
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this particular example must be general- 
ized with care. A less severe nonlinear- 
ity, such as the saturation of a d-c genera- 
tor, would tend to increase the accuracy 
of the approximation, while shorter time 
constants in the linear portion of the sys- 
tem would have the converse effect. 


Modifications and Extensions 


The application of equations 7 and 8 to 
a system such as is illustrated in Fig. 1, 
but with a nonstep input function, a multi- 
storage nonlinearity, and a transport 
delay, follows the procedures discussed for 
the methods developed in a previous 
paper.? 

Equation 9 is equivalent to equation 8 
except for the evaluation of H(t) at the 
high sampling rate. Therefore inter- 
sample values may be investigated by 
varying the value of in equation 9. 

A system containing time-varying pa- 


Joint Discussion 


Discussion of Papers 59-828 and 
59-829 


Thomas J. Higgins (University of Wiscon- 
sin, Madison, Wis.): The authors of these 
two papers have written a clear, easily 
followed account of an excellent numerical 
technique for analysis of nonlinear sampled- 
data systems. The numerical examples and 
experimental data confirm well the applica- 
tion and correctness of the general theory. 


Keisuke Izawa (Tokyo Institute of Tech- 
nology, Tokyo, Japan): The papers under 
discussion are an outstanding contribution 
to the theory of nonlinear sampled-data 
control systems. The proposed sequence 


Cathodic Protection 


rameters can be treated as suggested in 
reference 1, to the practical extent that 
the varying parameter influences just a 
few terms in a reduced equation, such as 
in equation 11. 


Conclusions 


Methods for obtaining the numerical 
solution of nonlinear sampled-data con- 
trol systems, as illustated in Fig. 1, are 
described. The use of these methods 
makes it possible to obtain solutions to 
important nonlinear control system prob- 
lems which cannot be solved by conven- 
tional methods or those described in refer- 
ence 1. For finite » the solution is 
approximate. The methods are general 
in application and they permit any de- 
gree of approximation. As the accuracy 
of the approximation increases, the labor 
required to derive the solution increases, 
as expected. 
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method and the modified one with the 
introduction of multirate sampler are useful 
for tracing the transient responses of the 
control systems. 

The G;’s in the papers might include the 
equalizer to achieve better control behavior. 
The design of the equalizer would be of par- 
ticular interest to the practicing engineer. 
Although the introduction of the multirate 
sampler simplifies the analysis it might be 
of great help to discuss the adequate value 
of 2 of the multirate sampler. 


E. Kinnen and J. Tou: The authors appre- 
ciate the comments made by Dr. Higgins 
and Dr. Izawa. The inclusion of an 
equalizer in G, to achieve better control be- 
havior is certainly a valuable suggestion. 
In fact, work is now being undertaken to ex- 
tend the techniques described in this paper 
to the design of equalizers, both continuous 


Applications at the 


Hanford W orks 


C. $. BUCHOLZ 


MEMBER AIEE 


HIS PAPER describes existing, pres- 

ently planned, and experimental im- 
pressed-current cathodic protection (CP) 
installations at the Hanford Atomic 
Products Operation. The Hanford plants 
are located in the south-central part of 
the state of Washington. Climatic con- 
ditions are semiarid and the plant area is 
typical desert country. The soil is pre- 
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dominantly glacial deposits ranging from 
fine sand to gravel mixed with larger 
boulders. This water-washed material 
has a very high resistivity, from 5,000 to 
100,000 ohm-centimeters, although there 
are local strata of hardpan and alkali of 
lower resistivity. In general, the soil is 
only mildly corrosive to ordinary ma- 
terials. Most of the original cast-iron, 
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The ease with which these methods g 
applied changes little with the rel 
complexity of the description of J 
the form of G(s). Various Di(s) 
tions, however, may increase the m1 
of nonnegligible dn»_p terms in equat 
thus varying the extent of one ¢ 
three summations. An actual prc 
evaluation requires only the use of § 
ard z-transform tables and systeme 
calculations. 
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ground piping installed in 1943 ane 
is in good condition. As discussed 
the direct burial of unprotected st 
steel pipe lines has not been success 

Some serious corrosion of- large 
vanized grounding cables has been 
perienced because of the warti 
pedient of using available mater 
this case a lightly galvanized, hij 
strength (high-carbon) steel strand.ll 
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1. Steel grounding cable after burial in sandy soil for approximately 14 years. The 
galvanizing has been consumed in the dark areas 


ical example is shown in Fig. 1. Extra- 
galvanizing is specified for new 
struction. Failure of underground 
piping has been caused by near-by 
€-copper ground conductors and, for 
reason, copper is no longer used in the 
nity of other buried metals. 
rocess water for the Hanford facilities 
pumped from the Columbia River, 
red, and treated. Resistivity varies 
the season of the year and treatment, 
has an average range of 3,000 ohm- 
imeters at 40 F (degrees Fahrenheit) 
000 at 170 F, Sanitary water is taken 
n the process water supply (or pumped 
n wells near the river) and chlorinated. 
5 about 5,400 ohm-centimeters at 70 F. 
waters are quite aggressive to 
on steel. 
xclusive of a few Fecialined applica- 
s, the four subjects discussed herein 
ntially cover the scope of CP work at 
nford. A general knowledge of CP 
ciples on the part of the reader is 
med. 


lhodic Protection of 
nderground Stainless-Steel 
rocess Lines 


uried stainless-steel pipelines are used 
nsively for transport of liquid process 
erials between separations plants, 
e storage tanks, and other facilities. 
jines are from 1 to 4 inches in nominal 
neter and are mostly of the 18-8 
es of stainless steel. All joints are 
ded-arc welded. Some of these 
ess materials are highly radioactive 
‘any leakage into the surrounding 
Ih could have serious consequences. 
Drevent such incidents, lines installed 
e 1948 are encased in concrete ducts 
teel pipe (except those carrying low- 
l radioactive wastes). The ducts are 
nged to drain into catch tanks from 
wh any leakage can be removed safely. 
pproximately 5 miles of pipe for the 
al separations plants were installed 
44) directly in the earth with no 
ive covering or coating. Several 
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_ pits 1/8 to 3/16 inch in diameter. 


leaks in these lines had occurred by 1947 
but corrosion was not seriously considered 
as the cause at that time. During that 
same year a new line was laid as a part of 
a process change. The excavation was 
partially backfilled, and the pipe left 
exposed to air and moisture for about 2 
months. No pressure could be main- 
tained when testing was attempted be- 
cause the new line had become literally 
honeycombed by corrosion. This sur- 
prising incident definitely established the 
fact that, under certain conditions, stain- 
less steel does corrode rapidly in Hanford 
soils. Corrosion starts in small round 
The 
pits or craters, when active, contain a 
moist black corrosion product, and often 
apparently migrate down and around the 
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pipe giving the metal a worm-eaten 
appearance. 

After a thorough investigation of the 
problem, CP was recommended as the 
most practical method to prevent further 
deterioration of underground stainless 
lines, and late in 1947 protective systems 
were installed on the 5 miles of existing 
piping. About half of these lines are still 
in use, and only five leaks have been 
detected since the inception of the CP 
program. Three of these are thought to 
be, at least in part, caused by factors other 
than external corrosion, i.e., damage by 
heavy machinery, abnormal stress at a 
diversion box, and other damage to an 
unusually light-gage old line. 

A total of approximately 15 miles of 
encased or  bituminous-mastic-coated 
stainless-steel process lines has been con- 
structed since 1948, all cathodically pro- 
tected. Parallel lines are often placed in 
a common concrete duct and single runs 
are sometimes contained within a larger 
carbon-steel pipe. In either case, the 
stainless pipe is supported at intervals on 
insulating collars so that the metal is not 
in contact with any conducting media. 
Cathodic protection is used to obviate the 
possibility of corrosion in the event that 
process solutions or water should enter 
the encasements. 

Anodes for these CP systems are made 
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Fig. 2. Anodes used for protection of stainless-steel pipelines 
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AS USED FOR JOINING PIPE 


STAINLESS-STEEL 
PIPE LINE 


A ase Ses ~ BEND STINGER BEFORE BRAZING ON CABLE 
—— ==>. FOR MULTIPLE PIPE LINES IN DUCTS 
\\ 


from railroad rail because scrap rail is 
readily available and a large effective area 
can be obtained. A typical anode detail 
is shown in Fig. 2. Anodes are spaced 150 
feet apart alternately on both sides of the 
pipeline, and the same distance laterally 
from the line. Close spacing is desirable 
in this high-resistivity soil. The method 
of attaching the cathode lead to lines is 
shown in Fig. 3. Tape is used over the 
copper conductor and weld material to 
prevent local cell action with the stainless 
steel. All other connections and splices 
are made above ground at the anode or in 
boxes to prevent current leakage and to 
provide convenient test points. 

Rectifiers rated at 24 volts output are 
usually adequate. The current averages 
about 1 ma (milliampere) per square foot 
of bare pipe but is, of course, much less for 
the encased lines. A potential of not less 
than —0.60 volt as measured with a 
copper—copper-sulphate half-cell is main- 
tained. The cell is positioned directly 
over the pipeline, or about 10 feet from 
the line where lines are less than that 
depth from grade. 


Water-Storage-Tank 
Protective System 


Fig. 4 shows a CP system design for a 
100,000-gallon elevated storage tank for 
sanitary water. This type of tank has an 
ellipsoidal top and bottom section and is 
well adapted for CP having rounded con- 
tours without sharp corners or shielded 
areas. Many have been erected in all 
parts of the United States including 
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WELD WITH SAME METHOD AND ROD COMPOSITION 


INSULATING PUTTY 
4 LAYERS PLASTIC TAPE 


Fig. 3 (left). Cath- 
ode connection to 
stainless-steel lines 


TYPE HS CONNECTION 


12 INCHES MINIMUM i 
-BRAZED JOINT, OR “CADWELD“— 
ay le , a 
~ = : - 
— 0.4 AWG 


PAINT JOINT WITH INSULATING 
VARNISH BEFORE AND AFTER TAPING 


§-BY I-INCH STAINLESS-STEEL STINGER 
OF SAME COMPOSITION AS PIPE 


Fig. 4 (right). Anode 

configuration for an 

elevated water- 
storage tank 


A—Six 13/2- by 12- 
inch top anodes 
B—Six 1-inch by 15- 
foot main anodes 
on 9-foot radius 
C—Six 11/2- by 12- 
inch stub anodes on 
5-foot radius 
D—921 11/.-by 12- 
inch riser anodes, 
5-foot 6-inch spac- 
ing 


several others at Hanford. In the plant 
areas, these tanks are used for fire protec- 
tion or other emergency water supply and 
are therefore kept completely filled. 

The conventional anode layout for 
tanks of this kind employ a number of 
main anodes in the bowl and sectionalized 
anodes extending the full length of the 
riser. Except possibly for small tanks, 
additional stub anodes are required for 
the bottom area of the bowl which is inside 
the effective radius of the main anodes. 
The design shown follows these standard 
details. 

Referring again to Fig. 4, it will be 
noted that the high water line is well up 
into the top ellipsoidal section where the 
effectiveness of the main anodes drops off 
rapidly. The mains cannot be raised 
because to do so would reduce the allow- 
able 5-foot minimum spacing to the tank 
surfaces. Thus protection at the water 
line, where it is most needed, may not be 
adequate. In the design of the system 
shown, the author added short top anodes 
to the stub strings which reinforce the 
main anode current in the upper region. 
The additional cost for these anodes is 
insignificant. 


ber 1958. Six l-inch-diameter by 


Table |. Water-Storage-Tank Protective System 


HIGH-WATER LINE~ A 


[> _) — 
EE. 
SPRING LINE 


25-11" 


SPRING LINE 
at ah 
Ts 
a (D) 

a 
5-FOOT- 


DIAMETER 
RISER 


123-0” 


ELEVATION 


The interior of the tank was paint 
just prior to installation of CP in Nove 


foot-long main anodes, six top and 
bottom 1!/,-.by 12-inch stub anodes, ¢ 
21 11/> by 12-inch riser anodes, all] 
high-silicon cast iron, were used. Ad : 
CP rectifier was installed with one see! 

for the main and the other for the 
and stub anodes. With the addition 
rheostat in the stub feed, the voltag 
each of the three anode assemblies ca 
individually controlled. Design 
resistance, and voltage and curren! 
quirements were close to actual oper: 
values. Data taken after the system 
become stabilized are shown in Tabld} 
Final testing and adjustments hav 
been completed to date because o 
clement weather. 


Protecting a Reactor-Containment\ 
Vessel | 


A common design feature of reacto 
be located in populated areas is the 


Total Actual 
Current, Resistance, 
Anodes Voltage Amperes Ohms 
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SUPPORT FRAME 
FOR AUXILIARIES 


121-0” 
TOTAL 
HEIGHT 


GROUND FLOOR 


-|PIPE COLUMNS 


Fig. 5 (left). 


Fig. 7 (above). 


MPORARY 
UPPORTS 


el sphere (or similar form) entirely 
rounding the reactor. The objective 
of course, to hold within the shell any 
Hioactive materials that may result from 
reactor mishap. Because they are 
essure vessels, the underground portion 
buld be protected from corrosion. 

A containment vessel for a research re- 
tor now under construction at Hanford 
shown in Fig. 5. The design does not 
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BUILDING 


 REINFORCED- 
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provide for any corrosion allowance on 
the plate thickness. Nearly half of the 
structure is below grade, and the under- 
ground surfaces were covered with an 
asphalt-impregnated fiber membrane, 
5/32 inch in thickness, applied with hot 
asphalt. The concrete foundation was 
poured after fabrication of the lower por- 
tion and after the membrane was in 
place. 
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6 ; Layout and anode detail for protection of the containment vessel shown in Fig. 5 
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Section through welded-steel reactor-containment vessel 


Experimental installation in a steel retention basin 
showing the wood brackets and graphite anodes 


Cathodic protection will be applied im- 
mediately after backfilling. Current will 
be supplied from six 2- by 60-inch high- 
silicon iron anodes with coke breeze back- 
fill, the first installation of this kind at 
Hanford. Graphite anodes would also be 
suitable for this application. The anode 
layout is shown in Fig. 6. Irregular anode 
spacing was necessary to avoid under- 
ground service lines and to provide some 
protection to this piping and to auxiliary 
tanks. A rectifier rated at 48 volts and 
15 amperes will supply approximately 10 
ma per square foot of metal surface as- | 
suming that the coating may, in time, be- 
come only 90 per cent effective. Fig. 6 
also shows a combination anode installa- 
tion and test station made from a length. 
of 12-inch-diameter concrete tile. Sand 
backfill covered with creosoted wood 
boards, as shown, is commonly used at 
Hanford to provide some mechanical pro- 
tection for directly buried electric cables. 

No operating data for this system will 
be available for several months. 


Experimental Cathodic Protection 
Installation for Reactor-Cooling- 
Water Retention Basins 


Effluent water from the Hanford re- 
actors is discharged into retention basins 
so that, in the event of an abnormal level 
of radioactivity in the water, the radio- 
activity can be allowed to decay before the 
water is returned to the Columbia River. 
Several very large steel tanks are used for 
this purpose. The water is thermally 
hot and ordinary paint coatings are not 
suitable for use on the inside surfaces 
of these basins. Two open tanks, con- 
structed in 1952 for use with the 103-C re- 
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— VOLTS TO Cu/CuSO4 Be ec ANODE NO. 2 
0.75 a 


DISTANCE ALONG BOTTOM, FEET 


Fig. 8. Cross section of the basin at an anode location showing equipotential and current flow 


lines 


Water temperature = hot 
Rectifier voltage =35 
Anode current=1.99 amperes 


actor, are 330 feet in diameter, have 
straight 16-foot sides, and a capacity of 
9 million gallonseach. The original paint 
had begun to fail after about one year of 
operation. 

It was then decided to investigate the 
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AUXILIARY HORIZONTAL ANODE 
3.3 VOLTS, 2.3 MA 


possible application of CP to these basins 
and, in the summer of 1954, an experi- 
mental system was installed in one of the 
tanks to operate on a small segment of 
the side wall. This work was continued 
by the author through July of 1957. 
@ 
MAIN ANODE - 6.6 VOLTS, 74 MA 
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Preliminary results were discussed in @ 
unpublished conference paper presen 
at the AIEE Summer and Pacific Genel 
Meeting in 1956. 
Four anodes were suspended from we 
brackets as shown in Fig. 7. Aluminut 
graphite, and high-silicon-iron anod 
were tried. The last proved most sat 
factory for this application. Two- by 6 
inch anodes were spaced 71/2 feet f 
the tank wall and 15 feet apart. V 
hot water, this spacing required 35 volti 


per anode and an average of 10 ma jf 
square foot at the protected metal. Hal 
cell readings at the water surface und 
these conditions were —0.82 volt maxik 
mum opposite an anode position Aid 
—0.70 minimum mid-way betw iM 
anodes. { 
Tanks with the side and bottom sir 
faces at a right angle present a difficul 
problem in the protection of the extrem 


corner. ve 


The cross section, Fig. 8, shoy 
the approximate current and voltage dis 
tribution and shows the serious drop + 
potential which occurs at the lower thi 
of the tank wall. The lower end of 1 
anodes are about the same distance ( 
feet) from the tank bottom as the radia 
spacing from the wall. Little would) 
gained by using longer anodes because # 
large part of the current would flow to# 
bottom in the region directly , beneat 
them. 


TELEDELTOS PAPER TO 
SCALE OF 3/4"=1' 


Fig. 9. 

conductive 
representing a 
through 


the potential disk 
bution is dem 
strated 


January I 


‘It was realized from the beginning that 
le corner areas were probably not re- 
iving adequate current for complete 
otection, but it was hoped that the 
fects of prolonged polarization and 
pssibly some mineral deposition would 
rentually force the current to pro- 
essively lower surfaces. This did not 
aterialize. There was no significant 
lange in the potential distribution after 
patly 2 years of operation, 

Further effort was then made to in- 
estigate the degree of coroner protection 
means of Corrosometer probes and the 
e of a one-foot-square test plate. This 
ily confirmed what was already known, 
at the lower third of the wall was 
bt receiving sufficient current. The 
orrosometer showed complete protection 
the top and half-depth probe locations 
it the rate of corrosion at the bottom was 
bt much improved over that at an un- 
otected location. Currents to the test 
ate were about 6 ma per square foot at 
e bottom, 12 at half-depth, and 20 at the 
rface. 

The conventional design methods for 
wi-shaped tanks containing quiet water 
appreciable mineral content cannot be 
plied to these basins. None of the 
sential factors are present, ie., the 
nks have a sharp, square side-bottom 
ersection, much more current is re- 
ired to maintain the polarizing film of 
drogen with rapidly flowing water, and 
ere is little, if any, mineral deposition at 
e current density required for protec- 
m. It is quite possible that adequate 
ner protection could have been at- 
ned had any one of these factors been 
orable. 

Fig. 8 is a plot of the actual measured 
lf-cell potentials taken at various loca- 
ms. Curves were drawn through points 
equal potential. To aid in visualizing 
2 pattern of current flow, one can draw 
econd set of curves which interesect the 
ipotential lines at right angles. 

easier method for mapping the 
ential field at corners, interference 
eas, etc., which produces a reasonably 
rate “‘picture,” is as follows. A 
Gon through the current source 
node) and the metal to be protected is 
hwn on resistance paper using conduc- 
e paint, and a small d-c potential is 
plied across this analog of the anode and 
hode surfaces. Lines of equal po- 


Fig. 10. Interior 
side wall of the 
drained basin show- 
ing the mineral 
deposits obtained 
with abnormally 


high current 


tential can then be traced on the paper 
with a probe connected to a sensitive 
voltmeter. Fig. 9 is a plot made in this 
way for the same cross section. Note 
that the shape of the potential curves 
(broken lines) are almost identical with 
those of Fig. 8, although the numeri- 
cal values now have no particular signifi- 
cance. 

The solid curves in Fig. 9 illustrate the 
effect of introducing a horizontal auxiliary 
anode in the corner area. Many com- 
binations of position and fraction of main 
anode voltage applied to the auxiliary 
anode are possible. The arrangement 
shown is the most successful of several 
made by the author. Note how the 
equipotential lines are straightened down 
into the coroner, which is a great improve- 
ment over the distribution with the main 
anode only (broken lines). Nevertheless, 
the extreme corner inevitably remains at a 
reduced potential. 

Although the cost of a full-scale CP 
system for these tanks can be justified, 
the lower few inches of the side walls could 
not be fully protected without the applica- 
tion of some type of insulating coating in 
the corner area which largely defeats the 
advantages of CP. The original paint has 
since ceased to be of any value and other 
studies are being made in an effort to pro- 
longed the serviceability of the basins. 
The corrosion rate is about 10 mils per 
year. One-eighth inch of extra plate 
thickness was provided in the design and 
thus the tanks should have a minimum 
life of 12 years with no protection. It has 
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been shown that, for new basins, the cost 
of providing the necessary extra metal 
thickness for any desired life is more 
economical than periodic painting or the 
installation of CP. 

The author had been curious during the 
course of the experimental work as to why 
no mineral deposits could be observed on 
the tank wall. At the conclusion of the - 
work it was decided to move two of the 
anodes to within about 2 feet of the wall in 
an attempt to force a precipitate. The 
current from each anode at this location 
was increased to 3.2 amperes. The photo- 
graph, Fig. 10, was taken about 3 weeks 
later when the tank was drained. A 
heavy localized deposit of calcium carbon- 
ate had formed on the tank wall directly 
behind the anodes which appears on Fig. 
10 as the two white rectangular areas. 
However, calcareous deposition occurs 
only at a current density of about ten 
times that necessary to stop corrosion. 

The other irregular light-colored areas 
in Fig. 10 are patches of the original 
paint. Presumably the paint film, some- 
what thicker in these areas, had not 
deteriorated before CP was applied, and 
CP had halted further breakdown of the 
paint. The dark surfaces in the illustra- 
tion are, of course, corroded metal and all 
surfaces outside the influence of the 
protective current are uniformly of this 
appearance. The contrast is not as 
strikingly apparent as formerly because 
the CP installation was inoperative for 
several months before the photograph 
was taken, 
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A Solid Rotor A-C Generator for High- 


Temperature Electrical Systems 


J. T. BATEMAN 


NONMEMBER AIEE 


ELIABILITY has always been the 
primary requirement for aircraft gen- 
erating systems. The rapid development 
of high-performance aircraft has contin- 
ually demanded greater reliability along 
with increased operating temperatures. 
These two conditions are not directly com- 
patible. As temperatures increase the 
choice of insulations and lubricants is 
narrowed to a few which, in general, have 
inherently lower mechanical properties 
than the conventional lower temperature 
materials. During high-temperature op- 
eration these materials, as well as the 
electromagnetic materials, suffer addi- 
tional loss in physical and electrical prop- 
erties. The desired increase in relia- 
bility must be achieved despite these ob- 
stacles introduced by the increased tem- 
peratures. 

A development program aimed at gen- 
erating equipment for 600 F (degrees 
Fahrenheit) ambient temperature has 
been in progress since March 1958, At 
the outset of this program it was recog- 
nized that the most painstaking develop- 
ment and application of high-temperature 
materials might still result in a generator 
which fell short of acceptable aircraft 
reliability. For this reason, a vital part 
of this development program has been the 
investigation of unusual types of gen- 
erators where there are fewer components 
and where the stress of critical compo- 
nents is reduced. 

This paper presents a brief survey of 
high-reliability generator configurations. 
The generator selected for the 600 F de- 
velopment program is described and its 
characteristics are related to conventional 
equipment. Bearing and insulation work 
on the 600 F program is described in other 
related papers.” 


Objectives 


The 40-kva 120/208-volt 0.75-power- 
factor 3-phase 400-cycle 8,000-rpm gen- 
erator rating that has been specified in 
this development program is typical of 
the majority of current military and com- 
mercial a-c aircraft generators. Environ- 
mental specifications reflect the more 
severe conditions which would be en- 
countered in a Mach-3 aircraft. 
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Ambient temperature............... 600 F 
Wabrationiesecicir cris txts eu on rae 20 g 
Shack cree cere: crate rte vontaen 50 g 


Out of 500 hours of life, 20 hours are speci- 
fied at the ultimate condition with the 
remainder at more conventional tempera- 
tures. 

To maximize reliability under these 
severe environmental conditions, several 
additional design objectives were set. 


1. Use a minimum number of parts, 
especially where high electrical or me- 
chanical stresses will occur. 


2. Remove all windings, rectifiers, and 
other electrical components from the rotor. 
This will also eliminate brushes, slip rings, 
and commutators. ; 


8. Utilize configurations where the me- 
chanical strength of the electromagnetic 
iron parts will add to the structure and 
ruggedness of the generator. 


4. Select electromagnetic circuits which 
would allow rectifiers, capacitors, and 
other sensitive components to be relocated 
in a more favorable environment if 
necessary. 


These approaches for achieving the 
greatest possible reliability were all 
tempered by the fact that lightweight 
design is an extremely important require- 
ment in aircraft generating systems. The 
known electromagnetic configurations 
which would meet the high-reliability de- 
sign objectives appeared to be somewhat 
heavier than conventional salient pole 
wound rotor designs. This was not con- 
sidered an insurmountable problem since 
these high reliability configurations did 
not have the benefit of intensive creative 
design study directed toward their weight 
and performance optimization. With 
the expectation that significant: improve- 
ments could be made, the investigation of 
new generator configurations was directed 
toward those having the greatest inherent 


reliability. 


Permanent Magnet Alternator 


The removal of all windings from the 
rotor could be accomplished with a 
permanent magnet type of generator with 
saturating windings in the stator provid- 
ing voltage control. Because the excita- 
tion system serves to depress the out- 
put voltage, this type of generator would 
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alternator in all of its varied config 


‘the basic design around which mue 


deliver overvoltages in the event ol 
failure of the regulating system. If 
internal fault occurred in the genera 
no method short of mechanically d 
connecting the generator would be cers 
tain to prevent a fire. Only magne 
materials having a high energy prod 
would be considered for lightweight ai 
craft design. Above 600 F these m 
net materials are gradually demagnetiz 


Inductor Alternator 


The inductor alternator has alreac 
distinguished itself as a generator 
figuration which meets all of the des 
objectives for high reliability. A bru 
less d-c generator has been built using t 
basic inductor electromagnetics v 
only a rotating iron configitration on it] 
rotor. The 800-cps power generated 
these electromagnetics is rectified to pra 
vide 100 amperes, 30 volts direct cu: 
at the terminals of the generator. 
brushless d-c generator is now in use 
a modern, high-performance intercept 
aircraft.® 

The basic principle of the induete 


tions is well described in the literature.’ 
In spite of this, it should be helpfu 
describe briefly, the double-ended, homs 
polar inductor configuration whick 


this study centered. This can be doz 
conveniently with reference to the 
ventional salient pole synchronous ge‘ 
erator pictured in Fig. 1(A). The alte 
nately north and south magnetic poles 3 
this rotor are induced by d-c field wim 
ings placed around each pole piece. Sim 
these windings encircle each pole, 1 
must rotate with the rotor and, ther 
field current from a stationary so 
must be supplied through some sort 
sliding contacts or brushes to the 
This conventional generator can be ec 
verted into a homopolar inductor 
chine by the changes pictured in Fig. | 
The rotor body and the stator 
lengthened, but the pole pieces themselw} 
are unchanged. The north poles < 
placed at one end and the south pole 
All placed at the other end, but 
angular relationship is unchanged. 1 
modified rotor would still work witt 
original field coils, but this is unneces 
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of the magnetic flux which passes from 
ie north poles to the south poles internal 
the rotor must go through the center 
rtion of the shaft. A single, coaxial 
Id coil around the shaft at this point 
il link all of the flux and supply all of 
e necessary excitation. This coil is not 
quired to rotate and it can therefore be 
ed in the stator eliminating the need for 

hes or other sliding contacts. 

t is evident from Fig. 1(B) that the 
x must travel axially both in the center 
the rotor and outside the stator core. 
order to accommodate this flux, solid 
bel paths are provided at both points. 
ne coaxial coil is required to supply 
y as many ampere-turns as originally 
pplied by two of the separate coils of 
g.1(A). In the case of a 6-pole genera- 
r this represents a significant reduction 
excitation power. The sketches of Fig. 
night suggest that the inductor machine 
more than twice as large as the con- 
mtional machine. This is not the case. 
le inductor is usually heavier, but the 
pical increase is only about 60%. The 
wer excitation power requirements and 
mination of current collection pro- 
sions will actually result in a reduction 
system weight or volume for some appli- 
ions. 

Phe actual rotor used in the 100-ampere 
ushless d-c generator is shown in Fig. 2, 
ng with the stator. The coaxial field 
il can be seen inside the stator. This 
nfiguration satisfies all of the design 
ectives for greater reliability. The 
tor has been reduced to a minimum 
umber of parts by the elimination of 
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Fig.1. Compar- 
ison of salient 
pole and homo- 
polar inductor 
alternators 


A—Conven- 
tional salientpole 
design 
B—Homopolar 
inductor machine 


rotating field windings, topsticks, bind- 
ing bands, slip rings and brushes. The 
stator design includes an iron frame which 
not only carries flux but also adds to the 
frame structure of the generator. Be- 
cause all of the electrical circuits are 
located on the stator, remote location of 
associated rectifiers and capacitors is 
possible. Oil cooling may be accom- 
plished with a simple and reliable circuit 
of oil tubing across the outside of the 
frame. For 40-kva 6-pole generators, 
however, the additional weight involved 
in the usual double-ended homopolar 
inductor design would indicate that 
improved variations of the basic configura- 
tion should be considered. 


Lundell Alternator 


The weight disadvantage in the homo- 
polar inductor generator is largely ex- 
plained by the fact that the north and 
south poles are at opposite ends of the 
rotor and no part of the stator sees a full 
north to south variation of flux. With 
this half-wave flux, the stator iron is used 
to only one half of its capability and ac- 
cordingly the machine is heavy. A rotor 
configuration which would present alter- 
nate north and south poles to a single 
stator while retaining the feature of a 


Fig. 2. 30-volt 100-ampere 
d-c generator disassembled 
rotor and stator showing induc- 
tor construction with coaxial 

field coil visible in stator 


coaxial field coil would seem to be desir- 
able. 

The Lundell generator provides such a 
configuration. North and south polari- 
ties are maintained at opposite ends of the 
rotor through the action of a coaxial field 
coil. The north and south poles are not 
positioned at opposite ends of the rotor, 
however. North and south poles are 
extended from each end toward the center 
of the rotor so that north poles project 
between. south poles and vice versa. 
This presents an array of alternate north 
and south poles to the stator and provides 
for a full-wave flux variation and optimum 
stator electromagnetic weight. 

One of the many possible arrangements 
of Lundell electromagnetics is shown in 
Fig. 3. One of the marks of a brushless 
Lundell configuration may be seen in this 
sketch. Two secondary or parasitic 
air gaps are always required to complete 
the rotor flux circuit and yet allow the use 
of astationary coil. In the configuration 
shown, flux travels along the frame and 
crosses one secondary air gap into the 
north pole end of the rotor. The flux then 
travels out along the cantilevered north 
pole fingers, emerging from the north pole 
faces and crossing the main air gap into 
the stator. The flux follows the same 
paths in the stator as it does in conven- 
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STATOR WOUND 


IRON FRAME 
AND FLUX PATH 


EXCITATION COIL 


Fig. 3. Lundell 
generator with rotor 


SECONDARY flux path completed 


| BIR: GA behind the stator 


NORTH POLE 
ARRAY 


SOUTH POLE 
ARRAY 


tional salient pole generators. Emerg- 
ing from the stator, the flux crosses the 
main air gap into the south poles, and 
finally crosses the secondary air gap into 
the frame. Like the inductor gen- 
erator, a single coaxial field coil serves to 
excite the entire flux path regardless of 
the number of poles. There are many 
possible combinations of pole shapes, 
secondary air gap locations, and flux re- 
turn paths that fall in the classification of 
Lundell designs. This particular con- 
figuration was shown because it will assist 
in the understanding of a design to be 
discussed later. 

The Lundell generator has one inherent 
characteristic which affects its weight as 
compared with conventional generators. 
The rotor of a Lundell generator tends 
to be a very closely intertwined 3-dimen- 
sional configuration where the leakage 
between north and south poles is about 
four times the rotor leakage found 
in conventional salient pole wound 
rotor generators. Part of this is due to 
the absence of windings on the Lundell 
poles so that the full mmf (magneto- 
motive force) exists between all north 
pole and south pole surfaces. If a short 
rotor flux circuit is designed, then the 
rotor leakage will be high because of the 
proximity of rotor parts. With this high 
leakage, the cross section of the rotor iron 
must be increased to accommodate the 
leakage flux and the rotor weight will be 
accordingly increased. If a long rotor 
flux circuit is designed in an effort to sep- 
arate the parts and reduce the leakage, 
the rotor weight will still be high because 
of the length of the flux path. Brushless 
Lundell machines will generally be 30% 
heavier in electromagnetic weight. 

The high rotor leakage also has an 
adverse effect on generator transient per- 
formance. Rotor leakage flux represents 
stored energy which will tend to cause 
voltage overshoots upon load removal. 
Rotor leakage reactance also increases the 
open circuit time constant of the genera- 
tor. Lundell configurations clearly sat- 
isfy the design objectives for high reliabil- 
ity but still indicate a need for further 
improvement in the direction of lighter 
weight and improved transient perform- 
ance. 
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Inductor-Lundell Alternator 


The diagram in Fig. 4(A) shows two 
homopolar inductor generators located 
side by side. Each generator is complete 
with double ended rotor, two stator sec- 
tions, coaxial coil and frame. Fig. 4(B) 
shows these same generators combined 
together as an inductor-Lundell generator. 
The rotors of each machine are altered 
slightly so that the inner sets of poles will 
fit between each other in a Lundell man- 
ner. As the machines are combined to- 
gether it will be noted that one stator 
section is completely eliminated along 
with a significant portion of the stator 
conductors and conductor end turns. 
The inductor generators when combined 
together in this inductor-Lundell con- 
figuration are significantly lighter than 
an inductor generator alone. 

The inductor-Lundell configuration 
bears a certain resemblance to the Lundell 
design sketched in Fig. 3. The two para- 
sitic air gaps have been replaced by work- 
ing gaps with inductor power being gen- 
erated at each end of the machine. The 
Lundell pole-to-pole leakage still exists 
and is still greater than that generated in 
conventional machines. However, the 
Lundell pole. configurations naturally 
extend in opposite directions to minimize 
leakage without necessarily increasing 
the length and weight of rotor iron. 
More significantly, the effect of Lundell 
leakage on over-all generator character- 
istics is drastically reduced. The flux 
which leaks between Lundell poles fails to 
generate voltage in the center stator sec- 
tion and so affects generator character- 
istics as seen by that portion of the stator. 
However, this same leakage flux generates 


Fig. 4. Comparison 
of inductor and in- 
ductor-Lundell gen- 

erators (B) 
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corporates many loops which allow 


useful voltage as it completes the ci 
through one inductor generator, across 
frame, and returns through the indu 
section at the other end. As seen by 
inductor stator sections on each end 
generator, this leakage flux is useful fl 
The total effect of the Lundell leakag 
seen at the terminals of the indueto 
Lundell generator is less than half @ 
effect seen on the characteristics of t 
Lundell generator. This reduction” 
sufficient to provide acceptable machi 
performance under transient conditior 
While it offers promise of improved pe) 
formance and reduced weight, the induy 
tor-Lundell configuration is very comple 
to design and analyze. The inductor a 
Lundell sections of the machine are vex 
closely interrelated. For example, f 
size of the induction portion is de 
mined by leakage occurring between p 
in the Lundell sections and the leakage = 
the Lundell section is affected by. the si 
of the inductor portion. There are 
many different parameters which m 
be solved by trial and error that effee 
and accurate designs cannot be obtait 
in a reasonable time by hand calculat 
The inductor-Lundell design form 
have been programmed for use on 
International Business Machines Corp 
tion 650 computer. The program 


Fa pen 


a 


eae 


~ = 


computer to balance interrelated par 
eters and to investigate possible 
tions leading to the lightest design witt 
the limits of the input requirements. — 
design work on the computer has shi 
that inductor-Lundell electroma: 
weights are generally less than the w 
of either the basic homopolar induc 
Lundell configurations for conventt 
speeds, frequencies, and ratings. T 
inductor-Lundell configuration, like {1 
basic inductor and Lundell machines, 
be lighter than conventional salient | 
designs for many of the unusual speee 
ratings, and duty cycles that are specifi 
from time to time in aircraft application 

An inductor-Lundell rotor is show 
Fig. 5. This rotor is from a generatt 
which was built to the specifications of t 
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00 F development program except that 
igh-temperature component materials 
ere not used. The center Lundell sec- 
ons of this rotor are solid iron while the 
aductor sections at each end are assem- 
led from iron laminations. Other con- 
gurations are possible where laminations 
re used throughout. The center sec- 
on of the shaft must be nonmagnetic 
naterial or flux will leak directly between 
undell poles through the _ shaft. 
mortisseur bars are included at the pole 
aces. The rotor as shown meets all of 
he design objectives for high reliability. 
ig. 6 shows the inductor-Lundell rotor 
ssembled into the oil-cooled stator. 
Results of both analytical work and 
esting of inductor-Lundell machines have 
own that electrical characteristics are 
pbmparable with conventional generators. 
enerator characteristics, voltage balance 
mder unbalanced loads, waveform, 
ficiency, and short-circuit capabilities 
ave all been better than specifications. 
a several respects, the dual nature of the 
nductor-Lundell generator is providing 
ew methods of design improvement 
hich should challenge the capabilities 
conventional aircraft generator de- 
gns. The increase in reliability of 


Discussion 


ichard T. Smith (University of Texas, 
stin, Tex.): The author is to be con- 
atulated for proposing a novel solution 
> the problem of providing reliable genera- 
on at high temperatures with available 
aterials. The new generator appears 
have certain components of leakage 
hich would be higher than for conven- 
onal designs. In particular, the periph- 
al end leakage may be quite significant, 
Ihereas, for many standard machines, 
lis component is negligible. In addition, 
e differential and belt leakages in the 
undell Section will be higher than for the 
maining sections. The author does not 
dicate that any special provisions are 
ade for quadrature axis damping. It is 
r that such damping can be achieved, 
bwever, perhaps more easily than for the 
ventional salient-pole construction. 


_M. Chirgwin (Jack & Heintz, Cleveland, 
hio): The author states that the electro- 
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Fig. 5 (left). In- 
ductor - Lundell 
rotor 


Fig. 6 (right). 
Rotor assembled 
into stator 


the inductor-Lundell configuration sug- 
gests its use in many applications where 
extremely dependable operation is re- 
quired. 


Summary 


Severe environmental conditions and 
the continuing need for greater reliability 
have suggested the further development of 
unconventional generator configurations 
which have fewer components and where 
stress on critical components is reduced. 
Inductor and Lundell generators satisfy 
this design objective since they involve 
simple iron configurations on the rotor with 
no rotating electrical components. The 
homopolar inductor design in its basic 
form is 60% heaver in its electromagnetic 
weight at the most significant ratings and 
speeds. The basic Lundell design in- 
volves less weight penalty but has a high 
leakage flux in the rotor which adversely 
affects transient performance. 

A configuration combining inductor 
and Lundell machines has been developed 
to overcome the disadvantages that these 
configurations exhibit separately. The 
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magnetic weight of the homopolar inductor 
alternator is 60% greater than that of a 
conventional wound-rotor salient-pole al- 
ternator. This seems to be a very opti- 
mistic figure. Would the author indicate 
whether all or part of the weight of the 
steel yoke was excluded in making this 
comparison? Further details of the ap- 
plications in which the homopolar inductor 
alternator results in a reduction of system 
weight and volume would add to the 
interest of the paper. 

When comparing the excitation require- 
ments of the homopolar and conventional 
alternators, the author concludes correctly 
that the homopolar machine needs less 
excitation power, but the wording could 
lead to a misunderstanding of the reason 
for this. If both types of machines had 
circular exciting coils, then the power re- 
quirements would be the same; because, 
although a 6-pole homopolar machine needs 
only one third of the total ampere turns, 
three times as much flux must be carried 
by the core on which the coil is wound, and 
consequently the mean length of one turn 
of the coil is three times as great. The 
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inductor-Lundell combination provides 
generally lighter weights than either of the 
separate types. The Lundell leakage flux 
is put to work in the inductor portion 
of the machine and as a result, the 
generator characteristics compare favor- 
ably with conventional generators. . The 
increase in reliability of the inductor- 
Lundell configuration suggests its use in 
many applications where extremely de- 
pendable operation is required. 
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reason for the lower excitation power 
requirements of the homopolar machine is 
to be found solely in the more favorable 
geometry of the exciting coil. 

Turning now to brushless Lundell-type 
machines, the author states that these 
machines are generally 30% heavier in 
electromagnetic weight. If this refers to 
the type of machine! shown in Fig. 3, 
where the flux returns through the endbells 
and stator housing then this figure seems 
to be much too low, unless the weight of 
endbells and housing is omitted. If it is 
intended to refer to those brushless Lundell 
machines where the flux returns through 
the shaft?’ then the figure of 30% is too 
high. 

In the summary the author seems to 
imply that the electromagnetic weight of 
his inductor-Lundell alternator is less than 
380% greater than that of a conventional 


machine. Would the author quote the 
actual figure, or otherwise clarify this 
point? 


In defense of the brushless Lundell 
machine it should be pointed out that the 
so called secondary air gaps are effectively 
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in series with the main air gap to both the 
exciting and the armature reaction ampere 
turns. So these secondary air gaps are 
only a penalty on the design to the extent 
that they must for mechanical reasons be 
made larger than is required for electrical 
reasons. 

The author is correct in stating that the 
Lundell machine has a high rotor leakage 
flux, but he is incorrect when he states 
that this leads to increased transient 
reactance and increased voltage overshoot 
on removal of load. The voltage over- 
shoot and transient reactance depend much 
more on the ratio of armature reaction 
ampere turns to exciting ampere turns than 
they do on rotor leakage flux. By suitable 
choice of magnetic and electric loadings 
of the stator it is possible to attain any 
reasonable value of machine transient 
reactance. The secondary air gaps pre- 
viously mentioned tend to give the machine 
a “naturally” low transient reactance. 
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R. E. Smith, W. J. Shilling (Westinghouse 
Electric Corporation, Lima, Ohio): Cer- 
tainly with the ever-changing requirements 
of modern aircraft electrical systems, the 
generator design engineer must continu- 
ously evaluate the advantages and dis- 
advantages of every generator type known, 
with their possible variations, and any 
new type which he might conceive. It is 
very important, however, that the major 
advantages of the conventional salient-pole 
construction be carefully considered before 
choosing a less conventional type. 

It can be agreed that the inductor and 
inductor-Lundell generators weigh con- 
siderably more than salient-pole genera- 
tors. It can also be agreed that the per- 
formance is comparable to salient-pole 
generators, but certainly not equivalent for 
the normal range of speed and frequency. 
Basically, the inductor-Lundell generator 
must have at least 50% more stator iron 
weight, stack length, and leakage reactance 
than a conventional salient-pole construc- 
tion and the stator copper loss and stator 
copper weight will tend to be approxi- 
mately 50% greater. The increased losses 
result in greater system heat generation 
and lower efficiency. Besides the generator 
weight penalty, another weight penalty 
also results because of additional fuel 
and cooling required. The increased leak- 
age reactance increases voltage overshoots 
and voltage unbalance. The 50% increase 
in the factors previously mentioned are 
basic. There are, however, additional per- 
formance problems for the inductor-Lundell 
generators which increase these factors 
considerably beyond 50%. 

The author indicates that the inductor- 
Lundell design is less than 30% heavier than 
the conventional salient-pole machine. It 
would appear that the inductor-Lundell 
design would have about half of the penalty 
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of the straight inductor type since the 


inductor-Lundell stack must be increased 
by 50% over the salient-pole machine 
versus 100% increase for the inductor 
machine. Also, the inductor-Lundell ma- 
chine described requires two stack separa- 
tions. This means one more added stack 
separation than for the inductor generator. 
Thus, it would appear that since the 
inductor machine has about a 60% weight 
penalty (per the paper), the inductor- 
Lundell machine would generally be more 
than 30% heavier in electromagnetic weight 
than a salient-pole generator for normal 
speeds and frequencies. 

Although field excitation tends to be 
less in the solid rotor designs, it is not 
necessarily true that it always will be. In 
the inductor-Lundell design described, 
twice as much stator mmf is required than 
in the inductor design. Thus, the ampere- 
turn requirement of the stator coils of the 
inductor-Lundell machine is the same as 
that for four poles of a salient-pole machine 
(4 coils of Fig. 1). Depending on the 
particular design considered, the mean- 
length turn of the field coil of the solid 
rotor machine may be greater than the 
length of turn in an equivalent salient-pole 
machine. In general, it is expected that 
the field excitation of a 4-pole inductor- 
Lundell generator will be about the same 
as the excitation of a 4-pole salient-pole 
generator for the same field copper weight. 
Any difference will depend upon the differ- 
ence of coil mean-length turn and coil 
temperatures. 

Another item that should be considered 
in the inductor-Lundell design is leakage 
reactance or Potier reactance. In com- 
paring this machine with the salient-pole 
design, it is seen that the total stator stack 
is at least 50% greater in the inductor- 
Lundell design and hence, has inherently 
more leakage reactance. To evaluate this 
leakage reactance, assume all the poles of 
the inductor-Lundell design are under the 
middle and one end-stack only. This 
leaves the other end-stack with no poles 
under it. The reactance in the two stacks 
with the poles under them would be the 
same as that in an equivalent salient-pole 
machine. 

In the inductor-Lundell machine more 
reactance is introduced because: 1. slot 
reactance in the stack with no poles under 
it; 2. leakage reactance in the stator 
winding at the stack separations; and 3. 
leakage flux in the air where the poles were 
removed. The last two items may be 
calculated by assuming the length of the 
straight portion of the a-c coil end exten- 
sions are increased an appropriate amount.! 
(This may be determined after considering 
how the reactance is determined for end 
extensions.) Calculations of the leakage 
reactance were made on a sample inductor- 
Lundell machine. Load tests were later 
run which verified these calculations so 
far as they can be verified by load tests. 
These results indicate that the designer 
should expect about a 160% increase in 
leakage reactance (2.6 times reactance of 
an equivalent salient-pole machine) for 
a well designed a-c stack. To overcome 
this reactance increase at overload condi- 
tions, a weight penalty is required. This 
leakage reactance increase will increase 
the problem of voltage overshoot upon load 
removal. The reactance increase will also 
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adversely effect machine constants such @ 

Xa, Xa’, Xq', Agnes Xq"’, Xo, and Xo. 
effect of the last two constants is to increg 
the voltage unbalance problems. 


in the middle stack becomes useful 
in the two end portions of the machine 
This flux then is only half as effective inj 
developing voltage as the “useful flux” i 
Thus, half of this leakage flux may 
considered true leakage flux. In # 
salient-pole design the leakage flux is ca 
only a short distance from one pole to t 
next. In the inductor-Lundell design the 
leakage flux must be carried the length o 
the rotor and back again by way of ft 
stator. This extra length of leakage fi 
path means extra steel with correspond 
weight penalty. The end stacks must 
increased to carry leakage flux which agai 
penalizes leakage reactance. 
In regard to voltage unbalance, 
appears from Fig. 5 that it would be 
difficult to obtain quadrature axis damping} 
Meeting the voltage unbalance require 
ments of MIL-G-6099A should requir 
a considerable sacrifice in weight and a4 
not only because of the problem of obtain 
ing quadrature axis damping but also be 
cause of the very high leakage reactance oi 
this type of design. Laminations might 9 
used on the rotor to simplify application 
of damper bars and to reduce pole fa 
losses. However, this would destroy f 
advantage of ruggedness in the solid rotom 
design. 
With respect to reliability, certainly the 
elimination of brushes, brush rigging, s! 
rings, and commutators increases 
reliability of a generator. It was for tf 
reason that a great deal of effort has be 
concentrated on brushless generators witlt 
integral a-c exciters and rotating rectifie s 
Removing rectifiers and windings from the 
rotor does not necessarily contribute td 
increased reliability. Our reliability m@ 


ing in generators. One reason for th 
the fact that there is only a very sm 
voltage (1 or 2 volts) present betwe 
adjacent turns since they are wound 


are connected in series. Further, 
normal voltage to ground is typically 
volts. In the a-c stator, however, 1 
voltage of the main a-c winding to grou 
is 170 volts peak and the voltage betw 
turns can be 295 volts peak. Apply 
field windings adjacent to these high 
voltage stator windings might well red 
the reliability. The fact that the rotat 
field windings are under compression ¢ 
to centrifugal force makes them much | 
susceptible to damaging vibration effects 
than a field on the stator. Rotating 
rectifiers have had exceptionally hig 
reliability. In one application which 
accumulated an appreciable amount 
operating time, the mean-time to fail 
of the rectifiers is 60,000 hours based ©: 
240,000 rectifier flight hours. ; 

We would like to ask the author 
following questions: 


1. Assume, for example, a 40-kva 8,000 
rpm 400-cps machine built to mee} 
MIL-G-6099. a 
(a). How would the inductor-Lun¢ 

generator weight compare wit 


conventional 40-kva brushless 
salient-pole air-cooled machine 
weighing 70 pounds with integral 
exciter for class C operating 
conditions? 

(b). What would the excitation re- 
quirements of the inductor-Lundell 
machine be compared to the 
salient-pole machine? 

(c). How would the transient voltage 
differ for: 

1. 0 to full load to 0 load change? 

2. 0 to 200% to 0 load? 

3. 0 to 300% short circuit to 0 
load? 

The paper shows the field coils located 
so the rotor has to be assembled around 
the field coils. This will be difficult 
to accomplish mechanically. If the 
coils were to be moved behind the stator 
coils, what would be the effect on weight, 
excitation, and flux leakage? 


his discussion is intended to point out 
at there are many major inherent ad- 
tages to the salient-pole type of genera- 
which have been the reason for its 
mary choice in the electrical industry 
most since the birth of the industry. 
ese very important advantages should 
carefully considered before leaving the 
ient-pole generator for less conventional 
Des. 
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R. N. BULAND 


ASSOCIATE MEMBER AIEE 


HIS PAPER DESCRIBES a dual- 
mode servo which utilizes a relay or 
atactor for both the saturated mode and 
= linear mode. The dual-mode servo, 
ich was first suggested by McDonald,}? 
erates as an on-off or bang-bang con- 
lier for large amplitude errors (satura- 
n mode) and as a linear servo when the 
or approaches zero (linear mode). 
e saturation mode may be optimized 
a minimum transient response to step 
action inputs by means of special non- 

circuitry which is used to determine 
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J. T. Bateman: The discussers have each 
indicated a willingness to give thought and 
consideration to new electromagnetic con- 
figurations. This is gratifying since the 
field of rotating electric machinery design 
is all too often treated as a closed book. 

R. T. Smith has suggested certain com- 
ponents of armature leakage which would 
be higher in the inductor-Lundell con- 
figuration than in conventional generators. 
Tests of the inductor-Lundell generator 
have demonstrated that such additional 
components of leakage will amount to less 
than half of the total armature leakage 
reactance. The presence of additional 
leakage components does not mean that 
increased leakage reactance is inherent in 
this or any other machine configuration. 
This leakage reactance is determined not 
only by machine permeances but also by 
the number of turns in the armature. The 
designer must reduce armature turns, 
adding to the generator weight and size 
if necessary, until reactances are at accept- 
able levels before he can compare his 
design with another. The discussion.given 
in the paper assumes generators which 


Relay Servos 


N. FURUMOTO 


NONMEMBER AIEE 


the optimum points for control reversal, 
normally referred to as a switching line. 
The linear mode is optimized by inserting 
linear networks of the lead-lag variety. 

The practical difficulty with dual-mode 
systems lies in combining the two modes 
while maintaining a reasonably simple and 
reliable design. Hopkins* suggested a 
saturated amplifier for the controller and 
analog-computer-type function genera- 
tors for the nonlinear switching line. The 
relay is not usually favored because of the 
difficulty of obtaining reasonably linear 
action from such a nonlinear device. But 
the relay is the natural element for the 
saturation mode so that it is well worth 
the effort to explore the possibilities of a 
quasi-linear relay power amplifier. 

The problem of combining a satura- 
tion mode switching line and a linear 
mode lead-lag network is also of great 
practical interest. Nieswander and Mac- 
Neal‘ develop the general design philos- 
ophy for combining both modes but design 
details are not considered. In this paper 
the design philosophy will be made more 
explicit for a particular type of servo and 
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are designed for complete compliance with 
aircraft application requirements and speci- 
fication MIL-G-6099A. 

K. M. Chirgwin suggests that the re- 
duced excitation power obtained with a 
coaxial coil is due only to the fact that the 
coil is round rather than rectangular. 
However, in the example he has given, the 
increase in area of a circular core to carry 
three times the flux will result in an increase 
of the mean length of the turn of a coil 
surrounding that core by a factor of 1.73 
rather than 3 as he states. This significant 
saving in excitation coil length is one of 
the factors which make 6-pole and 8-pole 
inductor-Lundell designs attractive. 

W. J. Shilling has prepared a verbal 
analysis of the inductor-Lundell generator 
which presumes to prove that the con- 
figuration cannot have the weight and 
performance stated in the paper. Many 
of his discussions are inaccurate when 
related to the total generator design. The 
difficulty with such an analysis is that the 
preparation a long list of design problems 
does not in itself disprove the fact that 
many complete inductor-Lundell generator 
designs have been developed by the author 
and his associates where these design prob- 
lems have been met effectively to provide 
generator sizes, weights, and performance 
which are attractive in the aircraft applica- 
tions for which they were developed. 


possibilities of combining the saturation 
mode switching line with the linear mode 
compensating network will be studied. 


Background 


The relay has been used as a control 
element in regulators and servos for a least 
30 years.5 Probably there are more con- 
tactor controlled regulators and servos in 
existence than any other type. Yet it 
was not until the concept of optimum 
step function response was suggested that 
any real interest was shown in the tech- 
nical literature. 

In terms of optimum step function re- 
sponse, the relay servo is ideal because 
sudden reversals of control are required. 
On the other hand, the relay has the 
annoying habit of limit cycling when no 
error is present and the relay cannot follow 
arbitrary inputs accurately. 

Shortly after World War II a method of 
linearizing relay servo systems was intro- 
duced at the Pacific Missile Range, then 
called Naval Air Missile Test Center, by 
Dr. H. A. Wagner and Mr. T. F. Sturm. 
This concept utilized feedback directly 
around the relay as shown in Fig. 1 in 
comparison to the conventional bang- 
bang relay servo of Fig. 2. The configura- 
tion of Fig. 1 was designed by linear 
theory assuming the relay was an infinite 
gain power amplifier. Bass® developed 
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RELAY 
FEEDBACK 
FUNCTION 


Relay servo with feedback around 
relay 


Fig. 1. 


CONTROL 
FUNCTION 


Fig. 2. Conventional bang-bang relay servo 


several theorems to describe relay ampli- 
fier operation and suggested the possi- 
bility of dual-mode operation. More 
recently Gibson and Tuteur’ analyzed a 
slightly different version of the relay 
amplifier with unity feedback around the 
relay. 
The basis of linearization of the relay 
amplifier lies in defining the relay input 
to output relationship as a variable gain 
fe in a manner similar to describing func- 
tion analysis. It will be shown that 
when the relay amplifier feedback is not 
saturated uy, approaches infinity and can 
be treated as a quasi-linear high-gain 
amplifier. 

This paper will discuss the quasi-linear 
relay servo and will extend this concept to 
dual-mode operation, 


The Dual-Mode Relay Servo 


The concept of dual-mode control with 
the configuration of Fig. 1 is that the feed- 
back around the relay will make the sys- 
tem operate in a quasi-linear fashion for 
small error signals. For large error 
signals the system will act as a conven- 
tional bang-bang controller and near 
optimum response can be obtained by 
means of a switching line in the phase 
plane. The concept is shown in Fig. 3. 
Fig. 3(A) shows the generalized block 
diagram where 


KeGa=saturated mode switching network 
KsGg=linear mode stabilizing network 
Kr=coefficient relating the magnitude of 
the force, or torque, on the load to 
the magnitude of the relay output 
KyGy=dynamics of unalterable load 


For small motions it will be shown that 
the transfer function for the system 
approaches the linear system shown in 
Fig. 3(B). For large motions the relay 
feedback becomes saturated and the sys- 
tem acts as a conventional bang-bang sys- 
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tem as shown in Fig. 3(C). Each of the 
two modes will be discussed separately. 


QuasI-LINEAR MODE 


The quasi-linear mode depends upon the 
extent to which the relay power amplifier 
of Fig. 4 is linearized. For practical 
implementation of the relay power ampli- 
fier, a voltage amplifier with gain —Kz is 
inserted as a summing point and to de- 
crease the effective system dead space. 
The amount of amplification required is 
a function of the type, ie., 2- or 3-posi- 
tion polarized relay, and quality of the 
relay being used and the positioning 
accuracy required of the system. In this 
study, only the 2-position relay with 
hysteresis will be analyzed. 

The quasi-linear operation of the relay 
is based upon the assumption that the 
relay may be replaced by a gain pu, such 
that 


Ex(t) 
e(t) 


where e(f) and #,(t) are the instantaneous 
input and output of the relay. Thus yu, is 
an inverse function of e. 

Referring to Fig. 4(A), the relationship 
of Ez to ais found to be 


be(t) = 


ati eal (1) 


Because in the quasi-linear mode the 
error signal e is always small, it can be 
assumed that 1/u,K, is negligible, result- 
ing in 

Er —1 


Lim —= 
e>0 a@ K pGa(s ) 


(2) 


The relay power amplifier thus acts in a 
linear manner for small error signals. As 
a result, the relay with its feedback net- 
work can be replaced by a linear transfer 
function which is merely the negative 
reciprocal of the transfer function of the 
feedback loop. 

As a partial verification of equation 2 
it can be shown that the average steady- 
state output for the 2-position relay servo 
is identical to a linear system with the 
same KgGg. For a 3-position relay the 
results are identical except for a small off- 
set caused by relay dead space. The 
particular case to be investigated is for 
G(8)=(1+7»s)~1. The steady-state re- 
sponse of the relay power amplifier to a 
step of a will be determined by equation 2 
and by a detailed investigation of the re- 
lay output signal. 

From the preceding equation, the 
steady-state response to a step input for 
a linear system and u,— © is: 
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i - 
(exe+%—«)a —eA'2/T) — Ah 


Fig. 3. A—Dual-mode relay servo. 
Quasi-linear mode, small motions. 
Saturated mode, large motions 


 g fitres) tel tal 
s>0 Kg s Kg 


amplifier yields the following two vi 
age relationships: 


(zx, +o +a) 1—e-447) = Ah 


relay arm is defined as 


Ath E — AtE 
Eke 
Ah+Ate 


and the values for At; and Af from equ 
tion 4 are substituted in equation 5, EF 
becomes 


E| Inf 1— a 


Ah 
EE ots +a 


Ah 


represented by a power series 
Ivey «i weiner | 
ini) =5—5 el xe—..., —1<x< 


If x<<1, then the higher order terms ¢ 
be neglected and Ez,, becomes 
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nce Ah<<FE, 


il 
Rss = Se, o (7) 


3 previously obtained, i.e., the steady 
sponse to a step input of a is the same 
3 the average response to a constant in- 
t of a. 

From equation 6 it can be seen that 
le system is linear in the steady-state 
se as long as the following relationship 
olds 


Ah 
I<|eK9|- 9 (8) 


hen |a| =|ZK,|—|an/2|, the system is 
the saturated mode. 

At steady-state conditions the relay 
mplifier tends to oscillate about the 
ysteresis zone. The period and ampli- 
de of the oscillation will depend upon 
e parameters of the system. The gain, 
, can be found for this condition to be 


= wEKe 
Ah 


or a practical situation yu, will be in the 
der of 10,000. 


ATURATED MOopDE 


The saturated mode will be designed to 
tain near optimum response to step 
netion inputs. In geneal the number of 
versals of control for an optimum satu- 
ted response will be N—1 where JN is the 
der of the differential equation. describ- 
the load. However, Chang” utilized 
e dead space of a 3-position relay con- 
ol to allow the higher order transients to 


THREE POSITION TWO POSITION 


(B) 


4. A—Relay power amplifier. B— 
Relay characteristics 
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die out during the switching sequence 
and effectively reduce the system to a 
second order system so that only one 
switching curve was required. 

The procedure in this paper will be to 
design a single switching line which will 
approximate the first switching curve for 
the particular load function under con- 
sideration. The system will be designed 
to have a linear region about the switch- 
ing line and about the zero error or term- 
inal point. This linear region will be 
relied upon to compensate for any other 
switching curves that may be required 
by the criteria of reference 9 and for the 
fact that a switching line will be utilized 
rather than the actual switching curve. 
In other words, a lead network will be 
used to approximate the optimum switch- 
ing curve. 

For a second order system conventional 
phase plane techniques can be employed to 
determine the optimum switching curve?! 
as shown in Fig. 5. The switching curve 
may be approximated by a straight line 
but then an optimum response is obtained 
for only one value of step input amplitude. 
The quasi-linear mode is relied upon to 
minimize the error in switching. The in- 
strumentation of the straight line is, of 
course, much simpler than the curve for 
the switching line. 


[e+77é] =e[1+Tz5] 


The switching line circuit can be in- 
serted in the feedback or the forward path 
of the servo. The forward path is the 
more difficult problem because the switch- 
ing circuit must be approximated by a 
lead-lag network 


1+7y3s 
eae 


The additional lag makes the system 
third order, and two switchings are re- 
quired for an optimum response. Again 
the quasi-linear zone is utilized to mini- 
mize this additional error. 

For servos of higher order the single 
switching line is still useful but the width 
of the quasi-linear region becomes of in- 
creasing importance and the transient 
time will not approach the optimum as 
closely. 


Basic Design 


The design of the dual-mode relay servo 
can be described, with the aid of Fig. 3, 
in the following steps: 


1. The quasi-linear mode is designed by 
conventional linear techniques so that 


AK i Gece (9) 
(= 
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cy Kr,KyGiGy 


—_ = 3 (10) 
Oin 1+Kz,K uGrGu 
where 

Kak 
K,=—— (11) 

Kp 

Ga 
Ci === 12 
i Gp (12) 


2. The boundary between the saturation 
mode and the quasi-linear mode is deter- 
mined when 


Bmax =e 


but 

Bmax = KgE 
and 
a=Kge 


after all transients have died out so that all 
derivatives of « are zero then 


KG 
lexu|=—" |E| 


Kn (13) 


where 


€rm=the minimum saturated mode error 
E=maximum magnitude of Er 


as shown by equation 8. The linear limit 
will depend upon the quality of the relay, 
character of Ga and Gg and the derivatives 
of e. 


For preliminary design ez, will be utilized 
as a measure of the quasi-linear region. 
From equation 13 it is seen that 


exm=f(E) 


but E is also constrained by the output re- 
sponse 


6)=KyGyKrEpR (14) 


Thus the speed of response is directly related 
to the magnitude of Ky and Ep or E for the 
saturated mode. Normally it is desirable 
to make Ky and E as large as possible in 
order to minimize response time. Also 
Kg and Ke are constrained by the quasi- 


linear gain K,; and by Ky. Combining 
equations 11 and 13 

exam Kr 

SS aee 15 
Ea (15) 


which defines the fraction of the linear range 


OPTIMUM 
SWITCHING CURVE 


LINEAR APPROXIMATION 

TO OPTIMUM 

\ SWITCHING CURVE 
~S 


Fig. 5. A phase-plane plot of the optimum 
switching curve for a second-order bang-bang 
servo system 
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10 


s(l+ 0.2s) 


6. Linear design 


Fig. 


s(1+0.2s) 


Fig. 7. Quasi-linear relay servo 


Fig. 8 (right). Comparison of quasi-linear and linear 


systems for small magnitude inputs (@in=0.3eLm) 


with respect to the maximum relay output. 


8. The saturation mode switching line is 
defined by Gg and will normally have the 
form 


a i + Trs 
st a +75 
where 7; is chosen to be a part of Gz, if this 


is possible. 1 is chosen to be a best fit 
to the optimum first switching line. 


4, The final step is to choose Gg from equa- 
tions 12 and 16 


(16) 


(17) 


and choosing either Kg or Ke arbitrarily so 
that the other can be found from equation 
11. As a final step the analysis should be 
reviewed to determine where simplifications 
can be made. 


Example Problem 


To demonstrate the dual-mode relay 
servo design, a second order servo was de- 
signed and tested by means of an analog 
computer. The unalterable element of the 
system was : 


10 


Fe ye eS 
Pee eC 1H10,25) 


THE QuAsI-LINEAR MopE 


The first step was to design a linear system 
which had acceptable transient character- 
istics. The linear system had the form 
shown in Fig. 3(B). The system was de- 
signed for a damping coefficient of 0.5 and 
an undamped natural frequency of 20 
radians per second. It was found that 
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95 


—- t 
QUASI-LINEAR RESPONSE 


LINEAR RESPONSE 


~ LINEAR 


-0.02 + 
QUASI-LINEAR —~ 


-0,04 + 


-0.06 


&/E 


Ty, =0.0825 | 
71 =0.03 
Kir=4.5 

and 


6  45.0(1+0.0825s) 


e s(1+0.2s)(1-+0.03s) 


as shown in Fig.6. The quasi-linear relay is 
shown in Fig. 7 where 


Ky, =45 
140.0825: 


Pa at. 058 
and 


1 
Cas 1+0.03s 


1 
Cs 
PB" 1+0.0825s 


The next step in the design is to determine 
the magnitudes of Kryand E. For the sys- 
tem being designed, which was built up on 
an analog computer, the maximum E was 
+50 volts, the maximum Ky is +1. If 
these values are used, then 


eum i 
a ee 
50 «64.5 


or €xm is 22% of E. This is a quite accept- 
able linear zone and has been found to oper- 
ate quite satisfactorily although Hopkin, in 
Reference 3, recommended a minimum 
linear region in order to sharpen the satu- 
rated mode response. 

For comparison purposes Kg was set at 
4.5 and thus 


Kg=1.0 


Fig. 10 (left). 


Saturation mode 


Fig. 11 (right), 
Final design, 
Case 1 
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Gin =3erm 


in cn €|[4.50(1+0.075s]] 2 
ee} 1-0 ee 


QUASI-LINEAR 


QUAS|-LINEAR\ 


e/E 


Fig. 9. Quuasi-linear system response | 
large magnitude inputs (@in=3erm) _ 


This system was then compared to the equi 
alent linear system. In Fig. 8 the ty : 
systems are compared for a step input 


6in =0.3ezmu 


The response uf the quasi-linear system 1 
shown for ’ 


in Fig. 9. The response is by no meéa¢ 
optimum although the per cent overs 
is about the same as for the linear model 


SATURATED MODE DESIGN 


The saturation mode switching line mui} 
be computed to determine Gg. From t 
work done on the quasi-linear syster 
seems that a suitable form for Ga v 
be 


te 1+Tyzs 
“TO. 08s 


The saturation mode system is shown i} 
Fig. 10. The best linear switching Ii 
approximation to the optimum switc ii 
curve was found by the method of refi 
ence 12 to be 


e+0.075€=0 
or 
T,=0.075 sec. 


Dvuat-Mope DzsIcn 


The two modes can now be combina 
It was previously determined that 


SZ 


1.0(1+0.075s) 
1 + 0.0825s 
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. 12. Family of 
ponses for dual- 
node relay servo 


—Case 1 conditions 
-Case 2 conditions 
—Case 3 conditions 


(A) 


_1+0.0825s 
~ 1+0.03s 


m the quasi-linear design, and that 


_ 140.075s 
1+0.03s 


the saturated mode design for the 
merator and the quasi-linear design for 
denominator. Thus Gg is defined as 


1-++0.075s 
1+0.0825s 


is Vans: 


DUAL MODE 


ae: 


LINEAR 


LINEAR 


~DUAL MODE 


13. Response of dual mode and linear 
ems to small magnitude input and Case 1 
a conditions 


wary 1960 


(B) 


All that remains is to choose Ka and Kg, 
keeping the ratio fixed at 4.5. Experi- 
ments indicate that large values of Kg and 
Kg would be more desirable because the 
effects of relay dead space is reduced. How- 
ever, in order to determine the effect, two 
values of Kg and Kg will be investigated. 


Casel. Kr=1 Ka=45 Kg=1.0 
Case2. Krp=1 Ka=045 Kg=0.1 


The final design for Case 1 is shown in 
Fig. 11. A family of phase-plane responses 
to different amplitude steps are shown in 
Figs. 12(A) and 12(B). The transient 
response is shown for 


Oin =3eLu 


In order to determine the effect of a 
narrower linear band, Case 3 was investi- 
gated: 


Case 3. Kr=0.1 Ke=4.5 Kg=0.1 
Thus Kz is unchanged, but the ratio 


‘LM 
— =0.022 
E 


or ez is only 2.2% of HE. The phase plane 
for a family of inputs is shown in Fig. 12(C). 
The transient response is shown for 


Oin =8eLm 


The response is much slower because the 
forcing function has been reduced by a fac- 
tor of 10 but the switching is much sharper 
as would be expected, because of the smaller 
linear region. 

The response of the dual-mode relay servo 
for the Case 1 gains is compared to the 
linear system response in Fig. 13 for a small 
amplitude input 


Oin =0.3e,mu 


It is seen that the dual-mode response to 
small amplitude inputs does not compare 
to the linear as well as the quasi-linear re- 
sponse did in Fig. 8. However, the over- 
shoot has been reduced and the over-all 
response time is about the same. 

The frequency response of the dual mode 
servo with Case 1 gains was also investi- 


Buland, Furumoto—Dual-Mode Relay Servos 


6. =3e 
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gated briefly. Fig. 14 shows the input and 


output for 

0in =0.3eru 

at 3 cycles per second, and 
0in=deLM 


at 1 cycle per second. 


Discussion 


The theory for dual-mode servos has 
been developed in the literature to a con- 
siderable extent and experimental models 
have: been built to demonstrate the 
theory. Yet very little work has been 
devoted to developing practical circuitry 
for dual-mode servos. In other words, 
the dual-mode servo is, at present, an 
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Fig. 14. Frequency response of dual-mode 
relay servo 
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interesting laboratory gadget but not a 
practical engineering reality. It is hoped 
that this paper will help to rectify this 
situation by demonstrating an approach 
which does not sacrifice design simplicity 
to achieve dual-mode operation. 

The dual-mode servo proposed is not 
an optimum system by any single criteria, 
but it does give satisfactory response 
which approaches the optimum as speci- 
fied by several criteria. It is felt that 
this is a desirable feature because servos in 
general must give satisfactory service to 
arbitrary inputs, not just one special kind. 
If, on the other hand, the special case does 
develop in which the servo must be de- 
signed for only one type of input, the de- 
sign procedure outlined is sufficiently 
flexible to emphasize the response char- 
acteristics to the particular type of input 
desired. — 

The design of the saturated mode 
switching line is straightforward for a 
second order system but becomes a 
tedious computation for third order and 
an almost impossible problem for orders 
above third except by using a large scale 
computer. When using a computer to 
design the switching line for a high order 
system, the quasi-linear mode will modify 
the transient markedly and should be 
programmed on the computer. The 
width of the quasi-linear zone may be of 
first order importance in such a design. 

The design of the quasi-linear mode is 
straightforward linear design. Unfor- 
tunately the deviation of the quasi-linear 
system from the linear is difficult to pre- 
dict. Work needs to be done in this area 
so that the action of the relay power 
amplifier can be more accurately pre- 
dicted. At present the gain character- 
istics of the relay power amplifier can be 
described for only a few special cases. In 
this paper the average gain u, was derived 
for the steady-state condition when the 
input was a constant and when G¢ is a lag 
term. Reference 7 considered the same 
situation when Gg was unity. Describing 
functions can be used if the relay feedback 
loop is sufficiently insensitive to high fre- 
quencies, with Gg a low pass filter, but not 
in general. Thus the relay power ampli- 
fier is known to work and linear analysis is 
satisfactory to describe the quasi-linear 
relay servo to a first approximation. For 
a more detailed analysis, simulation 
seems to be the best tool. 

It should be noted that the concept 
of feedback around an on-off device can 
be applied, with good results, to devices 
more complicated than a relay. For 
example, a pulse coder can be built with 
feedback around the coder. This feed- 
back will linearize the average coder out- 


410 


put with respect to the input and the feed- 
back link can be designed to generate a 
lead to provide stability for the over-all 
system. 

For applications where the signal-to- 
noise ratio is low, the quasi-linear relay 
servo can be utilized to advantage by us- 
ing a relay with dead zone. The dead 
zone is adjusted to encompass the high- 
frequency noise and the system will not 
respond to the noise. The signal, on the 
other hand, will activate the system when- 
ever the dead space is exceeded. This 
system is particularly effective if Gg is a 
low pass filter. The relay amplifier is a 
lead network. 

It is felt that the dual-mode relay servo 
has many applications which are not be- 
ing exploited. The advantages of light 
weight and circuit simplicity should not 
be overlooked by the servo engineer. 


Conclusions 


A design concept has been developed for 
a dual-mode relay, servo which employs 
linear networks in both the saturated 
mode and the linear mode. The linear 
mode employs a quasi-linear relay ampli- 
fier. It is concluded that: 


1. This design provides near optimum step 
response in the saturated mode and near 
linear response in the quasi-linear mode with 
no additional complexity beyond a lead lag 
network. 


2. Linear theory can be used in designing 
the quasi-linear relay servo with very 
good results. 


3. The relay amplifier is an excellent de- 
vice for obtaining high power amplification 
without sacrificing the simplicity of the 
relay or the arlvantages of linear design 
techniques. 


Appendix. Development of 
Quasi-Linear Relay Amplifier 
Equations 


The relay amplifier is shown in Fig. 4(A). 
For the 2-position relay case the feedback 
voltage 8 is approaching either + or —KgE. 
However ¢ is a function of 6 and limits B to a 
range of values determined by the hysteresis 
zone, Ah, of the relay. 

Consider the case when 


re oll 

1+ 79s 
and a is a step function. The history of 
eand Er are shown in Fig. 15. The analysis 
will be piecewise linear beginning a new 
time sequence with each switching of E. 


For the to) time sequence e initial equals 
a and 


ER =-E 
Then 


Gp 
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Fig. 15. Steady-state response of the 9 
position relay power amplifier to a step inpw 


e=a—KgkK(1 —e'@/7) 


when e equals —Ah/2 the relay conta 
reverse and the tq) sequence beings 


eq) =a—Bye/ + Kg H(1 —e~ 0/7) 
where 


Ah 
Bo) =a rs 


e has increased to 


Ah 
Ca 


2 


and the relay contacts reverse again so th 


and 


where 


pret 
(=a 2 


at time Af in the fi) sequence e is ag 
—Ah/2 and the third sequence begins ana# 
identical to the first. Thus the relay ] 
gone into a limit cycle limited by 
hysteresis band. 

Now in time Af, e has increased by Ai 


Ah=en(Ath)—en(0) n=1,2,3,... © 


combining equations 19 and 20 
Ah\ 
Ah=a— (+2) --au/n +4 


KgB(1—e-8t/) 4% 


Ah = (+ xpr+e)ca —eWAti/7) 
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(o) 


Mh = eon( Ate) — e2n(0) n=1, 2, 3, 4, 
obining equations 21 and 22 


Mima (a2 eAle/7b __ 
2 


KgE(1—e-4%2/%) 


>= 


Ah 
= 9 thsE—a G=—e*® aa) (24) 
quations 23 and 24 are equation 4 of the 


t should be noted that At; and At are 
host equal when a is small compared to 
but when 


Ah 
eo ——— 
2 


m At, approaches zero while Af, ap- 
aches © and the system enters the 
ated zone. 

he analysis for the 3-position relay servo 
ows the same form but is complicated 
the dead zone, the configuration of the 
network, and whether or not the relay 
grounded in the dead zone position. 
3-position relay will always have a 
itioning error related to one half the 
d space of the relay. 

or the 2-position relay when a is small 
apared to KgE the relay error voltage 
essentially a sawtooth wave while Ep 
square wave. The period of the oscilla- 
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HE USUAL approach to provide a 
constant-frequency alternating-cur- 
electric power system is to drive a 
erator at constant speed, thus pro- 
ing output power at constant fre- 
ney. Numerous methods have been 
ised for obtaining constant frequency 
ver from a generator running at var- 
le speeds. Analysis of these systems 
e shown the vast majority of these 
hods to be impractical for one reason 
another, the usual problem being that 
excess amount of power is required for 
erator excitation. 

Development of switching semiconduc- 
s has opened the way to new methods 
obtaining constant frequency electric 
er from variable speed generators. 
he unique system which is described, 
generator produces voltage which 
es in frequency with the generator 
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tion is determined by 75, Ky, Ke, and E. 
If the first harmonic of Ep and e are utilized, 
a describing function can be generated. 


4 
ER (1st harmonic) = — cos wt 
T 


4 A 
é (1st harmonic) = — ne cos wl 
oe é 
Then 
_ Ep wa tEKe 
ie e Ah 


For some typical values let 
E=50 volts 
Ah=0.5 volt 
Ce =25 
Then 
ve=7,800 
which is sufficiently close to » for a prac- 


tical case. 
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Constant-Frequency A-C Power 
Using Variable Speed Generation 


W. J. SPAVEN 


NONMEMBER AIEE 


speed, The generator output power is 
directed into an efficient switching con- 
verter which changes the form of the volt- 
age, resulting in output voltage of a 
lower frequency. By varying the rate of 
switching in the converter as the genera- 
tor speed changes, the frequency of the 
output voltage from the converter may be 
kept constant within desired limits. 
Voltage regulation may be accomplished 
in the usual manner, by controlling the 
generator field current. 


Variable-Speed Constant-Frequency 
System 


The variable-speed constant-frequency 
electric power system is shown in block 
diagram form in Fig. 1. The generator 
develops substantially a sine wave volt- 
age at a frequency proportional to the 
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generator speed. The minimum operat- 
ing frequency of the generator is chosen 
to be several times higher than the de- 
sired system frequency. The electric 
power developed by the generator is trans- 
ferred to the‘ switching frequency con- 
verter, where periodic switching converts 
the frequency of the generated voltage 
to a lower frequency. The fundamental 
frequency of the converter output voltage 
(and therefore the system voltage) is the 
difference between the generator fre- 
quency and the switching frequency of the 
converter. Because the converter out- 
put voltage is derived from a periodic 
switching operation, this voltage contains 
high frequency components which may be 
undesirable if applied to the load. For 
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VARIABLE 
FREQUENCY 
GENERATOR 


SWITCHING 
FREQUENCY 
CONVERTER 


FILTER 


GENERATOR 
FIELD 


FREQUENCY 
REGULATOR 


VOLTAGE 
REGULATOR 


this reason, afilter is included in thesystem 
to prevent these high frequency voltages 
from reaching the load. 

The system frequency is kept constant 
by controlling the switching rate of the 
converter to maintain a constant differ- 
ence between the switching frequency and 
the generator frequency despite changes 
in generator speed. The switching fre- 
quency is controlled by means of a fre- 
quency regulator which senses the system 
frequency and provides an error signal to 
the switching frequency convertér. The 
converter corrects its switching frequency 
to reduce the error signal and thereby keep 
thesystem frequency within desired limits. 

Changes in generator speed and in load 
cause changes in excitation requirements 
in the generator for constant system volt- 
age. Voltage regulation is accomplished 
by a voltage regulator which senses the 
system voltage and adjusts the generator 
field current to the value required to 
maintain the desired system voltage. 


Method of Frequency Conversion 


The method of frequency conversion to 
be discussed has many variations. All 
these variations give duplicate or similar 
results so far as output voltage is con- 
cerned. There are, however, numerous 
design considerations which must not be 
overlooked in coosing a particular switch- 
ing method for an electric power system. 
For the purpose of this presentation, it 
appears logical to choose the method 
which is most straightforward and under- 
standable, even though it may not be best 
from the standpoint of design. 

Consider the system shown in Fig. 2. 
This system consists of a 6-phase genera- 
tor connected to a 3-phase load through 
an array of 18 switches. In this case, the 
filter is considered part of the load. The 
action of the switches is to connect the 
load to three of the six phases for a pre- 
scribed time, then to advance to the next 
set for an equal time interval, and again 
advance, etc. 


412 


Fig. 1 (left). 
CONSTANT System diagram 
FREQUENCY 
OUTPUT 
LOAD 
Fig. 2 (right). 
ae Schematic _ dia- 
gram of power 6-PHASE SWITCHING LOAD 
circuits through GENERATOR CONVERTER 
switches of con- 
verter 


For example, at some time the load 
point X is connected to generator terminal 
1, while Y is connected to 3, and Z to 5. 
At the switching instant, the three 
switches making the connections just 
described open, and three others connect 
X to2, Yto4, and Zto6. Terminal X 
is then connected in sequence to 3, 4, 5, 
6, etc., for equal time intervals, while Y 
is connected to 5, 6, 1, 2, etc., and Z to 1, 
2, 3, 4, ete. 

The result of this switching action may 
be seen in Fig. 3, which shows all six 
phase voltages of the generator. Super- 
imposed on these is one phase of the load 
voltages which is a result of switching 
that load from generator terminal 1 to 2 
to 3 to 4, etc. It can be seen that this 
load voltage is predominantly a sine wave 
with high frequencies superimposed on it. 
The fundamental component of the load 
voltage is drawn into the figure for clarity. 
The frequency of the load voltage is deter- 
mined by the frequency of the generator 
voltage and the switching frequency. It 
is shown in Appendix I that the load volt- 
age frequency is the difference between 
generator and switching frequencies. 

In order to make it legible, Fig. 3 shows 
only phase one of the three load voltages. 
However, the other two phases can be 
drawn in and their fundamentals will be 
displaced 120 and 240 Gasteesh from the 
wave form shown. 

The voltage appearing on one phase of 
the load is derived in Appendix I, equa- 
tion 23 and is expressed as 


yee [cos (a—8+60°)—1/5 cos (5a+ 
Tv 


B—60°)+1/7 cos (7a—B+ 
60°)—...] 


Vi V3 V5 


where a is proportional to the switching 
frequency, 8 is proportional to the gener 
tor frequency, and E equals the maxim 
value of the generator voltage. Inspec 
tion of this equation shows that the funda 
mental frequency of the load voltage ji] 
equal to the difference between the gem 
erator frequency and the switching ff 
quency. Therefore, if the generator f : 
quency changes, the output frequet 
may be kept constant by maintainin; ‘ 
constant difference between the generat 
frequency and the switching frequency, 

This load voltage equation also offer 
valuable information about the unde 
able high-frequency voltages. The lov 
frequency undesirable voltage is defi 
by either the second or third term of t 
equation, depending on the ceneriay 
switching frequencies. For example, st 
pose the desired output fréquence 
400 cycles per second (eps), from a 1,600 
cps generator. Since the output f 
quency is the difference between generat 
and switching frequencies, the switc 
frequency, fs, can be either 2,000 eps «| 
1,200 cps. If f,=2,000 cps, the secon 
and third terms of the equation yi ci 
5(2,000)+1,600+11,600 cps, and 7(2,¢ . 
—1,600=12,400 cps respectively. 4 
lowest undesirable frequency is (11,600 
400= 29) times the fundamental. If fj; 
1,200 eps, the second term yields 5(1,20 
+1,600=7,600 cps, and the third 
7(1,200) —1,600=6,800 cps. The loy 
undesirable frequency here is (6,800/400 
17) times the fundamental. 

The figures in the example indicate th 
for a given generator design it is desir 
to switch at a frequency higher than 
of the generator because this resul 
higher minimum undesirable frequer 
Of course, the higher the frequency o 


Fig. 3. Woltage waveforms } Hi 
of circuit on Fig. 2, showing 
output voltage superimposed 


on six generated voltages 
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Fig. 5. Woltage waveforms of circuit of Fig. 4, showing 


Fig. 4 (left). 
A r x Schematic _ dia- 
: gram of power 
circuits through 
switches of con- 
tT a verter (simplified 
Yi system) 
S B = 
4 
3-PHASE SWITCHING 3-PHASE 
GENERATOR CONVERTER LOAD 


indesirable voltage the easier will be the 
roblem of filtering it. Another impor- 
ant consideration is that both the genera- 
jor frequency and the switching frequency 
be made as high as practical in order to 
eep the filtering problem to a minimum. 

In Appendix I the 3-phase output 
oltages are given in equations 23, 24, 
md 25. The fundamental frequency 
omponent of these voltages is given in 
he first term of each equation. 


3E 

zf=— cos (a—B+60°) 
Tv 
3E 

vf=— cos (a—B+180°) 
Tv 


3h 
2f=— cos (a—B—60°) 
Tv 


It will be noted from these equations 
hat each of the three voltages is displaced 
20 degrees from the other two. In 
his respect, the output voltages are nor- 
nal for a 3-phase generating system. 

Again referring to the equations of the 

ndamental frequency voltages, assume 
hat the switching frequency is higher 
han the generator frequency. This re- 

Its in the value of (a — 8) being positive. 
in this case, Vz is 60 degrees ahead of the 
eference, Vy is 180 degrees ahead of the 
eference, and V, is 60 degrees behind the 
eference. Therefore, the sequence of the 
utput voltages is Vz, Vy, Vz. If, how- 
ver, the generator frequency be higher 
han the switching frequency, the value 
Mf (a — B) is negative; and V; is 60 degrees 
behind the reference, Vy, is 180 degrees 
behind the reference, while Vz is 60 de- 

ees ahead of the reference. The 
equence of this mode of operation is Vz, 

» Vz, opposite to that of the previous 
ase. This is an important characteristic 
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ig. 6. Schematic diagram of basic single- 
phase switching circuit 
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in some applications of this system. 
Appendix III describes one such applica- 
tion. 


Switching Frequency Converter 
Variations 


It has already been stated that there 
are many possible variations on the basic 
system described. One which provides 
simplification in the switching circuits 
should be considered and is shown in 
Fig. 4. The switch operation is the same 
as for the previous case with the exception 
that there are only half as many switches 
in this system. Load point X is switched 
from V, to Vz to Ve, etc. at equal time 
intervals. It can be shown that the volt- 
age appearing on the load may be ex- 
pressed as 


3/3E 
20 
1/2 cos (2a+6 —120°)+ 
1/4 cos (4a—8—60°)+1/5 cos (5a+ 


B—120°)+1/7 cos (7a—8B—60°)+ 
1/8 cos (8a+6—120°)+...] 


[cos (a—6—60°)-+ 


ed 


The load voltages Vy and Vz are similar 
to V, but displaced 120 and 240 degrees 
respectively. Inspection of the equation 
of load voltage for this case reveals the 
load voltage contains all the frequencies 
present in the 6-phase geuerator system. 
In addition, lower frequency voltage com- 
ponents are present as seen in the second 
and third terms of the equation. Be- 
cause of these lower frequency voltage 
components, this system requires more 
filtering for comparable quality output. 
Therefore, the system requirements must 
be considered before the switching 


method is fixed. For some applications, 


Fig. 7. Voltage waveforms of 
circuit in Fig. 6 
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output voltage superimposed on three generated voltages 


the switching method of Fig. 4 is ad- 
vantageous; for example, where sine wave 
output is not a requirement, or where a 
large number of switches is more objec- 
tionable than is the resulting increase in 
filter weight. The unfiltered output volt- 
age waveform is shown in Fig. 5. 

The simplest form that this method of 
frequency conversion can take is shown 
in Fig. 6 where a single-phase voltage 
is switched to the Joad in alternating 
polarity. Here again the load voltage 
contains a component of voltage which has 
a frequency equal to the difference 
between generator frequency and switch- 
ing frequency. This voltage may be ex- 
pressed as 


2E 
Vea [cos (a—6)+ cos (a+8)— 


1/3 cos (3a—8)—1/3 cos (8a+ 
B)+1/5 cos (5a—8)+1/5 cos (5a+ 
B)+...] 


Inspection of this equation shows that, 
in addition to the fundamental frequency 
component, there exists a voltage com- 
ponent of equal magnitude at a relatively 
low frequency; the sum of the generator 
and the switching frequencies. This is, 
of course, quite objectionable because 
this component is extremely difficult to 
filter out in a practical power system. Fig. 
7 shows the waveform of the load voltage. 

Fig. 8 shows a comparison of the fre- 
quencies present in the output voltages 
of the three different switching methods 
shown in Figs. 2,4, and 6. Figures 8(A) 
and 8(B) show the relative magnitudes of 
the various voltage components and their 
frequencies for the system using the 6- 
phase generator. Figs. 8(C) and 8(D) 
show the same for the 3-phase generator 
switched with nine switches. Figs. 8(E) 
and 8(F) show the same data for the 
single-phase case. From this compari- 


-E SIN 


413 


Fig. 8 (left). Fre- 
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FREQUENCY IN KILOCYCLES PER SECOND 


son it is seen that the 6-phase switching 
method gives the best wave form of the 
three. The wave form could be further 
improved by switching more phases, but 
the obvious objection is that more 
switches are required—an undesirable fea- 
ture from the standpoint of cost and 
reliability. 


Switching Semiconductors 


Several methods are available for using 
semiconductors as switches. Some of 
these methods and semiconductors used 
are discussed briefly in Appendix II. 


Application 


The most obvious application for this 
frequency conversion method is that of 
obtaining constant frequency power from 
a variable speed generator. This has al- 
ready been discussed. The accuracy to 
which the output frequency may be held 
constant is a function of the frequency 
reference used. By incorporating a refer- 
ence of high accuracy into the frequency 


414 


regulator, an electric power system having 
precise frequency may be built. Fig. 12 
gives the estimated weight per kva rating 
for this type of system. 

Appendix III describes a system which 
is an important application of this method 
of frequency conversion. In this system, 
the frequency converter is used to supply 
controlled frequency excitation power to 
the generator. The power required from 
the frequency converter depends on the 
speed range of the generator. In a sys- 
tem having a narrow speed range, precise 
frequency output power in relatively 
large ratings may be obtained with a fre- 
quency converter having a low rating. 


Conclusions 


A method for obtaining constant- 
frequency alternating-current electric 
power from a variable speed generator has 
been described. This is accomplished 
through use of switching circuits which are 
naturally bilateral, without previous 
rectification. This allows operation over 
a wide range of load power factors be- 
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- expressed mathematically and is developed © 
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cause there is always a low-impedance 
path between the load and the generator — 
regardless of the direction of current flow. — 

One of the major advantages in using 
this system is that the only moving part © 
required is the generator rotor. The 
absence of mechanical devices is indicative | 
of lower maintenance requirements. 

Because the system frequency is con= | 
trolled by electrical means much fastei 
than mechanical control, frequency tran 
sients caused by changes in generata 
speed are quite small and very short im | 
duration. This is an important con | 
sideration in many applications. 

By use of semiconductors which are | 
presently available, it is practical to buik 
electric systems in small ratings up to! 
several kilovolt-amperes having precis 
frequency control. As the development 
of higher power semiconductors pro- | 
gresses, much higher power ratings will | 
become feasible. 


Append I. Output Voltage 
Calculations 


The output voltage to the load may b 


here. In Fig. 2 each load phase is se-> 
quentially connected to each of the gen 
erator phases for equal time intervals. Th 
sequence is Vi, Vo, V3, Va, Vs, Ve, etc., as | 
indicated by Fig. 3. In the 6-phase genere 
tor, each phase is displaced from adjacent 
phases by 60 degrees and ) ' 


Vi=—Va 
V2=—-Vs 


cee (Me (3) 


tat an equivalent sequence can be written 
NV aig Vs, Vs, a Ni, Vs, = V3 etc, in 
hich V2, V4, and V¢ are expressed in terms 
—Vs, —Vi, and —V3. The load volt- 
Bes may be expressed in terms of Varroa 
nd V; and three functions of time as 


c= Vifi(t) + Vafo(t) + Vofa(t) (4) 
u = Vifs(t) + Vafi(t) + Vofa(t) (5) 
a Vifo(t) + Vafa(t) + Vsfi(t) (6) 


here fi(t), fo(t), and f3(¢) are the required 
netions of time shown in Fig. 9(A). The 
alue of f:(t) is (+1) for the first time inter- 
al (from ¢=0 to t=T7;), zero for the next 
vo intervals, (—1) for the fourth, zero for 
ne following two, etc. The values of fo(#) 
ad f3(¢t) follow a similar pattern, but are 
lifted in time as shown in Fig. 9(A). By 
spection of Fig. 9(A) it is seen that equa- 
on 4 has values of Vz equal to V, during 
ne first interval, —V; during the second, 
3 during the third, etc., resulting in the 
quired sequence. The values of V, and 
2 follow the same sequence but are dis- 
laced in time. 

It is more convenient to express f,(t), 
t), and f3(t) in terms of square-wave time 
nections. Fig. 9(B) shows three unit 
yuare waves, So, Siz, and Sx: displaced 120 
egrees from each other. It is also shown 
nat the sum of two square waves (.S)-+.So) 
sults in the waveform of fi(t), but with 


vice the magnitude. Therefore, 

t)=(1/2)(So+S2x) (7) 
t)=(1/2)(Si2+So) (8) 
#) =(1/2)(Se+ Siz) (9) 


quations 1, 2, and 3 may now be written 
terms of the square wave functions. 


2=(1/2) [CSo+ Ses) Vi+(Si2+'So) V3s+ 
(Saa+Si) Vs] (10) 


2 =(1/2)[So( Vi-e V3) + Sio( Va-+ Vs)+ 
Soa( Vs V1)) 


y=(1/2)[(Sx+Si2) Vit (Sot Ses) Vat 
(Sie+So) Vs] (11) 


y =(1/2) [Sof Vs+ Vs) + Sio( VstVi)+ 
Soa( Vit Vs)] 


(10A) 


(11A) 


2 =(1/2) [(Ste+So) Vi t(So4+Si2) Vat 
(So+Se4)Vs] (12) 


2 =(1/2)[So( Vs+ Vi) + Si2( Vit V3)-+ 


So Vat+Vos)] (124) 


hese equations are general expressions for 
1e load voltages where Vi, V3, and V5 are 
ie instantaneous voltages at the generator 
priminals. 

If the generator output is a set of balanced 
nusoidal voltages 


1_=E sin B (13) 
,=E sin (8 —120°) (14) 
r,=E sin (8+120°) (15) 


here 8 =2zf gt, fy is the generator frequency, 
is time, and £ is the maximum value of 
enerated voltage. ; 
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Vit Vs+ Vs=0 

Therefore, equation 10(A) may be written 

Ve= —(1/2)[SvVstSVitSuVs] (16) 

Substituting equations 13, 14, and 15 

V2= —(£/2)[So sin (8-+120°)+ Siz sin B+ 
So4 sin (8 —120°)] 

But 


: 3 
sin (e-+120°) = 3 cos ur sin B 
) 2 
and 
V/3 1 
—120°) = ——_— pea 
sin (8 ) 3 cos B 5 sin B 
Therefore 
E S 
Ves [Seat 50) cos B+ 
2 2 
1 
(SoS —2Si2)5 sin B] (17) 


The square wave functions So, Sy, and So4 
may be expressed in the form of Fourier 
series! as 


So=(4/r)[sin a+(1/8) sin 83a+(1/5) sin 
5a+(1/7) sin 7a+...] (18) 


Sip =(4/2) [sin (a —120°)+(1/3) sin 
3(a—120°)+(1/5) sin 5(a—120°)+ 
(1/7) sin 7(a—120°)+...] 


S=(4/7) [sin (a—120°)+(1/3) sin 8a+ 
(1/5) sin (5a+120°)-++(1/7) sin 
Car S120° N= 12) 


Sou =(4/)[sin (#+120°)-+(1/3) sin 
3(a+120°)+(1/5) sin 5(a+120°)+ 
(1/7) sin 72+120°)+...] 


So=(4/ rr) [sin (a +120°)+(1/3) sin 
3a+(1/5) sin (5a—120°)+(1/7) 
sin (7a-+120°)+...] (20) 


where a=2zfst, and fs is the switching fre- 
quency. 
The functions required in equation 17 are 


(So4— So) = V/3(4/m) [sin (a@+150°) + 
(1/5) sin (5a—150°)+(1/7) 
sin (7a +150°)+...] (21) 


(Sn Sog —2:Si2) = —3(4/7) [sin (a—120°)+ 
(1/5) sin (5a+120°)+(1/7) sin 
(7a—120°)...] (22) 


Substituting equations 21 and 22 into equa- 
tion 17, 


g 


TROL 
IGNAL 


wn 


Fig. 10. Bilateral transistor switch 
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1 
5 08 (a—B+60°) — 


r .— + 


ie ip 


1 
= cos (a-+8-+240°) +=" cos (5a— 


2 

Loge! 
BPO = aces (5a+6—60°)-+ 
it clea 
--—cos (7a—B8+60°) —=-= cos (7a+ 
(a, fi 23 


B-+240°) + | a) 

ma 22 
< 5 cos (a B = pice a+ 
g—120°)-+2-— 5a—B+ 

5 5 oon a—Bp 


120°) — 


cos (5a+8+120°)+ 


Sule 
Nie 


“Tle 


bole 
TlH 


1 
cos (7a—B —120°) — ers 


cos (7a +6—120°)+.. | 


Vz =(8E/7) [cos (a—6B+60°)—(1/5) cos 
(5a+6—60°)+(1/7) cos 
(7a—B+60°)—...] (23) 


By a similar derivation it can be shown 
that 


Vy =(3E/7) [cos (a—B+180°)—(1/5) cos 
(5a +8+180°)+(1/7) cos 
(7a—B+180°)—...] (24) 


and 


Vz=(3E/)[cos (a —8 —60°) —(1/5) cos 
(5a+8+60°)+(1/7) cos 
(Fa =8'= 6028 a lenCzo) 


In this analysis the time required to 
switch from one phase to the next is neg- 
lected, for to include it would unnecessarily 
complicate the expressions. In any final de- 
sign of a system this switching time must be 
considered because this represents com- 
mutation and causes short interruptions 
resulting in voltage spikes which must be 
controlled. However, this is not an ex- 
tremely difficult problem to overcome. 


Appendix Il. Switching Devices 


The power handling capability of the 
variable-speed constant-frequency system 
is integrally related to the development of 
high-power switching devices. Transistors 
are available in both germanium and sili- 
con materials, but it appears that the in- 
herent higher voltage capability of silicon 
offers the greater possibility for this applica- 
tion. Silicon transistors are currently avail- 
able in ratings of 5 amperes peak 300 volts; 
and a 15-ampere peak 200-volt unit is soon 
to be released. 

A typical circuit using the transistor as a 
switching device is shown in Fig. 10. While 
the transistor itself is not a bilateral device, 
its use in a rectifier bridge as shown makes it 
essentially so, and as such is capable of 
switching alternating currents as well as 
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Fig. 11. System diagram of frequency converter used in excitation 


system for precise frequency system 


direct currents. The switch is turned 
on and off by means of control current 
applied to the base of the transistor. 

Several manufacturers have made avail- 
able multiple-junction semiconductor de- 
vices?,? which exhibit characteristics similar 
to those of the thyratron. One such de- 
vice is known as a trinistor. While these 
devices are not directly interchangeable with 
transistors, control circuits? which permit 
the use of trinistors as bilateral alternating 
current switches are available and may be 
used in the frequency converter. Trinistors 
in ratings of 300 volts and average current 
of 15 amperes are currently available, and 
much higher, ratings are soon to be avail- 
able. 


Appendix Ill. An Additional 


Electric Power System 


One important application of the fre- 
quency changer described is in the system 
shown in Fig. 11 in block diagram form. 
This system is comprised of a voltage- 
regulated wound-rotor induction generator 
receiving its excitation power from a syn- 
chronous generator through the static-fre- 
quency changer. The wound-rotor machine 
and the synchronous machine are driven 
from a common shaft and have the same 
number of poles. Therefore, if both ma- 
chines received direct-current excitation 
they would generate voltages of the same 
frequency. 

Three-phase voltage applied to the rotor 
of the wound-rotor generator sets up a mag- 
netic field which rotates around the rotor. 
In this respect the machine acts as a trans- 
former, inducing in the phase windings a 
voltage proportional to the rotor input volt- 
age. When the rotor of the machine is 
mechanically driven the angular velocity 
of the field is changed by an amount equal 
to the speed of mechanical rotation. 

In other words, if the magnetic field 
rotates at an angular velocity of w; with 
respect to the rotor, and the rotor is driven 
at a speed of we, the speed of the field with 
respect to the stator phase windings will be 
«1+. Therefore, the frequency of the 
output voltage is proportional to w;-+w». 

The 3-phase voltage applied to the rotor 
is supplied by the exciter system which com- 
prises the synchronous generator and the 
switching frequency converter. The syn- 
chronous generator, when mechanically 
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driven, produces voltage at a frequency, fo, 
proportional to the shaft speed. The 
output voltage is applied to the switching 
frequency converter where it is switched at a 
constant reference frequency, f;. As pre- 
viously described, the resulting output volt- 
age from the frequency converter is at a 
frequency equal to the difference between 
input frequency and the switching frequency. 
Therefore 


Si=fr—fe 


Since w;, the angular velocity of the mag: 
netic field with respect to the rotor, is pro- 
duced by a voltage at a frequency of fi, it 
follows that w: is proportional to fi, and 
the frequency of the system output voltage 
is 


fo=fith 


or 


fo=(r —fe) the 


therefore 


fo=fr 


Thus thesystem frequency is maintained con- 
stant and equal to the reference frequency, 
fr, despite changes in shaft speed. With 
proper control f, may be maintained con- 
stant within limits as precise as one part 
in 100,000; and, therefore, the output 
frequency will remain within these same 
limits. 

The ability of the switching frequency 
converter to put out power of either posi- 
tive- or negative-sequence at a frequency 
proportional to the deviation from nominal 
speed is a very important characteristic 
of this system. This enables the magnetic 
field supplied by the excitation system to 
rotate in either direction with respect to the 
rotor and thus maintain a constant system 
frequency, at speeds both greater and less 
than nominal. It will be noted that when 
the generator speed is at its nominal value, 
the excitation system must supply direct 
current excitation. The switching fre- 
quency converter may do this very readily 
becaue this is the result of switching the 
converter input voltage at its natural fre- 
quency; i.e., when fo=f;, fi=0. 

It should be noted that while the system 
output power is derived from shaft rotation, 
power must be supplied via the switching 
frequency converter. When the shaft speed 
is at nominal value, only direct current 
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Fig. 12. Estimated weight versus rating of system shown in Fig. 


20 40 
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excitation is required. When the sp 
deviates from nominal, part of the po 
is supplied through transformer action in 
wound-rotor generator. As the speed ex 
viation increases, the power required fre 

the excitation system increases. The pow 
handling capacity of the switching f 
quency converter and the synchronous g 
erator, therefore, is a direct function of the 
speed range. 


Nomenclature 


E=maximum voltage of generator 
fo=generated voltage frequency q 
fo=system output frequency (Fig. 11) 
fr=reference frequency (Fig. 11) 
fs=switching frequency 
fi=frequency converter output frequene 
(Fig. 11) | 
fo=synchronous generator frequency (Fi 
11) 
Silt), fo(t), fa(t) =functions of time defined by 
Fig. 10(A) 
So, Siz, Sea=square wave functions of t 
defined by Fig. 10(B) 
i=time ‘ 
T;=conducting time interval of each switel 
Va, Vo, Ve=instantaneous terminal vol 
of 3-phase generator 
Vz, Vy, Vz=output voltages of switching 
frequency converter | 
Vi through V.=instantaneous termini 
voltages of 6-phase generator 
a=2rfst=time varying angle of switch 


operation 

B=2nxfgt=time varying angle of genera 
voltage 

w,=angular velocity of magnetic field v 
respect to rotor 


we=angular velocity of rotor 
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Discussion 


tt V. Hoard (Boeing Airplane Company, 
ttle, Washington): This is a very 
rthwhile paper which describes another 
y of obtaining constant frequency from a 
tiable speed generator. However, some 
ditional data on the system, if included 
the discussion, will improve its value to 
> industry. What is the minimum and 
ximum shaft speed which was used when 
termining the estimated weight versus 
ing values shown on Fig. 12 of the paper 
- the 60-kva generator? What over-all 
iciency can be expected for this 60-kva 
aerator at rated load and power factor 
minimum and at maximum shaft speed, 
suming the generator has the capabilities 
meeting present military specifications? 

A switching frequency of 2,000 cycles per 
ond rather than 1,200 cycles per second 
suggested by the authors as providing 
rher undesirable frequencies and therefore 
sier filtering. However, this will increase 
number of switching times in each 
ond, and will increase the switching losses 
d the duty on each semiconductor. Con- 
ering these factors and the need for pre- 
nting semiconductor failures during ab- 
mal overloads, faults and transient over- 
tages, what do they estimate to be neces- 
derating factors in the semiconductors 
provide for reliable operation in the gen- 
tor? 


M. Chirgwin and L. J. Stratton (Jack 
Heintz, Inc., Cleveland, Ohio): The 
hors are to be congratulated on their 
niconductor frequency changer and on the 
iple mathematical treatment of it that 
y havedeveloped. In this mathematical 
atment the question of commutation 
s been ignored in order to keep the 
alysis simple, and this is entirely justifi- 
e. It is unfortunate, however, that no 
intion has been made of the problems 
ommutation, since until these problems 
e been overcome no frequency changer 
ing a substantial power rating can be 
isidered successful. We, therefore, sub- 
the following discussion of the problems 
ommutation as they appear to exist in 
frequency changer. 

n order to illustrate the problems of 
nmutation in this frequency changer an 
logy with a rotating machine having a 
amutator will first be developed. The 
erator frequency-changer combination 
wn in Fig. 2 of the paper can be repre- 
ted by a 2-pole direct-current generator 
ring a 6-phase star winding connected toa 
=gment commutator. This machine is 
hted at 1,600 revolutions per second. 

ee brushes (X, Y, Z) spaced 120 degrees 
are provided which feed the power 
the 3-phase load. These — brushes 
not stationary in space but rotate at 
revolutions per second against or in 
same direction as the machine. See 
.13. With the directions shown in this 
e, the voltage of the brush is a positive 
ximum when it is at the top of the com- 
ator, is zero when it is on either hori- 
al center line, and is a negative maxi- 
m when it is at the bottom of the com- 

tator. 

he mathematical treatment given in the 
- requires that the micas and the 
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brushes of this analogy both have negligible 
width and that commutation be instantane- 
ous. Obviously, in an actual frequency 
changer the commutation cannot be in- 
stantaneous, so let us assume for the moment 
that the brushes of the analogy have some 
width. There is now an overlap in time 
between the currents carried by the in- 
coming and outgoing windings. This is 
using the “make before break” technique 
which is used in most commutation prob- 
lems. 

Consider first the conditions that exist 
when a brush is located on the horizontal 
center line under the south pole (dotted in 
Fig. 18). This brush short-circuits seg- 
ments 5 and 6. The voltages of these 
segments at the instant shown in Fig. 13 are: 
—0.5V; and +0.5Vi respectively; where V; 
is the line to neutral voltage. The voltage 
that is short-circuited by the brush is the 
difference of these two or V; volts, and is in 
a direction to cause current to flow out of 
segment 6 into segment 5. That is in the 
direction required to transfer the out flowing 
load current from segment 5 to segment 6, 
(provided the speed of rotation of the brush 
is less than that of the commutator). Asin 
any commutation process, this transfor of 
current will be opposed by the leakage in- 
ductance of both of the windings so that 
the transfer will take a certain time for 
completion. If the width of the brush is 
correctly chosen, the transfer will be just 
complete when segment 5 breaks contact 
with the brush, and perfect commutation 
results. 

Since the time required for commutation 
varies directly with the load current but 
the voltage causing commutation remains 
fixed, it is necessary to vary the width of 
the brush (overlap time) with the load 
current to ensure perfect commutation. 

In addition, the magnitude of the voltage 
between adjacent commutator segments 
which is the voltage causing commutation 
varies (sinusoidally) with brush position 
being a maximum on the horizontal line 
and zero at the top and bottom of the com- 
mutator, so it is also necessary to vary the 
overlap time with brush position in order 
to achieve perfect commutation. 

If steps were taken to ensure the correct 
variation of overlap time with load current 
and brush position, then perfect commuta- 
tion would be possible for an outflowing 
load current and for all positions of the 
brush under the south pole. When we 
consider conditions under the north pole, 
however, we find the direction of the voltage 
that is short-circuited by the brush is such 
as to oppose the transfer of current, and 
commutation cannot be accomplished with- 


Fig. 13. Rotating machine 
analogy of the frequency 
changer and generator 
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out sparking. If the direction of rotation 
of the brushes is opposite to that of the 
commutator then the situation is unchanged 
because the direction of motion of the 
brushes on the commutator is unchanged. 

Returning now to the semiconductor 
frequency-changer, it appears that by 
using the ‘‘make before break’’ technique 
satisfactory commutation could be achieved 
for half the time by varying the overlap 
in an appropriate manner, but for the other 
half of the time some external means of 
forcing the commutation would be neces- 
sary. 

Another way of dealing with the situation 
that has been used where small powers are 
involved is to employ a ‘‘break before 
make’? switching sequence. With this 
approach the energy stored in the induct- 
ance of the coil is dissipated (in an arc for 
example) each time a switch is opened. 
If the switch used is the bilateral transistor 
switch shown in Fig. 10 of the paper, then 
the energy stored in the inductance of the 
coil appears as heat in the transistor. 
When the power rating of the frequency 
changer becomes large, this extra heat in 
the transistor is objectionable because of 
the reduction in efficiency and because of 
the de-rating of the transistor. We find 
with a normal design of the generator this 
extra loss can be equal to the normal tran- 
sistor losses, which means the power rating - 
of the transistor is reduced to about one 
half normal. 

We would be interested to know if a 
“break before make’ technique is used 
in this frequency changer and if so how 
much the transistors must be de-rated; 
or whether some external means of com- 
mutation are employed. 

It should be pointed out that the com- 
mutation difficulties described do not occur 
with all semiconductor frequency changers. 
A frequency changer using silicon controlled 
rectifiers as the switching device has been 
developed by the discussers. 

This frequency changer is described in 
a paper entitled ‘‘Precise Frequency Power 
Generation from an Unregulated Shaft,” 
by K. M. Chirgwin and L. J. Stratton, 
which is scheduled for presentation at a 
forthcoming AIEE meeting. Also, a paper! 
describing the application of the frequency 
changer to an aircraft variable-speed con- 
stant-frequency generating system was 
published recently. 

The silicon controlled rectifier used in 
this frequency changer cannot be turned 
off by the control circuit. Because of this, 
commutation is very similar to that occur- 
ring in a normal (diode) rectifier circuit, 
where the firing of the incoming controlled 


ROTATION OF MACHINE 
AND BRUSHES 
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rectifier causes the load current to transfer 
from the outgoing to the incoming con- 
trolled rectifier. The length of the overlap 
period automatically adjusts to the time 
required to complete the transfer. 

The frequency changer has further ad- 
vantages in that controlled rectifiers pres- 
ently are available in higher power ratings 
than transistors (they may always be so?;°), 
and in that it has the capability of voltage 
regulation within itself; a characteristic 
that seems to be absent in the authors’ 
frequency changer. 
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R. D. Jessee and William J. Spaven: 
The commutation problem pointed out by 
Messrs. Chirgwin and Stratton is one of 
which we are aware. Semiconductor 
switches have the characteristics of faster 
turn-on than turn-off. Therefore, the nor- 
mal mode of operation of the frequency con- 
verter described allows some overlap in 
switching; i.e., one set of switches turns on 
before the previous set turns off. This 
type of operation causes a short circuit on 
the generator through the switches each 
time the switches operate. As pointed out, 


this type of operation requires some de- 
rating of the semiconductor switches. As 
a set of switches completes the turn-off 
operation, the short circuit is removed and 
the result is a transient voltage of very 
short duration; a spike. By delaying the 
turn-on, the overlap may be eliminated 
and therefore short-circuiting of the genera- 
tor does not occur. Instead, the generator 
terminals are opened momentarily, inter- 
rupting the current flow. This, of course, 
causes voltage spikes but without the short- 
circuiting of the generator through the 
switches. 

In order that the switches may operate 
efficiently, the voltage spikes must not 
appear on the switches. The voltage 
spikes may be suppressed by providing a 
path for the current between the generator 
and the switches. By use of energy 
storage circuits, we have been successful 
in limiting the spikes appearing at the 
switches on models built and tested. Ap- 
parently very little de-rating of semi- 
conductors is required because of com- 
mutation. 

The questions raised by Mr. Hoard per- 
tain to the design of specific apparatus. 
While the intent of the paper was to present 
the principles of a method for accomplishing 
frequency conversion, the questions raised 
are pertinent to the application of the 
principles described. Fig. 12 was intended 
to give a rough estimate of the weight of a 
constant-frequency electric power system 
having a two-to-one speed range. The 
estimate was based on experience in electric 
conversion equipment and aircraft generator 
manufacture. 


Characteristics and Measurement of 


Ripple in Aircraft Electric Power Systems 
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OSCAR MARKOWITZ 


MEMBER AIEE 


Synopsis: This paper describes the work 
accomplished at NADEVCEN (the Naval Air 
Development Center) to develop definition 
of frequency characteristic of ripple and to 
provide guidance in the voltage measure- 
ment of ripple. Factors influencing the 
unpredictable variations in ripple measure- 
ments are recognized and noted for guid- 
ance. Frequency characteristic data of 
ripple accumulated from various aircraft 
d-c power sources formed the basis for the 
developed limits recommended to be 
integrated into military specifications. 


IPPLE in aircraft electric systems, 

like other aircraft electric system 
characteristics, has been taken for granted. 
Its existence has been known and limits 
delineated in various military specifica- 
tions'~4 as a maximum peak from an 
average assumed to be the d-c level. 
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Tremendous increases in the sophistica- 
tion and performance of military elec- 
tronic equipment has forced the need to 
know more about the characteristics of 
ripple. This paper deals primarily with 
various aspects of ripple, its measurement 
and development of definition for the fre- 
quency characteristics of the ripple. 
The peak value of ripple as a character- 
istic is not as valuable to equipment de- 
signers as the voltage at any given fre- 
quency within the frequency spectrum of 
thatripple. Previous efforts to determine 
this frequency spectrum characteristic of 
power system ripple have been frag- 
mentary.’ In a sincere effort to deter- 
mine susceptibility to ripple, some equip- 
ment designers have superimposed single- 
frequency a-c components on the d-c input 
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Because the generator currents are cc 
tinually switched, the root-mean-squ 
values of these currents are increased fo 
given power output. For this reason, 
generator efficiency can be expected to 
somewhat lower than for a constant-sp 
synchronous generator. Further, effic 
depends on the specific design employ 
the generator and switching circuits. Cal 
culations indicate a generator efficiency ir 
the order of 80% in this system. 

In the final design of a system usin; 
frequency converter as described here, 
actual generated and switching frequen 
are subject to several compromises. T! 
are limitations to not only the switchin 
frequency but also generator speed and 
therefore, generator frequency. / 
phases may be used in generation, anc 
so doing, the lowest frequency of undesira 
voltage components may be increased 
proportion. This will result in a & 
promise where the generator and switch 
frequencies may be lowered and at the s¢ 
time gain high-frequency undesirable 
age components with reduced amplitt 
This type of design could work in fave 
of both generator and frequency conver 
Of course, any such compromise m 
consider the number of switches whic 
must be added in order to accomplish tf 
final configuration. In considering d 
rating for semiconductors, all opera 
conditions must be considered. The po 
loss caused by switching will be approx: 
mately the same for each switching oper 
tion at any particular load. Therefor 
the switching losses will vary approximatel® 
with the switching rate. { 


to their equipment. By varying U 
a-c component in amplitude and 
quency, they have evaluated the sens 
tivity of their equipment to the 
component. The missing link in this t 
of evaluation was a knowledge of 
limits of frequency characteristic 
ripple obtained in power systems. 
sumptions have been made in the past t 
a specified peak value of ripple could 
coincident of a same maximum amp 
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for printing April 22, 1959. 
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- Sample oscillograms of d-c generator ripple. Generator: Manufacturer D, 200 amperes, 
4,000 to 8,000 rpm 


4,000 rpm, no load, 360 mechanical 
ees of generator rotation, 2 milliseconds 
per division, 0.5 volt per division 

{000 rpm, no load, bar to bar, 100 
seconds per division, 0.5 volt per 

division 

B,000 rpm, no load, 360 mechanical 
ees of generator rotation, 750 micro- 
ds per division, 0.5 volt per division 


at any frequency from close to direct 
ent to well above the audio spectrum. 
assumption has forced severe filter 
ties on some equipment. NADEVCEN 
€ an investigation to provide a basis 
lineating the frequency characteristic 


pple. 
1encing Factors of Ripple 


present aircraft and missiles d-c power 
btained directly from d-c generators 
batteries and indirectly through trans- 
er rectifiers from a-c power systems. 
paper considers the ripple in 28-volt 
power systems, including d-c genera- 
and transformer rectifiers. 
pple in d-c generators is primarily due 
bmmutation at the armature. The 
tion of flux across the pole faces, pole 
le, and of winding to winding give rise 
he lower frequency components. 
ng at the commutator gives rise to 
igher frequency components. The 
g is function of design (effectiveness 
shift compensation as a function of 
, load, service condition of commuta- 
nd brushes, and filter. Input speed 
tions can shift the lower frequency 
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D—4,000 rpm, full load, 360 mechanical 
degrees of generator rotation, 2 milliseconds 
per division, 0.2 volt per division 
E—4,000 rpm, full load, bar to bar, 100 
microseconds per division, 0.2 volt per 

division 
F—6,000 rpm, no load, bar to bar, 50 micro- 
seconds per division, 0.5 volt per division 


components but has relatively little effect 
on the higher frequency components due 
to arcing. A battery placed across the 
generator is very effective in reducing the 
peaks of ripple above the average d-c 
level. 

The fundamental aspect of ripple in 
transformer rectifiers (TR) is related to 
flow of current only occurring during the 
peak of each sine wave. The conduction 
angle for each phase of a 6-phase half- 
wave TR is 60 degrees, 30 degrees each 
side of the sine-wave peak. Practical 
considerations result in distortion of each 
60-cycle sine-wave peak and in variations 
in d-c component from one sine -wave peak 


Fig. 2. Influence of 
a battery on d-c gen- 
erator ripple. Gen- 
erator: Manufacturer 
B, 200 amperes d-c 
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Table I. Maximum Peak Ripple Obtained 
From Various Equipments 

Manu- Ampere Volts 

facturer Equipment Rating Ripple 
Gis wesiods Unregulated TR..3 ....4200), 39) 220 
Cee Unregulated TR...... L002 ee 1.3 
Gries Unregulated TR...... 6 Ue cern a 4.5 
Gee cttaed Unregulated TR...... 7a ee ete 
Sit eteeet obs Unregulated TR...... LOO%E Foe ead 
BS ei nee Unregulated TR...... 6055. eet 1.15 
A ee Unregulated TR...... 100 sane 1.3 
Ae sures ilated: DT Rese. BO! eee 1.0 
[en date Unregulated TR...... LOO'S ctr: 1.25 
A Ae Romar Unregulated TR...... 200......2.45 
Beato eee Regulated TR. 2s. 7 Uh eeeee 1,8 
Naan, NE Regulated TR ...5..5,. 50 Sees 0.6 
De eae Regulated (eRe a. 200 ls eer 2.4 
TPrttec-te- Regulated TR........ 50. 5+: 22 2).45 
Birereprantes Generators. 00 ase DOO eee 1.53 
dedi, cries Generator.:.5.se ei oO eee 0.69 
Dysigrats tative Genetatorenmade cee O0eneen 1.4 
Die ventas Generators... -.uee 406.05 1.33 
Uy acenmven GEnerator.. oy. eee 4005 Neate 0.85 


* Environmental evaluation not completed. 


Note: Volts ripple is the maximum peak ripple 
voltage + from the d-c average measured for all 
conditions of operations. 


to the next through the six making up 360 
degrees of the fundamental frequency. 
Thus the TR ripple is affected from its 
theoretical limits by the variation between 
rectifiers, phase-to-phase transformation, 
and windings. Extreme emphasis placed 
on minimum weight for aircraft TR’s 
has further emphasized internal phase 
to phase variations and no-load to full- 
load variations. These factors become 
more acute for regulated transformer 
rectifiers since regulation is usually ob- 
tained by varying the conduction angle for 
each rectifier from 60 degrees to some 
value less than 60 degrees. The a-c 
power source can affect ripple with un- 
balanced voltages between phases and 
when the source impedance is relatively 
high in relation to the TR conduction 
angle load currents. The power source 
can further influence the ripple when non- 
linear loads on the same source influence 
a-c waveform in the region of the TR con- 
duction angle. It has been recognized 
that a TR in itself is a nonlinear load on 
the a-c power system and does increase 
the harmonic content of the a-c power. 
With the narrowing of the conduction 
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Fig. 3. Frequency characteristics of ripple from a 300-ampere generator. 


Manufacturer A 


— No load 
— — Half load 
— —— Full load 


angle in regulated units, the influence on 
harmonics becomes progressively worse. 
Increased a-c source impedance for a given 
TR load also correspondingly increases 
influence on harmonics. Voltage modula- 
tion,®” which can ride through a TR and 
become part of the ripple is also found in 
a-c systems. Thus minimum ripple from 
a TR can be achieved only by both good 


design with close production control and 


careful application considerations. 


Measurement of Ripple 


Measurement of ripple in d-c power 
systems for aircraft has been in the past 
predicated on the need to know how far 
the ripple caused voltage to leave the 
average d-c level, and is referred to in the 
aircraft power field as a maximum ripple 
voltage. It has been specified and meas- 


50-AMP LOAD 


NO LOAD 
WITH BATTERY WITH BATTERY 


50-AMP LOAD 
NO BATTERY 


NO LOAD 
NO BATTERY 


420 


(RMS) VOLTS 


0.03 


ured in military specifications'!~* as a 
maximum peak voltage. This is con- 
trasted to other fields where ripple is 
considered in terms of per cent. The per 
cent figure is confused, since it is obtained 
for other power fields* by comparing the 
rms value of ripple to average d-c value 
and for electronic fields? as the total of 
plus and minus peak deviations compared 
to the average d-c value. The various 
methods of measurement cannot be 
correlated for aircraft d-c systems, since 
the ripple is almost always a very complex 
wave. Other factors that have entered 
into the confusion of ripple measurement 
are as follows: 

1. Peak-to-peak voltmeters have been 
confused with peak reading voltmeters. 
The peak reading voltmeter reads only the 
voltage from an a-c zero to the peak going 


in the positive direction for one polarity 
connection and from a-c zero to the peak 


A-C 
ZERO 
|00-AMP LOAD 
WITH BATTERY 
Fig. 4. Influence of 
a battery on TR 
ripple. Battery: 24 
. volts, 36 ampere- 
ZERO hours. TR: Manu- 


facturer A, 100 am- 
pere, unregulated 6- 


100-AMP LOAD 
phase 


NO BATTERY 
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Fig. 5. Frequency characteristics of ripple from a 100-ampere 6-phai 
unregulated TR. Manufacturer A, 3-volt input balanced 


— No load 
— — Half load 
— — — Full load 


going in the negative direction for ft 
opposite polarity connection. The ¢ 
zero may or may not coincide with t 
average direct voltage. The peak-to-pei 
reading voltmeter measures the spai 
voltage between the negative ripple pew 
value and the positive ripple peak values 


peak-to-peak instruments vary over 
siderable limits. Short-duration peaks wa 
random or relative long duration o 
occurrence is often obtained in genera? 
ripple. In many instruments, unless 

voltage to be measured reoccurs on ac 
basis of high enough repetition rate, a 
readings do not reflect the maximum p : 


8. It is not always clear when usi 
vacuum-tube voltmeter that the 
reading obtained is a function of ave 
rms, or peak of the input wave. 
confusion is compounded when the 1r 
scale is marked as a reading not correspox 
ing to the function of measurement. 
a sine wave, if the function of measurem# 
is known, conversion can be obta 
With a complex wave, if the meter is =| 
calibrated in terms of the function 
measurement, reading cannot alway 
corrected by conversion factors. 


4, When using a peak reading n 
care should be exercised that the a 
is valid for the low voltages no: 
encountered in ripple, 0.1 to 5 | 
Many instruments use diodes in their inf 
When input voltages are measured wh 
are in the same order of magnitude as j 
conduction knee of the diode, ther 
reading lies somewhere between the p 
and average values. This uncertainty 
be eliminated if the ripple is amplified 
the order of 100 volts and the peak reac 
divided by the amplification factor. 


In order to obtain repeatable resu 
voltage measurements of TR ripple; 
effect of a-c source upon ripple, an 
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0.001 
Q.03 


ect of the TR upon a-c source, wave- 
should be recognized. To allow 
msistent ripple voltage measurements, 
least 360 mechanical degrees of gen- 
tor rotation and at least 0.1 second of 
operation should be considered in 
@ measurement. 

Frequency characteristics of ripple 
ve been measured at NADEVCEN using 
nducted radio-interference techniques. 
ilitary specification” for such measure- 
mts start at 140 ke and go up in fre- 
ency. Frequency characteristics of 
ple picks up where conducted radio 
erference stops (140 kc) and goes down 
frequency to 30 cps (cycles per second). 
e lower 30-cps limit is based on the 
meral lack of frequency components 
low 30 cps, the limitation of available 
truments to measure conducted inter- 
ence below 30 cps, and the limits of 


e Il. Source Influence Upon Ripple of 
nufacturer ““G"' 100 Amp Unregulated 
Transformer-Rectifier 


Ripple 


Additional A-C TR 
System Load Load 


Plus Minus 


AINCOME tecye st) 51210, 0 ..0.40..0. 

enerator, None............. TO. cals LO. be 

manu- None............. Ose. Soe ells 

@cturer~-None..........5.% LOOM 1357.0: 

Mera a-C. NONE. 650502 ciess o 0; 4102332 20). 

j@nerator, None...........+... 16)..5.3290'5,. 2: 

meade INONECl 6. '.xie ese BOL OU rk. 

Mansrer, INONC. «0:54 + -\0's 06 LOD e802 14 

Manufacturer A,.. 0O...0.35..0. 

200-ampereun- 10...1.65..1. 

regulated TR 50...1.50..1. 

with 50-ampere TOO? ie SOc 

load 

Manufacturer J,.. 0...0.30..0.20 
50-ampere reg- 10...2.90..5.70 
ulated TR with 50...2.10..5.40 
50-ampere load 100...1.90..4.80 


input maintained at 115 volts 400 cps. 

s: Data for this table were obtained from the 
yal Air Test Center, Patuxent River, Md. 
ple is peak voltage measured from d-c average. 
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Fig. 6 (left). 


frequency characteristics of voltage mod- 
ulation established for a-c systems.® 

A screen room was used for all fre- 
quency characteristics measurements. 
Generators are driven with the generator 
mounting pad face coincident with the 
wall of the screen room. This allows the 
heavy drive to remain outside the screen 
room. The mechanical arrangements of 
loading and power leads were consistent 
with established conducted radio inter- 
ference measurements techniques. Due 
to the low frequencies measured and ex- 
tremely low impedance sources, standard- 
izing impedance (stabilizing) network 
could not be used. Measurements in the 
range of 30 cps to 15 ke were made with 
a NM-40A Radio Interference Field In- 
tensity Meter. Measurements in the 
range of 14 kc to 140 ke were made with a 
URM-6 Radio Interference Field In- 
tensity Meter. Both instruments are 
manufactured by Stoddart Aircraft Radio 
Company. As a check on the measure- 
ments, for each frequency that was meas- 
ured a sine wave of corresponding fre- 
quency was substituted from an oscilla- 
tor. The sine wave was varied until its 
output provided a reading identical to the 
ripple measurement. The voltage of this 
sine wave was read independently and 
compared with the voltage read for ripple 
in the test set. 


Test Data and Discussions 


Fig. 1 shows oscillograms of ripple from 
a d-c generator. These oscillograms are 
fairly characteristic of ripple obtained 
from aircraft d-c generators. There is 
some variation in ripple with different 
input speeds. Variation in ripple due to 
load change is very pronounced in both 
peak values and frequency content. 
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HALF LOAD 


FULL LOAD 


ZERO 


Frequency characteristic of ripple from a 50-ampere 6- 
phase regulated TR. Manufacturer E 


—- No load 
— — Half load 
— -— — Full load 


Fig. 7 (above). Ripple from a 50-ampere 6-phase regulated TR. Manu- 
facturer E: Ripple filter choke input with 1,500-microfarad capacity 


An aircraft battery placed across a d-c 
generator lowers the ripple to quite a 
degree. The battery is not quite as 
effective for the full-load operation as for 
the light-load operation. The oscillo- 
gram shown in Fig. 2 illustrates the effect 
of a battery upon ripple. 

The military specification for d-c 
generators? limits peak ripple voltage to 
1.5 volts. The co-ordinating military 
specification for regulators? permits the 
generator peak ripple voltage to increase 
to 2.1 volts due to the regulator. Tests 
made in NADEVCEN laboratory failed to 
reveal any significant change in ripple due 
to the addition of a regulator. The peak 
ripple data shown in Table I for repre- 
sentative d-c generators were obtained 
using carbon pile regulators qualified to 
MIL-R-6809.8 


Table Ill. 50-Ampere Regulated Trans- 
former-Rectifier Influence on Input A-C 
Waveform 


30-Kva Generator 15-Kva Generator 
Per Cent 
Manufac- Harmonic 
turer B, With Fully 


Per Cent 
Manufac- Harmonic 
turer B, With Fully 


Per Cent Loaded Per Cent Loaded 

Harmonic Manufac- Hermonic Manufac- 

With No turer B With No turer E 
Har- Loadon TRon Loadon TRon 


monic Generator Generator Generator Generator 


MANUFACTURER “B” 
ISKVA A-C GEN 


NO A-C LOAD 


Cl eteoaiiad 
wn 
5 
(e} 
= 
B 
= 
ee 
A-C LOAD: MANUFACTURER “E” A-C LOAD: MANUFACTURER “B” 
50 AMP REGULATED TR 50 AMP REGULATED TR 0.014 
0,001 
Fig. 8. Regulated TR influence on input a-c waveform 0.03 


A representative frequency character- 
istic of ripple for a d-c generator is shown 
in Fig. 3. It should be noted that all the 
frequency characteristic curves are repre- 
sentative of the maximum readings dur- 
ing one set of operating conditions only 
at the corresponding frequencies and do 
not show the readings obtained at fre- 
quencies other than the maximum points. 
Most of the readings obtained for fre- 
quencies other than the maximum points 
were below the 0.001-volt level. 

Fig. 4 is illustrative of ripple obtained 
from an unregulated TR. The addition 
of a battery across the TR has little effect 
except at the no-load operation. The 
effect is much less than when a battery 
is placed across a generator. However, 
for TR’s with higher ripple voltage the 
battery has a corresponding increasing 
influence in reducing ripple. Table I 
lists peak readings of ripple obtained from 
various TR units. These readings for 
TR’s are the maximum obtained with 
different environments and loads. 

The effect of unbalance in the a-c input 
to a TR on the frequency characteristic 
is shown in Fig. 5. The 800-cycle com- 
ponent due to the 3-volt input unbalance 
has increased from a negligible value for 
balanced input to one-of the largest 
components. The unbalance was a 3- 
volt spread between the highest and lowest 
line to neutral voltages. The same TR 
with no input unbalance showed an almost 
identical frequency characteristic with 
the exception of the 800-cps component. 
Regulated TR’s have inherently high out- 
put ripple in some cases measuring as 
high as 18 volts. Use of a filter becomes a 
necessity to reduce the ripple to accept- 
able limits. The frequency character- 
istic of one such well filtered regulated TR 
is shown in Fig. 6. An oscillogram of 
ripple from the same unit is shown in 
Fig. 7 
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MANUFACTURER “B” 
30 KVA A-C GEN 


NO A-C LOAD 


Fig. 9. Recommended limits for the frequency characteristics of ripg le 


The TR, when used in air-borne elec- 
tric systems, is usually a reasonable 
percentage of load on the a-c generator. 
Being a heavy nonlinear load there is an 
effect on a-c waveform. The waveform 
distortion in turn affects ripple. Table 
II shows the different ripple reading ob- 
tained with a given TR and different gen- 
erators. This table illustrates how the 
addition of other nonlinear loads on the 
a-c generator further increases the ripple. 
Fig. 8 shows the effect on a-c source wave- 
forms of regulated TR’s. Table III 
shows the harmonic analysis of the wave- 
forms shown in Fig. 8. The two regulated 
TR’s had different methods of obtaining 
regulation. Manufacturer B provided 
the control in the input transformer while 
manufacturer E provided control by 
switching impedances in series with the 
output of the transformer. The effect 
upon a-c waveform was much greater 
when the control was integral with the in- 
put transformer. 


Conclusions and Recommendations 


From independent studies it has been 


concluded that many air-borne utilization 
equipment are at the threshold of ripple 
tolerance when the peak ripple voltage 
goes above 1.5 volts. Most utilization 
equipments desire peak values of ripple 
below the 1.5-volt limit. However, pres- 
ent state of the art in a-c power equip- 
ment with reasonable care in design, 
quality control, and proper application 
can only confine ripple to the maximum 
limit of 1.5 volts. Measurement of the 
peak ripple voltage must be made with 
extreme caution. It is usually best to 
monitor and check the measurement with 
an appropriately calibrated oscilloscope 
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capable of appropriate sweeps and havin 
a minimum frequency response betweer 
10 cps and 100 ke. 

The study made and the data obtaineé 
at \NADEVCEN indicate that realistic 
limits shown in Fig. 9 can be establishee 
for the frequency characteristic of ripple¢ 
These limits bridge the gap between th 
lower end of conducted radio interferer 
and the upper end of frequency charactet 
istics of a-c modulation, 

Ripple measured during laboratory test+ 
ing cannot be considered as an absol: 
value but only an indication to assist 
the final application of the TR to an 
borne electric system. The final app 
tion has to consider both the influence 
TR upon a-c system waveform and t 
influence of the a-c system waveform upon 
ripple. 

The following recommendations ard 
made: 


1. The maximum peak ripple voltage B 
established as 1.5 volts maximum deviation 
from the d-c average voltage. 


2. Measurements of ripple be made 
due cautions presented in this paper ¢ 
be monitored with an appropriate osci 
scope, 


3. The frequency characteristic of rippl) 
shown in Fig. 9 be established as maxim 
limits and be integrated into appropr 
specifications. 


4. Measurement of ripple and applicati 

of TR’s be made with due cognizance 
the TR’s influence upon a-c system wave 
form and the a-c system waveform!’ 
influence upon ripple. 
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Discussion 


W. Colehower (The Martin Com- 
ny, Baltimore, Md.): Paragraph 2, 
der the heading Measurement of Ripple: 
msistent ripple measurements of TR 
eration need only require measurement 
er a time interval of 1 cycle rather than 
second. Generator ripple measure- 
nts, as proposed, are limited to 360 
hanical degrees, which would be 0.02 
ond for a generator at 3,000 rpm. A 
cps TR measurement should be for 
17 second and a 3,200-cps TR measure- 
nt for only 0.81 millisecond. These 


Sd 


are comparable intervals and should include 
all nonrepeatable characteristics. 

In Table I, manufacturer A, 100-ampere 
rating 1.3-volt ripple (assumed maximum 
deviant from average d-c) does not agree 
with Fig. 4 (2.0 volts). 


Oscar Markowitz: The measurement of 
ripple must include any subharmonics 
and the voltage modulation components 
which are inherent with a-c power sources. 
Examination of Figs. 5 and 6 shows that 
the frequency components below the 1- 
cycle interval start to increase as fre- 
quency goes to 100 cps. Reference 6 


QUCLEAR radiation causes material 
degradation through several proc- 
ses. lonizing radiations, the charged 
icles, and gamma rays cause organic 
aterials to change chemically and elec- 
cal conductivity to increase. En- 
retic neutrons displace atoms by knock- 
y them out of their position in the struc- 
e of the material; and the displaced 
pms, as charged particles, also cause 
zation and secondary displacements. 
ss energetic neutrons may be absorbed 
a nucleus. The new isotope-may be 
stable and decay in any of several 
cesses such as fission, alpha, beta, or 


nization. Material degradation then 
aused by ionization, displacement, and 
ansmutation which are observed as 


per 59-873, recommended by the AIEE Air 


EE Technical Operations , 
sentation at the AIEE Summer and Pacific 
neral Meeting and Air Transportation Con- 
ence, Seattle, Wash., June 21-26, 1959. Manu- 
ipt submitted March 23, 1959; made available 
printing May 28, 1959. 
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_ oscillogram. 


indicates that the low-frequency com- 
ponents due to modulation may reach a 
maximum about 10 cps. Thus the interval 
of ripple measurement should observe a 
10-cps component (0.1 second). 

Fig. 4 is an artist’s sketch of the actual 
Measurements made from 
the oscillogram show agreement within 
instrumentation error (5%). This agree- 
ment also considers that the data were 
obtained from different units. The data 
of Table I were obtained from a unit 
undergoing qualification tests at one 
government activity. The oscillogram for 
Fig. 4 was obtained from a different unit 
at a second government activity. 
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chemical changes and increased conduc- 
tivity. 

Increased conductivity is a function of 
the current carriers available and their 
ability to move. (Mobility is a character- 
istic of the material under consideration.) 


107!4 


107 15 


107'6 


CONDUCTIVITY (OHMS—CM)~! 


Fig.1. Variation of conduc- 
tivity as a function of dose rate 
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Ionization generates large numbers of cur- 
rent carriers (electrons and ions or holes). 
The degree of ionization is a direct func- 
tion of the intensity of the nuclear flux. 
The increase in electrical conductivity is 
thus related to the intensity of the 
nuclear flux as illustrated in Fig. 1.1 
Chemical changes, on the other hand, 
are a function of the time integral of the 
dose-rate. Ionization, displacement, and 
transmutation are discrete events. For 
a given flux intensity (dose-rate) the 
number of events per unit time can be 
calculated. Because the reaction during 
an event can “‘go’’ in any of several proc- 
esses, it is difficult to define the number 
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Fig. 2 (left). Scale of relative 
tolerance of materials 
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Fig. 3 (right). Electronic am- 
_ plifier and equivalent circuits 


of events required to bring about 
a specific effect, but a range of the time 
integrals of dose-rate (dose) can be deter- 
mined. Fig. 2 illustrates the range of 
doses to obtain an effect for several mate- 
rials.2, As only a small portion of the in- 
duced changes revert, chemical changes 
are permanent in contrast to the transient 
conductivity changes. 

Chemical changes and increased con- 


ponent. 
its equialent circuits. 


Fig. 5 (right). Typi- 
cal behavior of resis- 
tors irradiated in the 
Oak Ridge National 
Laboratory (ORNL) 
graphite reactor at 
reactor ambient tem- 
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Fig. 4. (A) Resistance and capacitance of Teflon capacitors. 
(B) Resistance of Mylar-film capacitors 
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ductivity in electronic equipment can re- 
sult in failure or malfunction. 
audio amplifier may be used to demon- 
strate radiation effects in electronic com- 
Fig. 3 shows an amplifier and 
As indicated by 
the equivalent circuit, the transfer func- 
tion of the amplifier, the ratio of the out- 
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RL = COUPLING LOAD +STRAY CAPACITY 


Ce = TUBE IN-PUT CAPACITY 
Ro = GRID-LEAK RESISTANCE + ASSOCIATED STRAY CAPACITY 


put signal to the input signal, Fou/ZHi, 
is determined by the operating character 
istics of the jvacuum tube and its as 
ciated resistors and capacitors. The u 
of equivalent circuitry implies that thé 
characteristics of the components rem 
constant. In practice, these values me 
vary; but the designer, through experi 


A simple 


— HOURS — 
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ce, has learned to accommodate the 
onsistencies. The problem is to eval- 
te the radiation-induced changes and 
arn to accommodate them. 

The amplifier depicted in Fig. 3 has 
ree elements which will be considered: 
le capacitor, the resistor, and the vac- 
m tube. A number of studies on the 
lerances of vacuum tubes to nuclear 
diation have been reported.*-5 Several 
pes were found which are essentially 
affected by radiation to doses which 
eed the life expectancy of the other 
aplifier components. Wire wound re- 
tors are also insensitive to nuclear 
diation. Large value capacitors are 
parently the most sensitive component. 
ig. 4 shows the characteristic behavior 
two commercial capacitor types. The 
havior of capacitors having Mylar and 
flon dielectrics illustrate the effect of 
clear radiation; that is, large changes of 
sulation resistance, dielectric conduc- 
ity, and little or no change of capaci- 
nce. As noted in Fig. 2, Teflon is quite 
sceptible to radiation damage whereas 
ylar is not so easily affected. Both 
pacitor types were exposed to the same 
ironment and in sufficient quantity 
achieve reliable results. 

he behavior of resistors is shown in 
. 5. Wire wound devices are not 
iously affected, but in the thin-film 
tieties the effect of displacements is to 
stort the film causing a reduction in 
nductor cross-sectional area. As illus- 
ted in the figure, resistance values in- 
ased. It is advantageous to use wire 
und devices when the required values 
d sizes are available. (Because they 
temperature sensitive and vary with 
e, carbon composition resistors are not 
asidered for this application.) 

The foregoing data indicate the effects 
luced by nuclear radiation on the com- 
nents of the amplifier circuit. Fig. 6 
ws the initial circuit modified by the 
jables caused by nuclear radiation 
H the modified equivalent circuit. 

[t should be noted that catastrophic 
ure of the amplifier occurs when a 
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Fig. 7 (left). Life 
expectancy of am- 
plifier containing 
various materials 


Fig. 8 (right). Ra- 
diation tolerant am- 


plifier 


The 
same rule is true for the tube or the 
resistors; that is, drastic nonreversible 
changes are considered component failure 


capacitor develops a short circuit. 


and will cause amplifier failure. As they 
may be accommodated in the circuit 
design, repeatable or reversible changes 
do not necessarily constitute component 
failure. 

Analysis of the equivalent circuit in 
Fig. 6 indicates that the radiation-in- 
duced current paths do not appreciably 
alter the amplifier’s transfer function 
except at low frequencies. Should the 
input resistor paralleling R, have a high 
ohmic value, it is possible to obtain some 
attenuation of the input signal; or should 
resistor R, of the amplifier have a high 
value, the parallel stray leakage may 
cause some attenuation. The more im- 
portant leakage path shunts the coupling 
capacitor. The coupling capacitor is 
often called the blocking capacitor as one 
of its purposes is to restrict direct-current 
flow. When the blocking capacitor con- 
ducts, the d-c voltage level at the ampli- 
fier output is increased. Normal ampli- 
fier design assumes that no direct current 
flows through the coupling capacitor. 
R, values are usually greater than 10° 
ohms. It can be seen from the data in 
Fig. 4 that capacitor shunt resistance may 
decrease to 107 ohms or less. The grid- 
leak resistor and the blocking-capacitor 
leakage resistance form a voltage divider 
which applies a d-c voltage to the ampli- 
fier output or to the next stage of the 
circuit. The magnitude of the d-c volt- 
age is a function of the resistance ratio 
R./R,. As R, may be as low as 10° ohms 
and R, is frequently 10° ohms or more, it 
is possible to apply 50% of the plate volt- 
age at the amplifier output. Although 
the a-c fed into the amplifier may not be 
seriously distorted by its action, the 
variable d-c voltage at the output will 
change the operation of succeeding equip- 
ment. 

Radiation then has two effects on 
electronic equipment: to cause transient 
amplifier malfunction or to catse catas- 
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trophic failure through drastic component 
change. 

The preceding discussion has assumed 
specific and constant environmental con- 
ditions. These conditions are representa- 
tive only. Each application will present 
new and different conditions which may 
vary with time and include other en- 
vironmental stresses such as temperature 
extremes. 

The problems associated with designing 
and developing radiation tolerant equip- 
ment begin with the environment. The 
range of dose-rates to be expected and the 
duration of each must be established or 
predicted. The equipment life-expect- 
ancy should be specified. Maintenance 
procedures should be described. Only 
when the environmental specification has 
been written and the life requirement and 
maintenance procedure agreed on, can the 
initial electronic design begin. Material 
choice is limited by the maximum dose- 
rate and the life required. System design 
is restricted by the materials and tech- 
niques which can be used. 

This design procedure dictates a series 
of compromises. The cost of a completely 
inorganic system is exorbitantly high, and 
it is difficult to obtain good performance 
while meeting minimum weight and 
volume requirements. The normal array 
of components contains materials known 
to be sensitive. Selection of components 
constructed of more tolerant materials 
still does not give unlimited life. Even 
though a satisfactory life expectancy may 
be obtained, performance and size may be 
unsatisfactory. 

To demonstrate, again consider the 
amplifier of Fig. 8. Fig. 7 indicates the 
probable life expectancy for electronic 
equipments containing the indicated 
materials. While is is not possible to 
predict the interaction of several materials 
and combined stresses using the available 
data, the analogy with the weakest link 
of a chain is applicable. Long life may 
be realized in many instances, but the 
weak material will always limit the life of 
its component. 
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For operation at a low dose-rate, only 
a few limitations apply. It may be 
feasible to use Teflon. As lifetime re- 
quirements increase, even at very low 
dose-rates, the weak materials begin to 
drop out. If high temperatures are ex- 
pected life is considerably shortened. 
At high dose-rate only inorganic systems 
will give acceptable life-expectancies. 

Materials are not the only limitation. 
Circuit design is restricted. Transient 
conductivity limits the maximum resistor 
value which is also restricted by the larger 
changes of high value resistors. 

Fig. 8 is the schematic of an amplifier 
designed to tolerate high dose-rates for 
one thousand hours or more.® Note the 
low resistor and capacitor values; 56 
kilohms and 0.01 microfarad maximum. 


There are no organic materials used. 
The amplifier has a gain of 40 decibels 
from 10 ke to 1,500 ke over a wide tem- 
perature range and will meet military 
specifications. It is an excellent example 
of the application of the points pre- 
sented in this discussion of nuclear radia- 
tion effects on electronic components. 

Suggestions for designing radiation- 
tolerant electronic amplifiers are given 
as follows: 


1. Keep resistance values low. 


2. Use materials compatible with the 
environment. 


3. Avoid large capacitor values. 
4. Keep the circuit simple. 


5. Design the system with these restric- 
tions in mind. 
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VER-INCREASING reliability wher- 
ever economically justifiable long has 
been an important objective for the de- 
signers of allelectricequipment. Rough 
yardsticks—such as service life, main- 


tenance costs, and complaint charges— 


have been used as measures of success in 
the attainment of this objective, but pre- 
cise, quantitative indices of reliability 
have been lacking in many cases. This 
lack of emphasis on the quantitative 
evaluation of product reliability may have 
been justifiable in the past, but the 
situation is changing rapidly. In par- 
ticular, 
missile applications will be required more 
and more frequently to attain specified 
levels of reliability. This will be neces- 
sary because performance requirements in 
such applications require that components 
be pushed to the extremes of their capa- 
bilities. In addition, the dollar and time 
investment required to bring a modern, 
air-borne weapons systems to an opera- 
tional status, coupled with the vital im- 
portance of such systems performing 
their assigned tasks, makes it imperative 
. that all components not only meet speci- 
fied performance standards, but that 
they do so reliably and consistently. 
Equipment failures are not individually 
predictable, but they are subject to 
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analysis using the tools of mathematical 
statistics. For this reason, statistical 
techniques play an important part in any 
study of system or component reliability. 
However, the problem is not simply a 
mathematical one. The statistical anal- 
ysis must be closely coupled with a clear 
understanding of actual behavior of the 
equipment to which the reliability analysis 
is to be applied. The discussion pre- 
sented here proposes to consider the prob- 
lem of reliability evaluation in terms of its 
application to rotating electric machinery 
used in aircraft and missiles. Particular 
attention is paid to equipment required 
to repetitively complete missions of speci- 
fic length during a relatively long service 
life. In addition, emphasis is placed on 
equipments which exhibit wear character- 
istics such that the likelihood of failure 
varies with the length of time which the 
equipment has been in service. 

Much has been written in the technical 
literature concerning reliability, but there 
still seems to be a need for industry-wide 
agreement on a precise definition of the 
meaning of the numerical value of reli- 


ability associated with specific pieces of 


equipment. This problem of definition 


is considered here in some detail and a 


specific form of definition is proposed for 
use, 
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‘implies a careful description of 


Definition of Reliability 


It is generally agreed that reliab 
may be defined as the probability th 
given component or system will suce 
fully perform some assigned task with 0 
departing from predetermined pe . 
ance limits. Such a definition is ge 


and useful, but it leaves much unsaid. 


assigned task and the conditions um 
which it is to be performed. Formul, 
this sort of description is in itself a 
problem. If the assigned task is 
performed repetitively, additional 
plications arise when the probabil 
successful completion is not the sami 
each attempt. It is essential that 
such problems be resolved if a numb 
to represent reliability and mean t 
same thing to all who use it. | 


ENVIRONMENT 


In any actual application the reliabi 
of a component may be determine 
observation of its performance. 
large number of items are observed o 
long period of time, sufficient data w 
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ytained to permit a statistical deter- 
ination of the component’s reliability. 
he specific manner in which such data 
ay be used to calculate reliability will de- 
nd on other facets of the definition, but 
will suffice for the moment to state that 
can be calculated on the basis of field 
uta. The reliability determined on the 
sis of actual operating data will be re- 
rred to here as ‘“‘operational reliability.” 
here are other ways in which reliability 
in be determined and defined, but it is 
aportant to remember that operational 
liability is the single end result of any 
orthwhile reliability program. It is the 
ily index that counts once the equip- 
ent is in service. 


Unfortunately, an accurate determina- 
on of operational reliability cannot be 
ade until the equipment has been in 
rvice for some time. As weapons sys- 
ms become more sophisticated, it be- 
mes increasingly important that the 
ganization responsible for the develop- 
ent of the system insure in advance that 
e completed system will meet a specified 
ue of operational reliability. In order 
do this the systems manager requires 
at the suppliers of subsystems and com- 
ments deliver products of specified 
iability. This is most effectively ac- 
mplished by making product reliability 
part of the suppliers contractual com- 
tments. The time lag required for the 
urate determination of operational 
iability makes it an unsatisfactory 
dex for vendor supplied components. 
ndors want some means for demon- 
ating that they have met their com- 
tments and are entitled to payment, 
nile the purchaser wants assurance 
at the items he buys will do the job ex- 
ted of them. 


he need for an index of reliability 
or to operational use leads to the defi- 
ion of a different type of reliability 
ich will be referred to here as ‘‘sim- 
ted-service reliability.”” Such an alter- 
tive definition should not be considered 
the establishment of a different index 
performance, but rather as explicit 
ognition of the fact that no test 
gram short of actual operational use 
1 completely determine the operational 
ability of a product. Simulated-serv- 
reliability can be defined as an index 
product performance which is the best 
hilable approximation to operational 
ability that can be determined in a 
atively short time using existing (or 
dily obtainable) test facilities. It is 
portant to remember that this is at best 
ly an approximation to the real thing. 
s the responsibility of individuals pre- 
ing and issuing specifications on reli- 
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ability to specify test conditions and tech- 
niques that are as close to actual operation 
conditions as is economically feasible. 
Only then will simulated-service reliability 
provide useful predictions of product per- 
formance in actual service. 


Operating conditions encountered by a 
product in aircraft service depend on a 
number of variables. Some of these are 
independent and some are interrelated, 
but most can vary over relatively wide 
ranges. Any single operating condition 
can be considered as a single point in a 
mutidimensional stress space where each 
dimension represents one of the variables 
or parameters which can affect the per- 
formance or life of the equipment in 
question. Many parameters are required 
to completely describe any actual operat- 
ing condition, but it is difficult to visual- 
ize any situation involving more than three 
dimensions. A stress-space diagram for a 
hypothetical and highly simplified applica- 
tion is shown in Fig. 1. This represents 
an application where temperature may 
vary between —50 and 200 C (degrees 
centigrade), loads between 50 and 100%, 
and vibration levels between 3 and 6 times 
the acceleration of gravity. Such an 
application is therefore represented by the 
indicated volume on Fig. 1. This alone 
would not be enough to completely define 
the application. In addition, a complete 
description would require a probability 
density function to define the likelihood of 
the operating point falling within any 
incremental element of the indicated 
volume. This would make a complicated 
picture by itself, but it is easy to think of 
additional parameters such as time, vibra- 
tion frequency, and altitude which should 
be added to make the representation com- 
plete. 


Statistical techniques can be developed 
to analyze the stress-space representation 
of an application and relate it to the lab- 
oratory performance of a product when 
subjected to the same stresses. These 
techniques require the statistical evalua- 
tion of all of the interrelationships between 
the various stresses which may be exerted. 
Methods of this type would obviously be 
quite sophisticated and expensive to em- 
ploy. They may in time be developed 
to the point where they can be used ef- 
fectively in evaluating the simulated- 
service reliability of air-borne rotating 
machines, but that day does not seem to 
be here yet. 

Historically, specifications for aircraft 
equipment have been written to require 
experimental demonstration of ability to 
perform at a limited number of points in 
the anticipated stress-space representa- 
tion of the actual application. The points 
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Fig. 1. Simplified stress-space representation 
of hypothetical aircraft generator environment 


selected were those which experience and 
intuition suggested as the most severe. 
Some parameters such as vibration, ac- 
celeration, fungus, and humidity have been 
assumed to have effects relatively in- 
dependent of all the others, and have been 
tested separately. Experience has shown 
assumptions of this type to be valid and, 
in addition, they are frequently necessary 
because of the limitations of existing test 
facilities. Specifications of this type have 
proved practical, and are frequently re- 
quired by the economics of a given situa- 
tion. They will probably continue in use. 

Simplification and approximation are 
necessary in order to permit laboratory de- 
termination of simulated service reli- 
ability. The trend in recent years has 
been to increase the number of points used 
to simulate the actual application stress 
space in the laboratory. This trend prob- 
ably will and should continue. However, 
it is important that this not be overdone. 
Increased complexity of test methods for 
reliability are justifiable only to the ex- 
tent that they provide better correlation 
between simulated service reliability 
and operational reliability. It is import- 
ant that adequate records be main- 
tained on both types of reliability so 
that the correlation between the two may 
be continually evaluated. 


TIME VARIATION OF FAILURE RATE 


Exact definition of reliability requires 
a decision as to whether the numerical 
value of the probability of successful 
operation refers to the completion of a 
single mission (one cycle of operation) or 
to completion of the total design life. For 
aircraft and other weapons systems de- 
signed for repeated use it seems most 
logical to specify the probability of com- 
pleting a single mission. In other words, 
the most important question is whether 
or not the system will successfully accom- 
plish its assigned task when called upon 
todoso. This is the definition chosen for 
this discussion. 

Once reliability is defined in terms of 
mission completion another question 
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arises. Is the probability of successful 
mission completion as high for a compo- 
ent nearing the end of its design life as for 
a brand new unit? The most intuitively 
appealing answer to this question is nega- 
tive. Most people feel they take a greater 
risk of breakdown trouble when they start 
a trip in a car with 90,000 miles on the 
speedometer than when they start out in 
a new car. However, this intuitive 
approach is not entirely satisfactory. 
On some types of equipment the probabil- 
ity of failure is no higher for units 1,000 
hours old than it is for new units. On 
other types of equipment the probability 
of failure increases materially with the 
age of the item. 

Since there is a possibility that the 
probability of successful mission com- 
pletion will vary with age, provision 
should be made for time variation in any 
complete definition of reliability. This 
situation makes it desirable to introduce 
the tools of mathematical statistics. 
Statistical techniques for the analysis of 
reliability are available in the literature, 
and need not be developed here. How- 
ever, it will be helpful to introduce 
and define certain functions which are 
useful in the formulation of exact defini- 
tions for reliability. 

The first and most familiar function in 
the analysis of failure phenomena is the 
probability density function of failure f(t). 
This function represents the density of the 
probability of failure as a function of time. 
The integral of f(#) over any time interval 
represents the probability of failure within 
that interval. Since the probability of 
failure at some time is unity 


So” f(t)dt=1.0 (1) 


The cumulative distribution function of 
failures F(#), represents the probability of 
failure at some time prior to the time #. 
The cumulative distribution may be ob- 
tained by integration of f(t) 


Fi) =JSo flat (2) 


The probability of survival to time ¢ is 
denoted G(t) and may be expressed as 
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G(t)=1— F(t) (3) 


One other function which will prove use- 
ful later is the conditional probability 
density of failure 2(f). This is the prob- 
ability density of failure at time /, given 
the condition that the item is alive at ¢ 


_fY ee 


Complete specification of any one of these 
functions, f(t), F(é), or 2(t), permits the 
determination of all the others. Fig. 2 
pictures f(é), F(t), and 2(t) for the special 
case where 2(t) is a linear function of time. 
The expected life of the item described by 
these curves is equal to the mean of f(é) 
or the expected time to failure T;, 


Tm=El)=JSo° tf(t)dt (5) 


It has already been stated that reliability 
is to be defined as the probability of 
successfully completing a single mission. 
This necessarily assumes that the item 
in question be alive at the beginning of 
the mission. If the mission is h hours 
long and begins at time ¢, the probability 
of the item having failed at some time 
prior to the end of the mission will be 
F(t+h). The probability of its having 
failed prior to the start of the mission is 
F(t) so that the probability of an item 
failing in the # hours starting at time f 
will be F(t+h)— F(t). This probability, 
divided by the probability of being alive 
at the start of the mission, yields the 
probability that the item will fail during 
the mission on the condition that it is alive 
at the start. For example, if only one- 
third of the original units are alive at ¢, 
then an expected mortality of 10% of the 
original units is equivalent to 30% of the 
survivors 


Fith)— Ft) _ Ft+h)— F(t) 


F(h|i)= G(t) 1— F(t) 


(6) 
The notation F(h|#) is to be taken as the 
probability of # (failure during the next 
h hours) on the condition ¢ (being alive at 
time ¢). 

It is now possible to define the reli- 
ability r(h|t) as the probability of com- 
pleting an h hour mission if alive at ¢ 


(hl )=1- FG) = (7A) 
_ G(tth) 
r(h| t)= Gp (7B) 


At this point it would be possible to 
select as a definition of reliability the 
minimum value which r will be allowed 
to assume during the design life of the 
equipment. For many, but by no means 
all, equipments r will be a minimum when 
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iis maximum. In such cases reliabil 
will be at a minimum when the equipm 
has completed its design life and is reé 
for removal for overhaul or replacem 
If the scheduled operating time to repl; 
ment is 7,, reliability might be define 
as 


G(Tr+h) 
G(Tr) 


While this R,z reliability is a possibl 
choice for an exact definition, it does haw 
some drawbacks. These can best be see 
by considering the use to which 
ponent reliability data will be put. 
primary purpose for establishing com: 
ponent reliability is to insure an accept 
able system reliability. Ifno redundane 
exists in the system, its reliability will b 
equal to the product of the reliabilit; 
values for the components. If we denoti 
the probability of successful completio 
of an # hour mission for the system, 2 
r(h|t), and the reliability of the ith com 
ponent as 7; (alt— T;), system reliabiliti 
may be written as 


r(h| t)=ri(h| t—T1)ro(h| t—T2)... 
r3(h| t—Ts) 


Rah T;)= 


rh] t)=]] rcolt-T) 


* In equation 9, s is the number of con 
ponents in the system and 7; is the tint 
of the most recent installation of at ; 
item for the ith component. Inclusicl 
of 7; makes the expression general eno} 
to allow for continued maintenance 
replacement. 

It should be apparent from equatid 
9(B) that the system reliability may val 
with time. For the special case whe 
4 components have minimum relial 
at maximum age ((—T;=T,,), and 
mum reliability at <=T; the min 
and maximum values of 7 may be e 
lished as 


‘min = I ri(h| Tra) 


Tmax = Ul ri(h| 0) 


For any system with a fixed replac 
ment or maintenance schedule for all con} 
ponents there will exist minimum 
maximum values ofr. There is some pC 
sibility that 7 will take on values anyw. 
between its minimum and maxit 
values. This situation is picturec 
Fig. 3 which shows a plot of a pos 
probability density function of r deni 
as p(r). It seems reasonable to ex 
that for systems with large numbe 
components, P(r) is not apt to be 
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values of r very far removed from some 
an value. Even without proof of this 
umption, it is possible to state that the 
st likely or expected value of r will be 
resented by the first moment of the 
ction p(r). If reliability is to be de- 
d for a system used in large numbers 
h each system including many com- 
lents, the expected value of r will give 
excellent approximation to the reli- 
lity of a single system selected at ran- 
n from the group at any arbitrary time. 
Jne of the theorems of mathematical 
istics states that the expected value of 
inction which is equal to the product 
several other independent functions is 
product of the expected values of the 
er functions 


]=Re (11) 
TL] 20a e-r (12) 
i=l 


hus, it seems reasonable to define 
reliability for any single component 
he expected value of its instantaneous 
ability. Expected value for compo- 
t reliability may be evaluated in the 
owing manner. 

onsider a situation where a single 
iponent in a given system is observed 
pugh NV replacements. The data ob- 
ed in such an observation will be 
istically equivalent to a situation 
e N components are all placed on 
at the same time. Since some of the 
ponents will fail during the test, more 
ponent-hours will be accumulated 
ng earlier portions of the service life. 
5 will weight the expected reliability 
avor of “‘low-time’’ reliabilities. The 
tive weight (probability density) of 
1 value of reliability is just the number 
omponents still operating at the time 
ciated with that reliability, divided 
he total component-hours accumu- 
d during the test. For this type of 
the number of components alive at 
time ¢ will be NG(t) as long as t<T,. 
reliability for any component will be 
in by equation 7(B) as a function of 
At any time t#(0<i<T,) the in- 
taneous component reliability will be 
) and the probability density of 

ing this reliability will be 


NG(t)dt_ 1 


So’ NG(t)dt 4 


product of p(r) and r integrated 
the limits — © to + ~is equal to the 
moment of f(r) or the expected value 
. For the situation considered 
P(r) is zero for <0 and ¢>T; so that 
possible to make a change in variable 
integrate over the limits /=0 tot= Dr. 
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Thus the expected value of instantaneous 
reliability R, for a component will be 


of G(t) 

Re= i(h| t) =—7———— d 

ii cele: ee 
but 

_ Gt+h) 
r(h| t)= Gl (7B) 
and 
p50 Gtzhyat rid, 


et feta: 


The development of equation 15 was in 
terms of a system with no redundant 
components. If system failure requires 
the failure of two or more components, the 
system reliability as given by equations 9 
will involve some sums of component 
reliability values. The same analysis will 
still apply since the expected value of a 
function equal to the sum of several other 
independent functions will be the sum of 
the expected values of the other func- 
tions. 

Equation 15 is a mathematical state- 
ment of an exact definition of reliability 
which states that reliability is the mean 
value observed in service (or on test) of 
successfully completing a single mission. 
In the authors’ opinion, this R, reliability 
is the most realistic definition to use for 
the specification of component reli- 
ability. It is preferable to the minimum 
or Rg reliability. It should be noted that 
if the failure characteristics (the form of 
the z(t) function) are known, equivalent 
performance may be obtained by specify- 
ing either Rg or R,, but the numerical 
values of the two will frequently be differ- 
ent. 

When operational reliability is con- 
sidered, the superiority of the R, definition 
becomes more apparent. To determine 
the R, value of operational reliability it is 
necessary to observe a number of systems 
in operation over a period of many times 
the replacement life of the component in 
question. If each mission observed is 
classed as either a successful one or a fail- 
ure, the R, value of operational reliability 
will be simply the ratio of successful 
missions to total missions. A similar 
determination of Ry value of operational 
reliability would necessitate first deter- 
mining at what component age the high- 
est percentage of components (of that 
age) were failing and then calculating 
the Rj reliability as the ratio of successful 
missions to total missions for components 
of that age. 

Either the operational or simulated 
service values of reliability as defined here 
will depend not only on the failure char- 
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PROBABILITY DENSITY, P (r) 


INSTANTANEOUS RELIABILITY, Tr; 


Fig. 3. Typical probability density dis- 
tribution of system reliability 


acteristics of the equipment and the mis- 
sion life but also the scheduled replace- 
ment time. Thus maintenance and re- 
placement policy may have an important 
effect on the reliability obtained from a 
given component. For some items it 
may be possible to set up inspection 
procedures which will warn of incipient 
deterioration and in effect insure as-good- 
as-new condition for a component which 
has been in service for some time. 
Periodic inspection in this case may have 
somewhat the same effect as reducing re- 
placement life. All of these factors can 
be important in establishing operational 
reliability and it is therefore important 
that they be fully considered in specifying 
programs for the measurement of sim- 
ulated-service reliability. 


Wear-Out Phenomena 


Before considering methods for the 
measurement of simulated-service reli- 
ability, it will be helpful to consider in 
some detail the nature of the time 
dependence of failure rates. Much work 
has been done on the analysis of reliability 
problems for situations where failures 
are randomly distributed. The assump- 
tion of random failure distribution has 
been justified on the basis of statements 
that any other types of failure are due 
to deficiencies in the design or applica- 
tion of the system or its components.” A 
truly random failure distribution pre- 
supposes the absence of any significant 
fatigue or wearout effects. While this 
may be a valid assumption in some situa- 
tions, the authors do not feel that it is 
appropriate for a general analysis of 
rotating electrical machinery reliability. 

Analysis of various failure rates is most 
easily accomplished by use of the con- 
ditional probability density of failure 
2(t). The other distribution functions of 
equations 1, 2, and 3 may be rewritten 
in terms of z(t) by recognizing that 
f(t)dt= —d[G(t)] (16) 


and from equation 4 
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Table |. Minimum Value of Generator 
Reliability Raw of 1,000-Hour Life Machine 
Operating in 4-Hour Missions 


Reliability, Raw 


M=2 M=3 


So 2(t)dt= —In G(t) (17) 
G(t)=exp [—J0 2(é)de] (18A) 
F(t)=2(t) exp [— Jo 2(t)d1] (18B) 
F(t)=1—exp [— Jo 2(2)dt] (18C) 


In addition, the function 2(f) is useful 
because it may be conveniently deter- 


mined from life-test data. Differentia- 
tion of equation 17 gives 
d(ln G(t)] 
j= 19 

2(t) a (19) 
or 

At In G(t)—In G(t+ At 
1G j=" ia) (20) 

2; At 


If a large sample of components is 
placed on test at time f=0, and 1,(t) rep- 
resents the number of units still alive at 
time ¢ 


_ s(t) 
CS (0) (21) 
and 
At ihn ns(t)—In ns(t-++ At) 
1G 3 )anetain eae (22) 


Given a sufficiently large sample, the 
function z(t) may be plotted from life- 
test data using equation 22. 

In the analysis of life-test data it is 
frequently helpful to fit the observed data 
to some statistical distribution function 
which can be conveniently treated by 
analytical methods. Many different 
functions have been used for this purpose, 
but one of the most general and widely 
applicable was proposed by Weibull.* 
The Weibull distribution is particularly 
useful for failures caused by fatigue or 
wearout effects. It may be written as 


_ m1 
Zro(t) gmt (23) 


Substitution into equations 18 yields 
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Gyw(t)=exp | -(3) | (24A) 
fut) t”~* exp | -() | (24B) 
F(t) =1—exp | -() | (24C) 


The mean life of components subject 
to Weibull distributed failures (T>,.»), may 
be calculated as 


Tian aihy agent (25A) 


1 
m 


If failures are distributed in accordance 
with Weibull’s function, the minimum 
Ry, and expected, R,, values of reli- 
ability may be written with the aid of 
equations 8 and 15 for the case m> 1: 


m ™m 
Tr eu | (26) 
Tr m 
fol(y} 
oy Vd ae eee 

Tr 1\” 
f exp | (5) Je 

0 
where the subscript w implies restric- 
tion to the Weibull distribution. While 
equation 26 may be solved directly for 6 
when Ry, T;, h, and m are known, equa- 
tion 27 presents more of a problem and in 
general can be best handled by trying 
values of 6 and solving for R,». In either 
case, numerical solutions may be readily 
obtained with today’s digital computing 
equipment. As an example, Table I 
shows values of Rz» obtained for various 
values of 6 and m when the application 
requires 1,000 hour life equipment to 
perform successive 4-hour missions. 


Table II shows similar results for the R,,, 
reliability. 


(25B) 


Raw(h| Tr)=exp | 


Rew= (27) 


In the special case where m=1, the 
Weibull distribution reduces to the well- 
known exponential distribution which 
describes the situation where failures are 
randomly distributed. In this case the 
mean life is also the mean-time-between- 
failures and is equal to @. Also, since 
failure rate is not time dependent, the 
R, and R, reliability values are identical. 


The Weibull distribution is important 
in the analysis of reliability for rotating 
machinery because it provides a good 
description for the failure of machine com- 
ponents. Failure rates for bearings, 
brushes, insulation systems and structural 
parts can all usually be correlated with the 
Weibull distribution. Fig. 4 shows re- 
sults obtained by testing to failure (under 
standard conditions) 40 samples of a single 
insulation system. These data were 
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failures discussed by Wilson. 


Table Il. Expected Value of Genetat 
Reliability Rew of 1,000-Hour Life Mae 
Operating in 4-Hour Missions 


Reliability, Rew 


M=2 M=3 


1,000... .0.9960....0.9966....0.9969.... 
1,100....0.9964....0.9971....0.9975.... 


1,200... .0.9967....0.9975....0.9980... .O798 
1,300... .0.9969....0.9979....0.9984... -@) 
1,400....0.9971.. .0.9981....0.9987... 0788 
1,500... .0..9973....0.9983....0.9989'>. cigs 
1,600.....0.9975....0.9985....0.9991 ig) 
1,700....0.9976....0.9987....0.9992.... 
1,800....0.9978....0.9988....0.9993.... 
1,900,,..0.9979....0.9989....0.9994...¢ 


2/000... .0.9980....0.9990....0.9995... 0.89 


analyzed in accordance with equatioi 
and the resulting z(t) plotted in a 
dimensionalized form. In this case t 
data suggest a Weibull failure distributic 
with m=3. 

In spite of the fact that most generat! 
components tend to exhibit Weibull d: 
tributed failures with m>1, there is 
assurance that failure rates for compl 
generators will be Weibull distrib 
The act of combining components int 
generator system introduces the 
bility of additional failures due to inte 
actions which may be random in natt 
These would correspond to the randed 


One excellent source of failure 
information is field service experien 
Fig. 5 shows plots of 2(¢) for four diffe 
types of aircraft generators and start 


equation 22. Each curve represents§ 

A ; fal 
class of machines and includes more th 
one model. The a-c generator ¢ | 
Fig. 5 did exhibit a slight “infant mort' 
ity” effect, but the infant mortality per 
was eliminated from the analysis to p 


failure rate effects without consideratit! 
of infant mortality. Failure data t 


02 04 06 O8 10 12 
TIME t/o 


Fig. 4. Failure rate analysis based 
laboratory insulation system tests — 
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FAILURE RATE, erzit) 


5 | SO VOLT DC STARTER 
GENERATORS 
47 SAMPLE SIZE 6I7 UNITS 


FAILURE RATE, erz(t) 
ol 
@ 
a 
® 
ct 


0.4 
TIME, t/64 


0.6 


oO prepare Fig. 5 included machine re- 
novals during ground check-out and 
nspection and therefore the curves are 
ot suitable for numerical evaluation of in- 
ight reliability. However, they do ac- 
urately portray the time-dependent 
ature of z(t). 

Particularly significant in Fig. 5 is the 
act that in no case did the equipment 
how a zero value for (0), and in each 
ase z(t) was in increasing function of time. 
he Weibull distribution is nonzero at 
=0 only for the case m=1, and in this 
ase z(t) does not increase with time. 
ince the data of Fig. 5 can not be satis- 
actorily correlated with the Weibull dis- 
ribution, some other distribution is 
eeded. A convenient solution is offered 
y Flehinger and Lewis.! They suggest 
distribution of the form 
y= — 4 ym (28) 

Or = O4 


This can be recognized as a combination 


MEAN LIFE, Tynp/e+, 


PARAMETER RATIO, o/er 


g.6. Mean life determination for Flehinger- 
Lewis distribution failures 


IN TUARY 1960 


BE 

Es 30 VOLT DC GENERATORS 
ta SAMPLE SIZE 249 UNITS 
= 

ae 

o 2 

= 

=H} 

= 


nw fa wn 


FAILURE RATE, erztt) 


Fig. 5. Field service data on generator failure rates 


of two different modes of the Weibull func- 
tion. The other pertinent distributions 
can be written 


ctrmenl-$-(2)] 
ee Hen 
[sar }ol--6) 


F (t)=1—exp | -.-(4)"] 


Mean life for items subject to this z, 
failure distribution are given as! 


ron f'ae[-i-()} 

Closed form evaluation of equation 30 
is not practical, but it can be evaluated 
numerically when the parameters 6,, 6), 
and m are specified. Fig. 6 shows the 
ratio T,,,/0; as a function of 6,/6, for the 
case m=2. Note that this distribution 
also reduces to the exponential distribu- 
tion for the special case m=1. 

The z,; failure distribution leads to reli- 
ability expressions similar to equations 
26 and 27 if m>1 


T,"—(T;+h)” h ] 
6,” 6” 


ai i+h (‘s4)"] 
— —{ — dt 
{t exo Or 64 
Tr t t a 
———| — dt 
i exp 6r i 


(29A) 


(29C) 


(30) 


Ray(h| Tr) = exp [ 


Res= 


Again, equations 31 and 382 are best 


evaluated numerically. Fig. 7 shows a 
graphical representation of the relation- 
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ship between R,; and the parameters 0, 
and 6, for equipment with a 1,000-hour 
replacement life and a 4-hour mission life. 


Reliability Testing 


Determination of simulated-service reli- 
ability requires some measuring technique 
which is presumably based on the testing 
of samples selected from a large popula- 
tion. To the extent that operational en- 
vironment can be simulated, a large 
sample could be set in operation and ob- 
served over a long enough period of time 
to satisfy all interested parties that the 
ratio of successful operational cycles to 
total attempted cycles provides a valid 
measure of reliability. This would prob- 
ably be an inelegant, uneconomical, and 
inaccurate approach to the problem. For- 
tunately, statistical theory provides more 
efficient test methods. ; 

Maximum efficiency in testing of this 
type will be obtained by the use of the 
techniques of sequential analysis. The 
theory of sequential analysis is available 
elsewhere,4 and need not be repeated 
here. It will suffice to point out that 
sequential analysis provides a method for 
determining whether or not one or more 
parameters of a distribution function 
describing a population lie within accept- 
able limits. For reliability testing, the 
parameters to be evaluated will be the 
coefficients and exponents in the func- 
tional representation of z(#). It is neces- 
sary that the form of z(t) be known or 
assumed, but it is possible to assume 
forms of wide generality. The general 
procedure for determination of reliability 
will be as follows if the form of 2(t) is 
known. 


1. From the specified reliability figure 
determine the extreme values which the 
unknown parameters in the function 2(t) 
may assume without resulting in a re- 
liability below the specified value. 


2. Design and conduct a test to insure 
within a specified confidence level that 
each of the unknown parameters of 2(t) 
lies in a region acceptable by the standards 
established in step 1. 


RELIABILITY, Rep 


1500 2000 2500 3000 
@, (HouRS) 


Fig. 7. Failure parameter determination for 


Ret reliability where mission length is 4 hours, 
service life is 1,000 hours, and m=2 
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For most generator components being 
tested separately under controlled condi- 
tions, the Weibull distribution may be 
assumed. In these cases, the nature of 
failure mechanisms will usually permit 
predetermination of the value of the ex- 
ponent m. In such cases, the test pro- 
cedure need consider only a single param- 
eter. 


SINGLE PARAMETER TESTS FOR 
WEIBULL DISTRIBUTION 


General techniques for the sequential 
analysis of test results are described by 
Wald, and the specific example of a se- 
quential analysis procedure for the Wei- 
bull distribution with m=1 is given by 
Wilson.2 This portion of the discussion 
considers the more general case of se- 
quential analysis testing equipment 
known to have Weibull distributed fail- 
ures where the exponent m is known but 
may have any real value. It is important 
to note that the test procedure can only 
determine that 6 (in the function of equa- 
tion 23) is not less than some limiting 
value 7;. The numerical value of this 
limit on @ must be established for a given 
reliability by a separate analysis using 
equation 27 or Table IT. 

Operating environment and the actual 
mechanics of equipment operation during 
the test must also be established sep- 
arately. Since the test considered here 
is intended to evaluate the equipment’s 
failure rate throughout the entire service 
life, expected mission length will not 
necessarily be an important factor in 
establishing test conditions. In addi- 
tion, an exact definition of what con- 
stitutes failure must be established. 
Once these steps have been taken, se- 
quential analysis provides ground rules for 
determining whether the test should con- 
tinue or be stopped with either acceptance 
or rejection of the equipment on test. In 
order to formulate the criteria for accept- 
ance or rejection, four numbers must be 
established: 


a=the risk of rejecting equipment which 
is actually acceptable, i.e, has 
higher @ than allowable minimum 

T)>=some value of 6 higher than the mini- 
mum acceptable value 

@=the risk of accepting equipment which 
should actually be rejected 

T;=the minimum acceptable value of 6 


The test is formulated in terms of the 
hypothesis that 9>T>. The equipment 
is rejected if test results indicate 9< 7, 
and it is accepted if 02>T7 >. No decision 
can be made as long as results indicate 
T:<0<To. Minimum acceptable reliabil- 
ity determines the value of 7, and the 
allowable risk of accepting substandard 
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performance establishes 6. Thus, 7; and 
B are properly considered test parameters 
to be specified by the equipment pur- 
chaser since they determine his risk and 
minimum equipment performance. The 
a risk is the equipment suppliers risk and 
should usually be specified by him. The 
parameter Ty is set up to define a region of 
no decision and does not affect minimum 
performance limits. It should usually be 
set at a value intermediate between the 
minimum acceptable and design objective 
values of @ and can therefore best be 
established by the group responsible for 
the design of the equipment. 

Sequential analysis limits are estab- 
lished in terms of the probability that 
actual test results would have been ob- 
served if @= 7, and the same probability if 
6=T;. These may be denoted Po, and 
Pi, respectively. The probability that 
failures will occur at the times h, he, . 
ty if 0=To, with f(#) given by equation 
24(B) is P On 


Pon= [f(t To) (33) 
=i 


n 
m * He Ve 
Po=I] 7m be ‘exo| -(#) | (33B) 


i=1 
n 
m bine 
Pin= ae ex [-(#)"] 33C 
¥ Ia p| -(=-) | (3c) 
in 2)" I Ee 1 | 
a ex 
Pon NTs) ee ee gee 
(34) 


Derivation of test limits is given by 
Wald.4 If 
Pin 


Bee 


Pon (35) 


the test is continued with no decision. If 


Pin 

—>A 36 
Pon ee 
the test is terminated with rejection of 


the equipment and the conclusion 9<T}. 
if 


Pin 
pace 8, 37 
ia (37) 


the test is terminated with acceptance and 
the conclusion that 9>T>. The limits A 
and B are fixed by the risks a and 8 
piss 


a 


(38A) 


eee 


l-—e 


(38B) 


Substituting equations 33 and 34 into 
35, taking the natural logarithm and re- 
arranging puts the inequality in a more 
convenient form 
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tf; 
In B+nm In (2) @ 


ji SD = 
——— ee t 
1 1 > i> 
T; 
in Atnmin (22) 
To d 
71) aa 
pha pL 


Equation 39 permits continuous de. 
cisions to accept, reject, or continue test. 
ing as each failure occurs. Violation © 
the left-hand inequality indicates ar 
accept decision and violating the right 
hand inequality indicates a reject decisi 

If the exponent m is not known for stite 
it may be desirable to provide for eval a 
tion of results in terms of multiple limits 
For each value of m and the specifies 
reliability, there will correspond a limit 
value of 6. Thus the same set of tes 
results may be evaluated for seve a 
values of m with a requirement that ac 
ceptance be indicated in each case bela 
the equipment is finally accepted. | 


tented = 


Single-parameter  sequential-analys; 
testing can be extremely useful in th 
evaluation of motor and generator cc at 
ponents. However, the data presentes 
in Fig. 5 show that complete mz ee 
do not conform to the Weibull distrib 
tion. In order to accurately measuu 
reliability for complete machines, sont 
more sophisticated techniques will 1 
required. 


Two PARAMETER TESTING 


It has already been pointed out thi 
actual machines conform to the more cori: 


plex distribution used by Flehinger an 


Lewis (equation 28). In this case a 
it seems reasonable to assume that tli 
value of m can be predetermined. If oH 
is done, there are still two parame “| 


Cf 


Equation 32 or Fig. 7 may be used 
translate specified reliability into a set 


some region on the plot where the specifil 
reliability will be obtained. In this ez: 
a test is required which will assure tH 
the actual values of 6, and 6, will de final 


@ plane. Such a test is referred to ast 
test of a composite hypothesis. 


Sequential analysis techniques 
been developed for the testing 
composite hypothesis.‘ However, 1} 
mathematics involved in formula 
tests for a composite hypothesis base t | 
the f(t) given by equation 29(B) becog 
very complicated. At the present t ‘| 
the authors are unable to offer any pr | 


» 
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ical solution to the formulation of such 
a test. In spite of this situation, some 
method is needed for the measurement of 
eliability for equipment with failures 
Histributed in accordance with equation 
28. 

There seem to be at least four ap- 
proaches which might be taken for reli- 
ability evaluation of equipment where 
ailure distribution is governed by two 
parameters. 


Develop the mathematical techniques 
and tabulations of appropriate functions 
© permit the use of conventional sequential 
analysis methods for the tests of the com- 
posite hypothesis. 


Arbitrarily assume that the failure 
distribution conforms to some simpler 
mction such as the Weibull distribution 
with m=1 or 2. 


Assume that the coefficient 6, is based 
bn random effects which are not influenced 
by design and may be considered fixed 
and known for any given class of equipment. 
[his assumption reduces the problem to a 
ingle parameter test to determine the 
alue of 61. 


Assume that the coefficient 6; can be 
ecurately determined by separate tests 
mn machine components (bearings, insula- 
ion, etc.) under ideal conditions. The 
est problem would then reduce to a single 
Darameter test to measure the random 
ailure rate contribution due to 6;. 


The first of the foregoing approaches is 
probably the best, but it can not be 
ounted on until it is proved practical. 
he second is an undesirable but imme- 
jately available solution which has al- 
eady seen some use and will probably 
ee much more. The third approach is 
qually unattractive and it would be 
very difficult to justify on a logical basis. 
umber four is probably the most desir- 
ble alternative to the first approach. It 
ould seem to provide for the full con- 
ideration of fatigue or aging effects and 
et still permit measurement of any ran- 
om failure phenomena which may be 
resent. Selection of an efficient and prac- 
ical method for measuring two param- 
ter failure rates to determine reliability 
approach number 1) is not a simple task. 
here does not seem to be any good 
nethod available now, and considerable 
ffort will probably be required before one 
an be developed. 

Tests in accordance with the fourth of 
1e foregoing approaches can be formu- 
ated in the following manner. Assume 
enerator failure characteristics can be 
escribed by z,(¢) as given by equation 28 
nd that separate tests on the component 
arts of the generator have established the 
alues of mand 6;. Let the value of 4; so 
etermined be 7;. From equation 32 or 
fig. 7 determine the minimum value of 
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9, which will give the necessary reliability 
and call this 7). At the same time select 
values for a, B, and Ty as described for 
single parameter tests (where 7) is greater 
than T; but less than the design objective 
value of 6,). Since this is actually a 
single parameter test, the limits of equa- 
tions 35, 36, and 37 will still apply, but 
the ratio Pin/Pon will be more difficult to 
handle. However, the ratio can be 
written using equation 29(B) 


Pin _ Prn-v Tyla T1,tn) 
Pon Po(n—1) f(T, T1,tn) 


(40A) 


ous 7 
Pin Pi(n-1) ay Dee Ke 
Pon Po(n-1) wis m 


m1 


Thus, if a number of units are placed on 
test; accept, reject, or continue decisions 
can be made each time a failure occurs. 
Each new failure becomes the mth failure 
and the accumulated operating time on 
the failed unit is ¢,. Using ¢, and the pre- 
vious test results, equation 40(B) can be 
used to determine Pi,/Pon. Equations 
35, 36, and 37 provide the basis for a 
decision. 

Predetermination of test time required 
to evaluate equipment in accordance with 
equation 40(B) is not a simple problem. 
Considerable work will have to be done 
before test organizations can do an 
efficient job of scheduling and cost esti- 
mating for such tests. Some comfort 
may be gained from the fact that if the 
anticipated value of 0, is much lower than 
T,, a convenient approximation results 
from considering T; to be infinite. In 
such a case, tests of the ratio given by 
equation 40(B) will proceed much as if 
they were determined by the inequality 
of equation 39 (with m=1). Thus, some 
insight may be gained as to the most effec- 
tive scheduling for, and probable duration 
of the test program. 

Up to this point, infant mortality (a 
high, but rapidly decaying initial value 
of z(t)) has not been included in this 
analysis. This has been partially because 
of a desire to limit the length of the 
discussion, but more importantly it is due 
to the authors’ opinion that it is conserva- 
tive to ignore infant mortality in the defi- 
nition and measurement of reliability. It 
is felt that extra, early failures will result 
in a greater reduction in the R, value of 
simulated-service reliability than in the 
R, value of operational reliability. In- 
fant failures will automatically be in- 
cluded in any measurement of operational 
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reliability and they must be fully consid- 
ered in the equipment manufacturers’ de- 
sign and inspection testing. However, 
since they occur early in the service life, 
they will have less effect on operational 
reliability than on the value determined 
by simulated life test. 


Conclusions 


Measurement and analysis of equip- 
ment reliability is a broad and complex 
field. Although much work has already 
been done, it still represents an extremely 
fertile field for future work. Of par- 
ticular importance in providing a sound 
basis for future reliability work is the 
accumulation of extensive failure data 
on systems, machines and machine com- 
ponents. A fund of records permitting 
the determination of both operational and 
simulated-service reliability for many 
different items should prove invaluable in 
establishing better test methods and con- 
ditions. 

This discussion has dealt primarily 
with problems in the definition and meas- 
urement of reliability. In these areas 
several specific conclusions are drawn: 


1. Operational reliability and simulated- 
service reliability are two different things 
and should be clearly recognized as such. 
They should be as close together as possible, 
and the responsibility for the degree of 
agreement between them must lie with the 
specification which establishes the methods 
of measurement. 


2. Reliability for an item which must 
operate for several missions should be 
defined as the expected value of the proba- 
bility that it will successfully complete a 
randomly selected mission (Re). 


3. Typical aircraft rotating machines 
exhibit a conditional probability density of 
failure which increases with time and is 
nonzero at ¢=0. 


4, Efficient and economical test methods 
are available for reliability testing of items 
(such as machine components) which are 
known to follow single parameter failure 
laws. Considerable work will be required 
to develop equally effective methods for 
testing complete machines where two 
parameters are of importance. 


5. Until efficient test procedures are 
available for evaluation of the composite 
hypothesis required by two parameter 
failure distributions (z,), an alternative test 
method is needed. In this situation the 
recommended approach is to measure 
fatigue and wear-out effects by separate 
component tests and use this information 
to establish single parameter sequential 
tests on the complete machine to measure 
the random failure rate 6;. 


Nomenclature 


A=upper limit for probability ratio in 
sequential analysis 
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B=lower limit for probability ratio in 
sequential analysis 

E=expected value of a function 

F=probability of failure 

G=probability of survival 

R=reliability or probability of successful 
performance 

T=time (fixed value) 

f=probability density of failure 

m=exponent in failure distribution 

n=number of samples or number of failures 
in a test 

p=probability density (general) 

r=reliability (instantaneous value) 

s=number of components in a system 

t=time (variable) 

z=conditional probability density* of fail- 
ure 

a=risk of rejecting good equipment 


B=risk of accepting inadequate equip- 
ment 


6=parameter in failure distribution 


SUBSCRIPTS 


O=design value (greater than acceptable 
minimum) 

1=specified minimum 

d=minimum value 

e=expected value 

f=arising from Flehinger-Lewis 
distribution 

m=mean value 

r =coefficient associated with random failure 
rate or removal time 

$s =survivors 

t=coefficient associated with time varying 
rate 


failure 
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Aircraft A-C Electrical System Designs 
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ASSOCIATE MEMBER AIEE 


Synopsis: This paper describes a design 
and analog computer study of a high- 
temperature aircraft a-c electrical system. 
The study includes an extensive, nonlinear 
representation of the a-c alternator and 
shows the effects of temperature, load, and 
regulator and exciter nonlinear behavior 
on system stability and transient per- 
formance. Torque-limiting techniques are 
evaluated and a computer approach for 
study of the reactive load division loop is 
developed. 


EGULATION of alternator voltage 

by means of feedback techniques has 
been practiced successfully for many 
years.1~” Basically, such systems consist 
of an alternator, an exciter, a reference 
source, and regulating networks as shown 
in Fig. 1. The alternator supplies the 
a-c electric power, the exciter provides 
the control signal power level, the refer- 
ence sets the output voltage level, and 
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the regulating networks provide system 
stability and dynamic control. 

Compared with currently available 
equipment, early components were bulky, 
heavy, low in power level, and slow in 
speed of response. As the components 
improved, so did system performance. 
Availability of good low-temperature 
(—65 to +250 F [degree Fahrenheit]) 
components and subcomponents allows 
system designs which are attractive from a 
size, weight, cost, and performance view- 
point. 

For high-temperature systems (—65 to 
+775 F), the picture changes greatly. 
Componentsand subcomponentsare either 
in the development or predevelopment 
stage, the expected size, weight, and cost 
are high, the expected range of sub- 
component values is small, and the per- 
formance characteristics are limited. 
From a systems point of view the net 
effect is threefold: 


1. Because of size, weight, and power 


Fig. 1. Basic electrical system AEERBENEE 
REGULATOR 


REF, + 


Fig. 2. Amplification stages 
required to supply appropriate 
power levels 
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_ equations are shown in Appendix III, 


w=associated with Weibull failure 
tribution 
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requirements, component higher frequeney: 
capabilities are reduced and single-ended 
saturated gain characteristics are imposed 
These tend to degrade system respons« 
time. : 


2. Available compensation network tit 
constants are presently lower-limited 

the 0.5-second region which tends to lim 
the system loop gain and thereby tends 
degrade system accuracy. 


3. The large change in temperature causes 
a correspondingly large change in corn: 
ponent parameters which increases thi 
system stability problem. 


The design approach must necessarily 
be one which tends to minimize thi 
deleterious effects of parameter variation 
and provides a stable system whose dy; 
namic performance is commensurate wit! 
the availability of equipment and the siz: 
and weight requirements of the system. 


System Design 


In designing this system, an approx 
mate linear analysis was used to indicat 
favorable design areas which were tk 
analyzed in a more exact, nonlinear fash 
ion by means of the analog computer 
The extensive alternator equations : set 
are shown in Appendix I, the comput 
setup for this study is described in Apper 
dix II, and the alternator linearizatic 


{ 


my 


The over-all system performance spect 
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Fig. 3. Effect of temperature 

and load on the linearized 

alternator and exciter time 
constants and gains 
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fications require that the system main- 
tain at least +0.5% accuracy from no 
load to 0.75 pf (power factor), lagging 
full load, and have as short recovery and 
settling times as possible over the tem- 
perature range —65 to +775 F. 

The alternator must be capable of 
delivering 2-pu (per unit) 0.75-pf lagging 
load at 600 F external temperature which 
produces approximately 775 F in the con- 
trolsystem. At this temperature it must 
also be capable of delivering 3-pu fault 
current into a zero-impedance balanced 
3-phase fault. These conditions impose 
an alternator field current requirement 
which acts as a power requirement on the 
exciter. To obtain this exciter output 
power from a low-power-level error signal, 
two additional stages of amplification are 
required as shown in Fig. 2. With this 
configuration as a starting point, com- 
bensation networks must be designed to 
orovide adequate system performance 
inder changes of temperature and load. 

é For this particular program, a solid- 
otor-design (with no brushes or rotating 
Windings) 3-phase 400-cycle alternator, a 
imilar rotating exciter, and magnetic 
umplifiers were used. 

Because the exciter and alternator have 
‘opper windings whose resistance varies 
vith temperature, the time constants and 
ains of the exciter and alternator vary by 
| factor of approximately 31/; under 
anges of temperature from —65 to 
75 F. The time constant and gain of 


20 50 100 200 500 1000 


Examination of Fig. 3 shows that tem- 
perature and load changes cause more 
than a 20-to-1 gain change and shifts two 
time constants as much as 7 to 1 in the 
cascaded exciter-alternator transfer func- 
tions. To help offset these effects on 
system performance, a control signal pro- 
portional to alternator field current can be 
fed back to the interstage amplifier. 
This signal is returned to the interstage 
amplifier because of power level considera- 
tions. Use of Iyq for minor loop feedback 
compensation offers the advantage that 
this same signal can also be used in the 
torque-limiting technique discussed in a 
later section. Assuming that some form 
of series compensation will be used, the 
block diagram of the voltage regulator 
loop takes the form shown in Fig. 4. 

Use of Iyq as a feedback signal causes 
the alternator gain change due to load 
changes to appear in K, which is the in- 
cremental gain between alternator field 
current and alternator output voltage. 
The load change effect on the alternator 


time constant still remains in the minor ~ 


loop. The revised temperature-load 
effects on the exciter-alternator combina- 
tion are shown in Fig. 5. 

To stay within the approximate com- 
ponent requirements that 


1/500 second<time constants<1/2 second 


the feedback compensation network was 
selected as 


Fig. 6 shows the stability character- 
istics of the minor loop. It is common 
design practice to maintain stable minor 
loops so that in the event of major loop 
failure, the minor loop does not experi- 
ence destructive behavior. Fig. 7 shows 
a plot of the minor loop forward and in- 
verse feedback transfer characteristics 
which are used to obtain the approximate 
closed minor loop transfer characteristics 
shown in Fig. 8. The net effect of the 
feedback compensation is to reduce the 
effects of temperature and load changes 
that the major loop experiences and to 
shift these changes to regions that are 
fairly well above and below the desired 
range of major loop crossover frequencies. 

To allow adequate system loop gain, a 
series compensation network (including 
the preamplifier) was selected as 


38.6(s/17+1) 
(s/2.2+1)(s/500+1) 


The over-all forward transfer character- 
istics are shown in Fig. 9. For changes in 
temperature from —65 to 775 F and load 
changes from no load to twice full load, 
the over-all regulating system has a phase 
margin from 40 to 60 degrees, a cross- 
over frequency from 50 to 100 radians per 
second, and a loop gain in excess of 100. 


G(s) = 


Component Nonlinear Characteristics 


The major types of nonlinearities en- 
countered in this system are saturation 
and single-ended operation (a component 
produces an output for only one polarity 
of input signal). Alternator saturation 
provides a powerful means for limiting the 
output voltage rise after a heavy load or 
fault has been removed. In the steady- 
state loaded condition, I,g=0 and Iyq is 
greater than no-load Iyg by an amount 
depending on 74. At the time of load 
switching, 7g changes instantly and the 
total flux linkages remain constant, there- 
fore, Iq and Iq experience negative steps 
or jumps. The J;g jump decays rapidly 
tozero in the subtransient interval whereas 


he alternator is further changed by a 0.09(s/2.2+1) 
a of approximately 2 due to load H(s)= (s/500+1) 
langes from no load to twice full load. 
‘he linearized effects of load and tem- 
erature on the cascaded exciter-alter- Fig. 4 (left). 30 
ator are shown in Fig. 3. Block diagram of 
complete voltage 
MINOR LOOP = regulator loop © 
inne imma ms ie eee eae « 
PREAWPLIFIER ! | with _ alternator Ef 
AND SERIES | INTERSTAGE | field-current = 
COMPENSATION | AMPLIFIER EXCITER ALTERNATOR feedeacimconc st 
“o pensation Ss 
= 
o 
= 
- F = 
FEEDBACK Fig. 5 (right). 
COMPENSATION Effects of temper- 


ature andload on 
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Iq tends to rise to its previous value if the 
alternator field voltage is unchanged. 
The regulating loop takes action to reduce 
Ey to the proper no-load value. De- 
pending on the relative speed of response 
of the regulating loop and the field time 
constant, Iq tends to rise and then fall to 
its steady-state no-load value. This var- 
iation in Ij is shown in Fig. 10. As Iya 
changes, Vq changes in accordance with 
the saturation curve. If saturation is 
heavy, the change in WV,,¢ for a given 
change in Iq is less than when saturation 
is light. Since the output voltage varies 
with W,,2, saturation is very effective in 
limiting the output voltage rise during 
the transient interval. The same type of 
behavior is experienced upon load applica- 
tion except that the directions are re- 
versed. This behavior can be seen in the 
computer runs of Figs. 11 and 12. 

Because of size and weight considera- 
tions, the interstage amplifier and the 
rotating exciter are single-ended and volt- 
age-limited. These nonlinearities have a 
major effect on lengthening system re- 
sponse time. The effects of single-ended 
versus double-ended operation of theinter- 
stage amplifier are shown by comparison 
of Fig. 11 with Fig. 12. In double-ended 
operation the interstage amplifier nega- 
tive saturation is set equal to its positive 
saturation level. 

The output of a device depends on its 
dynamic characteristics and the size of 
the driving signal. The driving signal is 
limited by the saturation characteristics 
of the driver. For example, the time it 
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Fig. 9 (right). 


Bode diagram of 
entire forward neeS 
transfer function 


takes Ijq to reach a given value depends 
on the time constant and gain of the 
machine and the value of applied Eya. 
When the system is hot, resistances are at 
a maximum and require highest voltages 
to produce required currents in the system. 
Therefore, voltage saturation in the inter- 
stage amplifier and exciter have the 
greatest effect on the system response at 
high temperatures and increasing voltage 
conditions. When the system is cold, 
the voltage levels to produce the required 
system currents are at a relatively low 
level. Therefore, the single-ended char- 
acteristics have a major effect under 
low temperatures and decreasing voltage 
conditions. 

Single-ended operation and saturation 
produce the effect of a decrease in gain be- 
cause a given input produces a smaller- 
than-linear output. The system tends to 
be slower for lower system gains. there- 
fore these nonlinear effects increase the 
time for disturbances to settle out. 

(The system block diagram and com- 
puter setup for this study are shown in 
Figs. 19 and 20, discussed in Appendix 
II.) 


Torque-Limiting Techniques 


The load- and fault-handling require- 
ments on the system at high temperatures 
set the power and voltage capability re- 
quirements of the exciter. At low tem- 
peratures, these exciter capabilities are 
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levels can produce excessive torques 
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sufficient to produce high-current ley 
in the alternator. These high-curt 


the drive. Because signals proportion 
to developed torque are difficult 
obtain, current level signals are usec 
limit developed torque. This por i 
of the study was concerned with the | 
tive merits of alternator field current lit 
ing versus load current limiting in eff j 
ing torque limiting. (The block dia 
of the J,q torque-limiting circuitr 
shown in Fig. 19 of Appendix II. 
7, torque-limiting circuitry is similar 
cept that 7, replaces Iq.) 

The system transient responses | 
obtained for application of unity 
faults. Fig. 13 shows a typical comp 4 
recording for application and remove 
fault. At the high temperature, 
saturation is effective in limiting the tr: 
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ig. 13. System responses in pu at —65 F for 0.2-pu 1-pf balanced 3-phase fault application 
and removal 


lent torque. From a steady-state view- 
oint, the high-temperature condition is 
ne of the worst cases because of high 
achine losses. From a transient view- 
oint, the low-temperature condition is 
ne of the worst cases because of the ex- 
iter capabilities. Figs. 14 and 15 show 
teady-state and peak torques, load cur- 
ent, and load voltage as a function of 
alanced 3-phase resistive fault. These 
gures show that J,q limiting is more 
ffective in limiting transient torque 
eaks. The torque peak occurs within 
15 second after application of a fault 
nd may or may not have serious conse- 
uences on the drive. Since Jyg is used 
1 the regulating loop, this same signal 
leasurement can be used to effect torque 
miting. 


eactive Load Division Loop 

At the time this paper was written, 
nly a limited amount of work had been 
one with the reactive load division loop 
Dower angle oscillation loop). A brief 
nearized analysis indicated that the 
ossibility of power angle instability 
_ inthesystem, A detailed simula- 
mm approach for studying the reactive 
division loop was developed and this 
oach is presented in Appendix IV. 


clusions 


his paper describes the analysis and 
ign of a high-temperature voltage- 
ulating system. The study is based 
n the characteristics of a high-tempera- 
te alternator and control components 
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at their present stages of development. 
The net effect of the high-temperature 
range is to restrict the range of component 
dynamic characteristics and to cause large 
changes in exciter and alternator transfer 
characteristics upon change of tempera- 
ture and load. The effect of these 
changes can be minimized by use of nega- 
tive alternator field current feedback. 

The establishment of torque limiting by 
use of excitation system control shows 
promise. It is possible to reduce steady- 
state maximum torques to permissible 
values and to reduce maximum transient 
torques to short durations. However, 
evaluation against drive transient capa- 
bilities must be made before final selec- 
tion of a method can be made. At 
present, for the two methods studied here, 
use of field current is preferable to use of 
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Fig. 14. Field-current torque-limiting curves 
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armature current for control of maximum 
torques. 

Simultaneous component nonlinearities 
were included in detail. Double-ended 
component operation can effect a major 
reduction in system response time upon 
application and removal of load. 

A simulation approach was developed 
for study of the reactive load division 
loop. 

In a voltage-regulating system, the 
disturbance is a step change in load. 
Since the characteristics of the power 
elements are known, it should be possible 
to apply nonlinear control design tech- 
niques to optimize the system response 
with respect to settling time and maxi- 
mum deviation from rated voltage. Be- 
cause of present component limitations, 
such optimization is impractical for high- 
temperature systems but should be con- 
sidered for low-temperature systems and 
for high-temperature systems of the 
future. A promising new control com- 
ponent in this respect is the controlled 
rectifier. Its use should allow significant 
system accuracy and response improve- 
ments. 


Appendix | 


Nomenclature 


e=phase voltage 

i=phase current 

r=phase resistance 

IT=field and amortisseur currents 
R=field, amortisseur, and load resistance 
a subscript=refers to armature 

d subscript =refers to the direct axis 

q subscript =refers to the quadrature axis 
f subscript =refers to the field winding 

k subscript =refers to amortisseur winding 
o subscript =denotes base value 
Eya=field terminal voltage 
Xqq=direct-axis mutual reactance 

eS =quadrature-axis mutual reactance 
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Fig. 15. Load-current torque-limiting curves 
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X;,=armature leakage reactance 

X,=field leakage reactance 

Xxqa=amortisseur direct-axis leakage 
reactance 

Xxqg=amortisseur quadrature-axis leakage 
reactance 

Xq=stator direct-axis self-reactance 

X,=stator quadrature-axis self-reactance 

X sra=field direct-axis self-reactance 

Xkxrqa=amortisseur direct-axis self-reactance 

Xixqg=amortisseur quadrature-axis self- 
reactance 

X yxqa=mutual reactance between field and 
direct-axis amortisseur winding 

Xq'=direct-axis transient reactance 

Xa=XaatX1 

xX (=F Xa q +X) 

X spa=XaatX fz 

Xxca=XaatXna 

Xikq =XaqqtXnq 

Xa’ =XaaX x/XaatX s+X1 

X,=1oad reactance 

R,=Iload resistance 

Wma =direct-axis mutual flux linkages 

WV q=total field flux linkages 

W,=direct-axis flux linkages 

W,=quadrature-axis flux linkages 

W,g=total direct-axis amortisseur flux 
linkages 

¥xq=total quadrature-axis amortisseur flux 
linkages 

6, =load power-factor angle 

6=rotor power angle 

w=angular frequency 

s=differential operator d/dt 

t=time 

T=air-gap torque 

E=signal voltage 

Q=reactive load kilovolt-amperes (kva) 

Tp=drive torque kva 

€ =bus voltage 


Normalized Synchronous Alternator 
Equations for Balanced 3-Phase 
Load 


The following general alternator equa- 
tions are used to obtain a detailed repre- 
sentation of the alternator.45 All coeffi- 
cients are in pu values. Field voltage 


equation: 

Eya=R yal sats ya (1) 

Amortisseur voltage equations: 

O= Rralnat+sVra (2) 

Table |. A\lternator Parameters Used in 
This Study 


Temperature, F 
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ae O OBO OLED OOO et. on 05020 eee 0.015 
Bid eran atoterere: (ie Bohs coor OOG 2S eeaneete 0.045 
BBO rep etainierere OL20) rien ONOS3 trascer es 0.061 
Rides sete: Dee on Coenen ONS aatante 0.15 
> Sanaa POF (1074) NES et once RCH Seema 0.21 
AM a ickaieielats ts SOU? hs latststeys LO ite teres, 1.9 
PE Lik Cyr ae LENO gee <P ile,» SL oer ae 1.15 
PG ae GC kanwir te OP OOS ites, O2068 arama 0.068 
4 Tieroe Seine OHILET cS sco ayes ORO Ee sel iaiong 0.073 
2 Gl Tae Se Ry LO aes iehels, Li O at gisretaio stn 1.9 
ASG ave akeigtots Deller doe: Ax DAY are aaa 74) 
Blows He ee ert eee Pa NE Ati Phil 
KG ie arsine Sl ae orzcv-r « Li Sopa aes Ui 
Po CO wie 2 Oats, oi Di OF cect 2.0 
DORR Ge secs aval Dee reenes fel, 2 Sa, oraretene 12 
Rh aaieene ations Qi OB sears ietece « DB) lets are apr 0.35 


O= RiglegtsVxa (3) 
Armature voltage equations: 
€g=sVa—wWVg—ra (4) 
eqg=SVqtoVa—rig (5) 
Flux-linkage equations: 

Wya=WVmatX pl pat(X sra—X aa) ka (6) 
Wia=WVmatXralnat(X fea—Xaa)l ya (7) 


Wiqg=(XagtX kg) kq—X agta (8) 

Va=WVma—X tla (9) 

Wo=Xagqlnqg—(Xagt X i)tg (10) 

Wma=nonlinear function of 
[Z(Lyat+Ina—ta)] (11) 

Load equations: 

ike ee D en ody (12) 

@o 

c= Riot Stig +X pia (13) 

€a* = ea? +e? (14) 

ig? =ta?+ig? (15) 

Torque equations: 

T=igva—igvq (16) 

Q=1aVatiqlg (17) 


Per-Unit Quantities 


To achieve the benefits of standardiza- 
tion, pu quantities are used in the machine 
equations. Per-unit quantities involve ex- 
pressing the equation coefficients in terms 
of their respective bases. Unfortunately, 
there are several available basic approaches 
to defining pu values.!:3:4 This situation 
effects a loss of some of the benefits of 
standardization. 

For this study, the pu system is based 
on maintaining the same pu power in all 
windings, reciprocal mutual reactances, 
and use of peak values of voltage and 
current. 


Armature circuit base values: 


kvago=base armature kyva=volt-ampere 
rating of alternator=40 kva 

€ao=base armature voltage=rated peak 
phase voltage=170 volts 

igoa=base armature current=rated peak 
phase current=157 amp (amperes) 


€a0 , itis 
ao=~ ~=base armature circuit impedance 
tao 


= 1.08 ohms 


fo=rated line frequency=400 cycles per 


second 
wo = 27fp=2,512 radians per second 
w=1 at synchronous speed 


Cao : 
Wao=— = base armature flux linkages 
Wo 
=0.068 weber-turn 
Field circuit base values: 


kva sao = base field kva=kvagg 
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Vee. G 
Lja0= fag aey base field current = X gal sa (He 
afd : 
load) =4.75 amp 
kva do ‘ 
Eyao= -=base field voltage=8,420 
Jf fdo 
volts 
E sao ; om” 
Zfio= =base field impedance=1,77( 
fdo : 
ohms 
E ; 
V yio= hal base field flux linkages=3.87 
Wo 


weber-turns 


Direct-axis amortisseur circuit base } 
ues: 


kvardo= base direct-axis amortisseur 
kvaago 
taoX, ad 
AS aka 
current 
kvaxao 


kdo 
voltage 


Ido= =base direct-axis amortisseu 


Exdo= =hbase direct-axis amortissetu 


Exdo 


Ze =base direct-axis amortisset 
kdo 


impedance 


Exdo 


Wido= =base direct-axis amortisseu 


Wo 
flux linkages 


Quadrature-axis amortisseur circuit 
values: 


a 


kvazgo=base quadrature-axis amortissel 


kva=kvago 
taoX aq, Hl 3 
Ikqo= = base quadrature-axis amo tis 
aka ; : 
seur current | 
r 
- _kvargo t 
Exq= =base quadrature-axis ' 
i kgo i 
amortisseur voltage : 
Exqo , j 
Zrq0= =base quadrature-axis amortis! 
Tk qo 7 
seur impedance ei 
Exqo 
Wrqo = 
Wo 


=base quadrature-axis amortis 
; 

4 4 

seur flux linkages | 


The coefficient values in Table I are i 
pu. The machine saturation curve ; 
shown in Fig. 16. Rated no-load armatun 
voltage without machirie saturation 
quires a field current of 2.5 amp. i 


l¢q 


Fig. 16. Machine no-load saturation curve 
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(6) 


LY (Ifa + Tkd ig) 
X#kd - Xad 


NOTE: CIRCLED VALUES ARE FOR -65 F., : 
ALL OTHERS ARE FOR +775 F. VV AVAS 


DOTTED CAPACITORS ARE FOR STABILIZATION 
OF ALGEBRAIC LOOPS. 


LOAD=!pu .75pf, Ry = .75pu, X, = .66pu 


545% 3aK 


amie 
K 
3 23> 25Y/pu 


ak 


gk 6.7S1/Xq 


aisk I } 
TPN Pecaetelk 
Efd Xod_- +4 =eq 
25¥/pu 25/PU 1/Xoq > 25Y/pu ee > 25Y/pu 
i \/r 
300k 
0-200" 
+g ee 1 
25/pu GI 
112SRL/X 
; \ 
22 2.8 —Xkg*kq i q 'd 1 : d 
Xag +Xkq > 25/pu > [> Pat > > 
a 77 
Fig. 18. Computer diagram of alternator 
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SERIES 
COMPENSATION 


4.6(5 +1) 


(23+!) 


PREAMPLIFIER 


ROTATING 
EXCITER 


INTERSTAGE 
AMPLIFIER 


FEEDBACK 
COMPENSATION 


08 (385 +1) 


(505 +!) 


HIGHEST PHASE 
TAKE OVER 


ALTERNATOR 
(SIMULATION AS IN FIG. 24) 


Fig. 19. Block diagram of closed-loop system with Ita torque limiting at 775 F 


Appendix Il 


Computer Simulation of Alternator 
with Balanced 3-Phase Load 


The synchronous alternator equations 
are represented in block diagram form in 
Fig. 17. The number at each summation 
point refers to the respective alternator 
equation in Appendix I. Although there 
are several forms of the block diagram 
which represent the simultaneous solution 
of the alternator equations, the one shown 
utilizes the output voltages to generate 
the load currents. This makes it possible 
easily to simulate heavy load or no load 
on the alternator (corresponding to an 
R;, change from a very small value to 
infinity). 

A disadvantage of representing the 
alternator on the analog computer in the 
form shown by the block diagram of Fig. 


SERIES 
COMPENSATION PREAMPLIFIER 
57. 5 


3.1 
20 


$5 TORQUE 
LIMITING 


17 is that two differentiations are required 
to generate sWqg and sW,z. Fortunately, as 
recommended in other work,’ it was experi- 
mentally determined that these two terms 
can be neglected in this study without 
significant consequence. Further simpli- 
fication arises by neglecting the very small 
terms = (Xyra—Xaa ya, — (Xsa—Xaa) par 
Spe sig, and (Xz/wo) sig in equations 6, 

4, LUCB)P-and ICC), 

Fig. 18 shows the analog computer simu- 
lation of the alternator shown in the block 
diagram of Fig. 17. A double-pole double- 
throw switch, so, has been incorporated to 
facilitate instantaneous application and 
removal of load. The inclusion of this 
switch allows the computer to develop 
its own initial conditions, either with or 
without load, after which the load may be 
changed and the resulting transient ob- 
served. Switch s; provides a convenient 
method of changing the Joad which is to 
be applied and removed. 


EXCITER 


INTERSTAGE F 
AMPLIFIER 200 


0-200 


ag eee 


23¥ 
Ea 


5.42 > 


_ FEEDBACK 
COMPENSATION 


TORQUE 


€a|  25%/pu 


25W/pu 


The computer has been time-scaled 1 
incorporate a 250-to-1 time scale expans| a 
This computer time scale provides sufficie 


spread between the system time consté " 


constants in the algebraic loops to mak 
the effect of the latter negligible. Ti 
stabilizing capacitors are shown dott 
in the computer diagram. The magnitud 
sealing of the computer is indicated on th 
computer diagram by the number of vol 
which equal 1 pu for each variable. 

Computer results obtained from 
alternator simulation were checked ag 
actual machine test data and_ shoj 
excellent agreement. 


i 


Simulation of Voltage Regulator 
System with Torque Limiting 


Fig. 19 shows the block diagram of tk 
closed-loop system as designed earlier 


ALTERNATOR 


A, * 


igYg 25”/pu 


Fig. 20, Computer diagram of closed-loop system shown in Fig. 19 
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able Il. 


Alternator Transfer 
Without Saturation 


Function 


Full Load Twice Full Load 
(0.75 PF Lagging) (0.75 PF Lagging) 


1.39 0.84 


tye) Gee) 


able Ill. 


Alternator Transfer Functions at 


775 F With Saturation 


Full Load Twice Full Load 


o Load (0.75 PF Lagging) (0.75 PF Lagging) 


1.01 


0.79 


ae (223) 


jagram. A scale factor has been included 
t the input to the alternator to convert 
tom the 170-volt base used throughout the 
oop to the 8,420-volt base of the alternator 
eld. 

The output of the torque-limiting circuit, 
7, is single-ended and is therefore zero for 
alues of Iyq less than the Iyq reference. 
nder normal load operation this circuit 
S essentially inoperative. The gain and 
eference of the torque-limiting circuit 
ere adjusted experimentally to provide 
ximum torque limiting without introduc- 
g limit cycle oscillations or violating the 
-pu fault-current requirement. 

The simulation of the closed-loop system 
th Iyq torque limiting is shown in Fig. 18. 
he time and magnitude scaling are the 
ame as in Fig. 18. Torque limiting was 
Iso studied using zg feedback instead of 


PREAMPLIFIER 
AND SERIES 
COMPENSATION 


REFERENCE 


Iya. The % is generated by obtaining 
Via+ig? with a function generator and 
this signal is fed into amplifier 2? in place 
of Iyq. The gain and reference of this 
torque-limiting circuit were also adjusted 
for maximum torque limiting without 
introducing limit cycle oscillations or violat- 
ing the 3-pu fault-current requirement. 
To observe the torque which the drive 
would experience under various transient 
conditions, torque was generated from 
equation 16 using the multipliers indicated. 


Appendix Ill 


Alternator Linearized Transfer 
Function Equations 


Under the assumptions of no saturation 
in the machine, a constant-speed drive, 
negligible sWa, sWg, (Xz/wo)sia, (X1/wo)sig 
terms, and negligible amortisseur effects, the 
normalized alternator and load equations 
(see Appendix I) become: 


Eya=R yal sats sa (18) 
€a= —WVq—fria (19) 
€g=WVa—rig (20) 
Wya=X gral sa—X aata (21) 
Wa=Xaal sa—X aia (22) 
Wg= —Xoqig (23) 
Wma =X aa(I pa—ta) (24) 
ea=Rriia—X pig (25) 
@g=Rytat X pig (26) 
ea? =a? +eq? (27) 


FEEDBACK 
COMPENSATION 


Cp = BUS VOLTAGE 
= CONSTANT 


ALTERNATOR 


ig(X; + Xq) = igh 


Fig. 21. Alternator connected to infinite 


bus through line impedance 


For small changes about a steady-state 
operating point these equations become: 


Aeg=X gAig—rAia (28) 
Aeg=XaaAl a—X ahig—rAig (29) 
Aeg= Ry Aig—X Aig (30) 
Aeg=RyAig+ X Ata (31) 


R ‘ 
AE ya= ltd sae a (Xa~ Ke" aia 
au 


xX 
EEN nf (32) 
Rya 


€asAeg= easAeat egsAeg (33) 


Equation 33 is obtained by expanding 
equation 34 and neglecting the second-order 
effects. 


Fig. 22. Reactive load division simulation block diagram 
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(east Aea)? =(eas+ Aea)?+(egst Aeq)? (34) 


Combination of equations 28 through 33 
yields the alternator linearized transfer 
function (developed by Dr. K. G. Black): 


Aéa _KrAT ya _ Ky 


= 2 (35) 
AEya AEya  Taz'st+1 
where 
Ky= 
cakes Jeu Xi(XitX_)+RiuRitr)) xX 
EyaoR ya (eas 
8 1x ¢R,— -Xurlf 
€as 
(Rp+r)?+(X14+-Xq)(X1+Xa) 
(36) 
Taz’ 
=| ee et es Se 
(Rp+r)?+(X1z+Xa)(X1t+Xq) 
(37) 
erie 
Wa Roya (38) 


Here égs, éas, and égs are the pu steady- 
state values calcuable from the steady- 
state vector diagram. The alternator pa- 
rameters are in pu values obtained from 
Table I. Equation 35 yields the alternator 
transfer function whose gain and time 
constant have physical dimensions because 
in equation 36 the ratio of the base values, 
€ao/E yao, is included and in equation 38, w 
is introduced. 

At +775 F, use of equations 35 through 
38 yields the alternator transfer functions 
shown in Table II. 

Saturation has a major effect on the 
machine characteristics in that it reduces 
the machine gain and time constant. The 
saturation effect is greatest at no load and 
becomes less as load is increased. For the 
machine under consideration, the responses 
to small changes were obtained from the 
computer setup shown in Appendix II. 
The results are shown in Table III. 

The linearized alternator transfer func- 
tions used in Fig. 3 are those corresponding 
to those of Table III which were obtained 
by measurement on the computer. 


Appendix IV 


Reactive Load Division Loop 
Simulation 


When operating alternators in parallel, 
the electrical system must insure proper 
division of reactive load between machines 
whereas the drive system must insure 
proper division of real load between ma- 
chines. Alternator characteristics are such 
that while delivering a given average kva 
to the load, a sizable reactive kva can 
oscillate between alternators while the bus 
voltage remains invariant at its normal level. 
The reactive load division loop must 
provide stabilizing signals which insure 
proper division of reactive load among 
alternators without reactive load oscilla- 
tions. 

The following analysis (developed by 
F. P. deMello) provides a means for 
simulating the reactive load division loop 
during parallel operation of alternators. 

In parallel operation, machines tend to 
pair off and exchange load. The behavior 
of one machine is the mirror image of its 
partner and the bus voltage remains 
invariant. A load stability study can 
therefore be made by considering one 
machine against an infinite bus which is 
located at the electrical center between 
machines. 

The circuit diagram in Fig. 21 shows the 
situation. where the lines between the 
alternator and bus have an impedance 
inserted for purposes of generality. The 
vector diagram for this situation is also 
shown in Fig. 21. For purposes of simpler 
presentation, the assumption is made that 
the small alternator internal resistance, 7, 
is negligible or that it can be lumped with 
the line resistance to produce 1. Here 
e; is the alternator air-gap voltage while 
X, is the line reactance. The equations 
for this configuration become: 


€pa = &p Sin 6=eat4gX1—tan (39) 
Cog =p COS 6 = eg —1aX1—tgh (40) 
Cia ~ —Vmg (41) 
Cig = Va (42) 
eg=WVa (43) 


Discussion 


Thomas J. Higgins (University of Wis- 
consin, Madison, Wis.): This clearly 
written, well-integrated paper evidences 
the values of analytic design procedures 
in the solution of a problem of considerable 
current interest in practice. It would be 
of interest to see the details of a study 
which encompass, for low-temperature 
systems, the optimization remarked in the 
closing paragraph of the body of the paper. 


Richard T. Smith (University of Texas, 
Austin, Tex.): The equations used to 
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ea=—WVy 

oa = — Ving t (Xi +X 1)tqg—tan 
€og= Vma—(Xi +X 1)ta—t9n 
Une U yt Xae 


1 
a ey 


These equations, in conjunction 
equations 1, 6, 9, 10, and 11 of Fig. 17 4 
the regulating loop diagram of Fig. 4, a 
generation of the block diagram shown ii 
Fig. 22. In this diagram, Zp can 
inserted as a constant or as a time-varying 
function, depending on the drive charac 
teristics. The reactive load signal, Q) is 
compared with the average reactive loa 
supplied to the bus per machine. The 
difference signal is used to control 
reactive load that the alternator supplie: 
to the bus. The compensation networ 
and a portion of the real load signal, 
are used for stabilization purposes. A 
the time of writing this paper, this simula 
tion had not been verified by test. 
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represent the alternator are those pre- 
viously developed to describe a salient- 
pole synchronous machine. However, con- 
struction of the inductor-type alternator! 
indicates that these equations should 
adequately define performance. While it 
is easily possible to account for saturation 
effects in greater detail, it was thought 
that such refinements were premature. 
In fact, it is clear that the performance 
equations are presently of limited utility, 
mainly because of the inaccuracies of the 
parameters characterizing the system. 
Nevertheless, it is gratifying to note that 
computers are permitting, economically, 
a more and more accurate determination 
of these parameters. 


Sollecito, Swann—Computer Evaluation of Aircraft A-C System Designs 


- observations. 


REFERENCE 


1. A Sotm Rotor A-C GENERATOR FOR H 
TEMPERATURE ELECTRICAL Systems, J. T. 
man, AIEE Transactions, see pp. 400-05 of th 
issue. 


W.E. Sollecito and D. A. Swann: We wis 
to thank the discussers for their comm 
on our paper. 

The nonlinear optimization work tha 
Dr. Higgins would like to see is presentl 
being carried on at the authors’ company 
The work remains to be completed anc 
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An Elementary Design Discussion of 


Thermoelectric Generation 


E. W. BOLLMEIER 


ASSOCIATE MEMBER AIEE 


T THE PRESENT TIME, many 
electric power sources of uncon- 
ventional nature are being pursued vigor- 
ously in research and development. One 
of these, thermoelectric generation, has 
enjoyed renewed interest because of the 
development of semiconductor thermo- 
electric materials yielding efficiencies 
which are now practical for some devices 
and encouraging for others. 

Semiconductor thermoelectric materials 
of practical use today have multiplied 
thermoelectric heat conversion efficiencies 
by a factor of 10, approximately, com- 
pared with metal thermocouples. This 
remarkable increase has brought thermo- 
electric conversion to a point of potential 
competition with electromechanical or 
other conversion for some applications. 
However, large-scale economic competi- 
tion remains dependent on significantly 
higher materials efficiency attainment. 
At today’s state of the art, the uses to 
which thermoelectric generating devices 
are suited are those which value some fea- 
ture more highly than maximum economy 
or which utilize very low-cost heat. 

This paper seeks to acquaint the reader 
with the elementary problems of thermo- 
electric generation and some of the solu- 
tions devised. Consideration is also 
given to the advantages and disad- 
vantages of thermoelectric generation for 
uses which may appear desirable at the 
present state of the art. 


A Composite View of Thermoelectric 
Generation 


Fig. 1 presents a simplified view of 
thermoelectric generation as a complete, 
useful system. The usual elements of a 
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useful heat energy conversion system are 
apparent. 


1. Heat input. 

2. Conversion apparatus. 
38. Heat rejection. 

4, Output control. 


These same four elements of a useful 
system may be readily compared to the 1. 
burner, 2. boiler-turbine-generator, 3. 
condenser, and 4. control system of a 
conventional steam generating system. 
Similar problems and similar general solu- 
tions apply equally to both, although the 
elements are physically different. 

The major difference between conven- 
tional electromechanical generation and 
thermoelectric generation is that the 
boiler-turbine-generator conversion de- 
vices are replaced by one unit, the 
thermopile. 

The thermopile, being a static device, 
avoids many mechanical problems in- 
herently. However, substantial new 
problems appear as the struggle for real- 
ization of the semiconductor materials 
efficiency in practical generators is carried 
out. 


Thermocouple Fundamentals 


According to the relationships estab- 
lished and expanded upon by Fritts, Ioffe, 
and others, the Seebeck emf (electro- 
motive force) E,- or open-circuit voltage 
of a thermocouple is equal to the sum of 
the two thermocouple element voltages 
obtained by integrating the Seebeck 
coefficient S with respect to temperature 
between hot-junction temperature Ty, 
and cold-junction temperature eau 


Th Th 
Tc c 


The Seebeck coefficients of semicon- 
ductor materials are in general quite tem- 
perature-dependent. For accuracy in 
calculation of E;,, the integral in equa- 
tion 1 must be used, but for simplification 
of the expressions to follow, average values 
of Seebeck coefficient multiplied by (7;,— 
T,) will be used rather than the integral. 

Connecting a thermopile of open-circuit 
voltage V,, and resistance R,, into a cir- 
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cuit of resistance R,, the current in the 
circuit and power output may be defined 
by: 


Vo 


Il=——_ 2 
(Ry-+Rz) @) 
aly ee elas 3 
ae ie hea 3) 


The internal resistance Ry of a thermo- 
pile is the sum of the element resistances. 
Like Seebeck coefficient, the resistivity of 
semiconductor materials is temperature- 
dependent. The calculation of thermo- 
pile resistance, therefore, should be made 
by the integral 


where 


N=number of couples 
A=element area 
p=electrical resistivity 


Equation 4 can be evaluated when the 
variation of resistivity with temperature 
and temperature distribution within the 
thermocouple material are known. The 
following expression which defines the 
relation of R, to R;, at the condition of 
maximum efficiency : 


Ry 


R,= ———[=> 
: \ (Tr+Te) (5) 


{2 
a 2 


where Z, figure of merit 
(Sp—Sn)? 


(VA knent WV kppp)? 


where Z is available plotted as a func- 
tion of temperature for both P and NV ma- 
terials, the average Z value over the tem- 
perature range encountered may be used 
in equation 5. Zayg is determined by: 


HEAT REJECTION 


Composite view of thermoelectric 
generation 


Fig. 1. 
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Th Th 
if 
[zane [ Znd (7) 


2(Tn—Te) 


Lave = 


It may also be shown for maximum 
efficiency that the cross-sectional areas 
of the thermocouple elements are related 
as follows when L,=L,, which is usually 
desirable in thermopile design: 


4nd kppn (8) 
Ap Rnpp 

With A,/A, established and thermo- 
couple resistance R,=R,/N known for 
any proposed thermopile design, approxi- 
mation of the length to area ratios for the 


P and WN thermocouple legs may be made 
through the relations: 


— —-—__—"—___ When L, =L 9) 
A, 4 (erAn) : 
Pn Tp 
R,/N 
By TE When Ln=Lp (10) 
Ap (pnA p) 
pot ri 


The physical size and weight of the 
thermocouple elements can be varied 
without affecting thermopile electrical 
design characteristics, so long as the ratios 
of L/A are observed. The final choice of 
exact L and A dimensions may be made 
on the basis of mechanical] feasibility and 
available heat flux. 

Thermocouple operating efficiency is 
expressed as the ratio of useful power de- 
livered, J?R;, to the rate of heat input 
to the thermocouple. Rate of heat input 
is made up of loss rate by thermal conduc- 
tion from hot junction to cold junction, 
input rate to drive the thermoelectric 
cycle at the Carnot efficiency established 
by T; and T, and half the J?R loss of the 
thermocouple material circuit. The ex- 
pression for maximum conversion effi- 
ciency is given by the following relation, 
subject to the conditions that optimum 
A,/A, ratio exists and that optimum 
efficiency match between R, and R, has 
been established : 


Tir—Te 1+-2(17,4+T,)/2—1 
ie es iS VItZ(Tr+Te)/ 


y 14 Z(Ty+Te)/247° 
(11) 


For best efficiency it becomes apparent 
from examination of the efficiency equa- 
tion 11 and the definition of Z in equation 
6 that the Kp product of the thermo- 
couple materials, and the cold-junction 
temperature 7, must be minimized and 
Seebeck coefficient and hot-junction tem- 
perature 7), maximized. Since for most 
electrical conductors and semiconductors, 
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junction. 


reduction in thermal conductivity is ac- 
companied by approximately proportional 
increase in electrical resistivity, reducing 
the kp product while maintaining or in- 
creasing S is a difficult materials research 
problem. 

Today’s practical semiconductor 
thermoelectric materials, such as the p- 
and n-type lead tellurides, have kp prod- 
ucts ranging up to 10 times those of 
metals. Fortunately, conversion effi- 
ciency improves with the square of See- 
beck coefficient and inversely with the first 
power of the 2p product. Thus, the ten- 
fold advantage in semiconductor See- 
beck coefficient over those of metals 
yields a tenfold improvement in efficiency 
over metals, in spite of the higher semi- 
conductor kp products. Further refer- 
ence to Fritts! is recommended for his 
broad consideration of p- and n-type lead 
telluride thermocouple design. 


Thermopile Configuration 


Physical arrangement of a thermopile 
structure is primarily dependent upon: 


1. Heat-source energy density and con- 
figuration. 


2. Radiator absorption capacity and con- 
figuration. 


3. Heat losses and surface transfer rates. 


4. Mechanical and electrical design feasi- 
bility. 


Heat-source energy density has in- 
herent bearing upon thermopile configura- 
tion because of the direct relation between 
energy density and size of heat source. 
The heat source must be designed to the 
thermopile’s heat input requirements and 
should be of the minimum area necessary 
to accommodate the number of elements 
of the required L/A ratio in a mechani- 
cally and thermodynamically feasible 
arrangement. It is fundamental that 
heat insulation losses will be minimized if 
a maximum of the heat conducting path 
from source to radiator is made up of 
thermoelectric material. Available heat- 
source energy density and transfer rates 
to the thermopile hot junctions determine 
whether or not this ideal can be ap- 
proached. 

Assuming complete coverage of the 
heat source with thermoelectric material, 
configuration and type of heat source de- 
termine the degree of insulation heat loss 
to be combated. If the heat source were 
in the form of a thin slab, it might be 
covered with close-packed parallel ele- 
ments having a very short heat-transfer 
path between elements from hot to cold 
If the heat source were long 
and cylindrical, it might be covered with 
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radially arrayed elements which present a 
small area of nonelement heat conducting 
path near the source but increasing witt 
radial distance. A third heat-source 
configuration is the sphere, surrounded b y 
elements extending to a spherical radiator, 
The configuration choice of the thermos 
pile design engineer is thus controlled by 
the factors of feasible heat-source config: 
uration; energy density of source and 
minimum heat-leakage path. 1 
Considering the spherical configuration” 
concept, and a form of heat energy of 
given energy density per unit volume, ii 
becomes apparent that a spherical heat 
source configuration will contain maxi= 
mum energy per unit of surface area 
compared to cylindrical or slab-source 
configurations. In heat sources where 
the rate of energy liberation per unit 
volume is low, a problem of mismatch be= 
tween high source area and low thermo- 
electric materia) area may occur. Any 
source configuration other than spherical 
will present greater surface area for the” 
same rate of energy liberation and same 
energy density. 
The insulation heat loss of the spherical 
concept thermopile is proportional to the 
mean area A,, of the insulation body. Am 
is characterized by the following relation, 
assuming negligible heat transfer from 
elements to insulation along their Jength: 


Am= V(As —Am)(Az A tm) 


=V(xDs?— Atm) [x(Ds+2t1)?—A im] 


(12) 
where 


s=source area 

A,=insulation exterior area 

Aim=total cross-sectional area thermo 
electric material, assuming constant 
element diameters 

t;=insulation thickness 


In the range of t;=D; and Atm=D,?/2, 
the A, relation simplifies to: 


VJ/17 


A aera 


Thus, it is shown for the spherical con-_ 
figuration that insulation heat loss is pro- 
portional to the square of heat source 
diameter in a one-dimensional ratio area 
of mechanical feasibility. 

Similar relationships can be shown for 
other thermopile configurations, but i 
may be shown that insulation heat loss for 
all configurations will vary exponentially 
greater than unity with heat-source size. 


Heat-Source Discussion 


In the case of combustible fuel 
sources—whether or not coupled with 
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Incandescent heat source, spherical 
configuration 


heat-transfer mediums—uniform hot- 
junction temperature, combustion effi- 
ciency, and flue losses present major prob- 
lems which can be attacked in four ways: 


1. High energy density incandescent com- 
bustion system. 


2. High-temperature  closed-cycle 
densing-vapor boiler system. 


con- 


3. Flue gas to fuel, air heat exchanging. 


4. Nuclear-energy heat sources. 


The high energy density incandescent 
combustion system (Fig. 2) is one which 
seeks to transfer energy to the hot junc- 
tion by radiation in preference to convec- 
tion and conduction. Theoretical con- 
sideration of this system shows advan- 
tages from the standpoints of combustion 
efficiency, maximum energy density (mini- 
mum size), and low thermal inertia. In- 
eandescent sources designed to transfer 
heat appreciably by radiation offer ad- 
vantage also in designing for uniformity 
of hot-junction temperature, a task ex- 
tremely difficult with gas convection or 
conduction transfer. 

High-temperature  condensing-vapor 
boiler systems (Fig. 3) offer advantages of 
hot-junction temperature uniformity and 
high heat-transfer rates at lower tempera- 
tures than required by fluid conduction 
or convection. This may be important 
in protecting thermoelectric materials 
which could be damaged easily by acci- 
dental overfiring of a direct flame heated 
thermopile. Temperature uniformity can 
be obtained by heating the pile with 
sondensing vapor while energy is stripped 
rom the heat source over a fair range of 
femperature approaching boiler tempera- 
ture. The problems of closed-cycle high- 
emperature boilers are primarily those 
ff containing the most probable candi- 
jates, such as mercury, protecting against 
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overpressure, and minimizing thermal 
inertia for control purposes. 


In regard to heat exchanging between 
flue gas and incoming fuel-air mixtures, 
greater advantage can be gained if flue 
gas stack draft can be used to provide the 
pressure necessary to the exchanger. 
Since electric power is available at rather 
low efficiency from the pile, use of electric 
output for powering inefficient accessories 
may yield insignificant improvement in 
over-all efficiency, particularly in small 
output generators. 

The nuclear heat source is one of in- 
herent practicality for thermoelectric 
generation. Nuclear sources, deriving 
energy from radioactive decay (in the 
case of isotopes) or fission (in the case of 
reactors), have no problem of flue gas loss 
to hamper over-all efficiency. The nu- 
clear heat source has exceptional watt- 
hours of energy content per unit weight, 
compared to all other heat sources—an ad- 
vantage for long life generator service in 
remote areas, in space, or in locations 
where air is not available for combustion. 
The nuclear source inherently minimizes 
a number of problems for the thermopile 
design engineer. Because it needs no 
physical connection with the pile exterior 
for flue gas discharge and fuel inlet, 
heat conducting members other than 
thermoelectric material or thermal insula- 
tion can be essentially eliminated. The 
disadvantages of nuclear sources for many 
ordinary uses today are cost and avail- 
ability. Yet they are indispensable for 
those uses demanding maximum watt- 
hours per pound or where periodic refuel- 
ing is impossible. 

Much remains to be known regarding 
long-term radiation effects on semicon- 
ductor thermopiles. Insufficient knowl- 
edge is available to state effects on all 
semiconductors though it has been pre- 
dicted by Fritts and others that crystal 
lattice damage should annal out rapidly 
at the thermopile operating temperatures 
involved. 

The Snap III nuclear-fueled generator 
reported on by Anderson, Barmat, and 
the author operated without measurable 
deterioration of thermoelectric properties 
since fueled on January 7, 1959, to the 
present. No great significance can be 
drawn from this except to note that the 
source external radiation level was low, 
very little neutron emission was involved 
and no damage of the doped lead telluride 
elements was expected, nor has it oc- 
curred.’ Significant studies of radiation 
damage to n and p doped lead telluride 
materials are now being conducted by a 
number of firms active in nuclear tech- 


nology. 
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HEAT REJECTION 


Fig. 3. Closed boiler heat source 


Designing with Semiconductor 
Thermoelectric Materials 


Prime semiconductor material factors 
influencing thermopile design are: 


1. Stability and strength. 
2. Contact resistance. 

3. Sublimation. 
4 


Oxidation and contamination. 


Designing with materials at elevated 
temperatures involves compromises re- 
sulting from the temperature dependency 
of most material properties. The same 
problems apply to semiconductor thermo- 
electric materials in general, though the 
discussion following is based on the result 
of experience with p and n doped lead 
tellurides. 

Semiconductors of thermoelectric value 
are, in general of brittle nature and poor 
in tension, but of good strength in com- 
pression. Table I gives the physical 
properties data of p and n doped lead 
telluride. 

The strength properties of these mate- 
rials suggest that the pile structure should 
be so designed as to limit thermocouple 
stresses to compression. This compromise 
imposes limitations, but at the same time 
aids in the solution of another problem, 
that of contact resistance. 

Contact resistance may be minimized 
for doped lead telluride materials through 
theemployment of bondedor soldered con- 
nection at the cold end and pressure con- 
tact at the hot junction. Elements may 
be formed with integrally bonded contacts 


Table |. Typical Physical Properties, Cast 
and Hz Annealed Doped Lead Telluride 


Tensile strength, pounds per squareinch... >1,000 
Compressive strength, pounds per square 


inches: s, Bee ee Nae lo ee oo eee >10,000 
Young’s modulus, pounds per square inch...2 108 
Density, grams per cubic centimeter......... 8.15 
Thermal expansion coefficient, per de- 

fo a en CO Wns erties ey cu EO ne 18X 1076 
Thermal conductivity, per centimeter 

perdegree: Crass .ardunie yey naka ae 0.02 watts 
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for use at either the cold or hot end. 
However, the difficulty of forming ele- 
ments with bonded connections at both 
ends makes engineering consideration of 
an all-bonded connection scheme imprac- 
tical at today’s state of the art. In usual 
practice, the cold-end connection is made 
by soldering of the semiconductor ele- 
ment to a metal contacting cap. The 
hot-end connection is satisfactorily made 
by compressively loading the element 
against the hot-junction connecting shoe 
shared by its companion element of 
opposite polarity. Constructions utiliz- 
ing bonded hot-junction contacts are pos- 
sible, but unnecessary except where pres- 
sure loading is undesirable or inconven- 
ient. Flat-module pile constructions may 
face mechanical problems in compressive 
element loading because of the bending 
strength of the hot and cold-end plates. 
In such designs, bonded hot-junction 
contacts and soldered cold contacts may 
be exploited to some advantage. 
pheric pressure contact loading of an 
evacuated flat pile module may also be 
exploited, but contacting pressure is 
limited to values considered insufficient at 
today’s state of the art. 

Pressure-loaded elements assure that 
electrical continuity will be maintained 
even though some sublimation may occur 
at the highest temperature portion of the 
elements. Sublimation may be regarded 
as an operating life design problem at 
temperatures in excess of 1,000 F (degrees 
Farenheit), and although it may be 
minimized by providing the elements with 
a coating or cover that restricts diffusion 
of material away from the hot junction, 
pressure contacting assures maximum 
reliability. 

The factors of oxidation and poisoning 
of doped lead tellurides are also tempera- 
ture-dependent in large degree. Both p 
and n lead tellurides can be used in ex- 
tended air exposed service up to 500 F. 
However, beyond that point oxidation 
of the material becomes significant and 
hermetic sealing is required. Since op- 
erating temperatures above 500 F are 
desirable for maximum Carnot efficiency 
and the material is capable of stable opera- 
tion in excess of 1,000 F with long life, 
hermetic sealing is indicated for maximum 
over-all efficiency designs. 

Oxidation above 500 F may be elim- 
inated as a problem in thermopile design 
by providing a reducing, inert, or high- 
vacuum atmosphere within the hermeti- 
cally sealed enclosure. A reducing atmos- 
phere protects both the element material 
and all electrical contact surfaces against 
oxidative degradation. While high vac- 
uum may also provide oxidation protec- 
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tion, it also raises the curve of sublima- 
tion rate versus temperature. The in- 
creased structural, mechanical, and 
material problems created by designs 
which seek to maintain high vac- 
uum over a long life are difficult to 
solve and costly. High-vacuum en- 
vironment does have the advantage of 
lowering losses through most thermal in- 
sulation materials which might be used in 
pile design. However, over-all efficiency 
gain through use of vacuum is complex 
and questionable after consideration of 
the problems of increased sublimation. 

Contamination of most thermoelectric 
materials at elevated temperatures is a 
problem of which the thermopile designer 
must be constantly aware. Contamina- 
tion may result from the diffusion of a 
number of metals, such as zinc and copper, 
into the material or from reaction with a 
large group of active elements and radi- 
cals. Diffusion of contaminants into the 
thermoelectric material results pre- 
dominately in lowered Seebeck coefficient, 
whereas reactive contamination causes in- 
creased contact resistance or sublima- 
tion rate. The best guide for safety in 
design is experimental testing of contam- 
ination by materials apt to come in 
intimate contact with the thermoelectric 
material at elevated temperatures. 

In general, hydrogen or methane is 
desirable as an atmospheric environment 
for doped lead telluride above 500 F. 
Such reducing atmospheres serve to pro- 
tect against oxidation or reactive con- 
taminants that may diffuse in gaseous 
state to the materials. Materials such as 
iron, molybdenum, alumina, carbon, and 
mica are safe for direct contact at elevated 
temperature. Aluminum, tin, copper, and 
steel are satisfactory construction mate- 
rials at the cold end of the pile where solid 
or gaseous diffusion proceeds at negligible 
rates. Thermal insulations should in 
general be regarded as suspect until it has 
been experimentally determined that they 
are inert at elevated temperatures. In- 
sulation surface coatings or binders may 
also cause contamination. 


Thermopile Structure Design 


Until thermoelectric materials signifi- 
cantly beyond the present 8 to 11% 
efficiency range are available, the thermo- 
electric device engineer’s lot will be one 
of limited ability to compromise. His 
first problem today is tolerable output 
energy cost and his second is one of heat 
transfer—too much and too little. 

As material conversion efficiencies im- 
prove, thermopile design problems decline 
at a considerably higher rate, particularly 


those of heat transfer. At the presen 
state of the materials art, 90 to 95% of th 
heat energy entering the thermopile mits 
be transferred through and rejected 
5 to 10% conversion to electric energy 
Thermal design problems and electri¢a 
design problems are in the same approxi 
mate ratio: 90 to 10. The developmen 
engineer’s ingenuity is, therefore, taxed 
the thermal direction, rather than in 
electrical direction in his quest for maxi 
mum practical attainment of toda 
materials efficiencies. The following dis 
cussion is thus oriented. 


THE Hot END 


Regardless of pile configuration, f 
hot-end problem, is one of minimum ir 
pedance to heat transfer from source a 
to thermoelectric element, in order f a 
source wall temperatures may be kept | ! 
low safe levels for practical materials ! 
construction. In addition, the elem q 
must be electrically insulated from th 
source (if conductive) and its neighbors 
but joined electrically to its companion el 
ment of opposite polarity. Solution to th 
simultaneous problems of low impedar 
to heat flow and reliable electrical insuld 
tion of the interface between element ho 
junction connecting shoe and heat-soure 
wall appears best found in the area of higk 
density vitrified ceramic materials 
Heat-flow impedance at this interface i 
the sum of the interface and insulatio: 
thermal resistances. The electrical insuld 
tion thermal resistance, proportional t 
thermal conductivity and thickness, = 
reduced by use of thin vitreous coating 
on the element hot-junction connectini 
shoes. Also, by use of such bonded coat 
ings, one mechanical interface betwee 
shoe and source wall is eliminated. 


temperatures over 900 F to produce pan 
tial, mechanically bonded contact to # 
hot-junction shoe. Reducing atmosphere 


operating temperature the oxides th 
may be present on the interface material. 
This reduction of interface oxides by reé 
ducing atmosphere may be observed i 
the drop of internal resistance observed i 
the first few hours of operation of a pre 
sure-contacted doped lead  tellurid 
thermopile. It has been noted that th 


thermal impedances of all the mechanic : 


(| 
NN] oi 
an 
WAS INSULAT AT 


RADIATOR zs 
Fig. 4. SNAPIII generator, 3M-1 thermopile 


aid the transfer of heat across dry me- 
chanical interfaces, thus lowering interface 
themal impedance. 


BETWEEN THE ENDS 


As previously considered in the section 
on configuration, thermal insulation losses 
can be best limited by covering the 
source wall area with a maximum of 
thermoelectric material. Where a match 
can be designed between thermal watts 
needed per unit area of element and 
thermal watts available per unit area, this 
ideal can be approached according to the 
ingenuity of the designer in shaping ele- 
ments for close packing and arranging hot 
junction connecting shoes. Usually, the 
1-to-1 area match ideal cannot be realized 
for reasons of configuration, mechanical 
design feasibility, or cold-end transfer 
capacity. 


THE CoLp END 


Cold-end thermal impedance, like that 
of the hot end must be minimized while 
reliable electrical insulation is maintained 
between elements and radiator wall. Fig. 
4 illustrates one scheme of cold-end de- 
sign for pressure-contacted elements. 

_ The design of Fig. 4 utilizes a bonded 
metallic cold-end element contact. This 
contact member is in mechanical contact 
with a pressure applying member which is 
electrically insulated from the radiator 
hardware by means of a thin coating. 
Other schemes of greater or fewer me- 
chanical interfaces may be readily devised 
depending on configuration, radiator wall 
area available per element, necessity of 
hermetic sealing and cost. The required 
features of any pressure-contacted ele- 
ment cold-end design are 1. reliable elec- 
trical insulation and 2. mechanical flexi- 
bility in the thermal path from element to 
radiator wall sufficient to permit in- 
dividual element differential movement 
under spring loading. 
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The design of Fig. 4 aids electrical in- 
sulation reliability by avoiding compres- 
sive loading of the electrical insulation. It 
provides mechanical flexibility in the 
cold junction thermal path through the 
sliding fit between the pressure-applying 
member and the radiator wall. Thermal 
impedance of this mechanical interface 
is reduced by its relatively large area 
and a grease-like coating applied to the 
interface at assembly. Other schemes 
involving flexible metallic bellows, dia- 
phragms, etc, may have advantages 
dependent upon obtainable areas, thick- 
nesses and thermal conductivities of the 
interfaces, electrical insulation, and hard- 
ware involved. 

Heat transfer from the radiator wall 
to the available heat sink is a complex 
subject which may be attacked in a num- 
ber of ways with or without liquid or 
gaseous transfer mediums. Since the 
transfer rate of all heat-transfer meth- 
ods—convection, conduction and ra- 
diation—is proportional to area, it 
is advantageous to design for maxi- 
mum radiator area consistent with 
other problems. Generator designs for 
use in space environment face limitations 
in radiator area and weight. These 
limitations raise the temperature driving 
force necessary for the required radiation 
heat dump rate, with resultant lowering 
of generator Carnot efficiency. The 
spherical and cylindrical generator con- 
figurations have the inherent advantage 
of higher external area than flat configura- 
tions for the same area of thermoelectric 
material. The thermopile designer may 
find it often to his advantage to utilize 
cylindrical or spherical configuration 
to ease the problem of cold-end heat trans- 
fer, and at the same time benefit from 
the structural strength, minimum weight 
and reduced difficulty of hermetically 
sealing “round” configurations. 


Output and Control 


The problem of output control is essen- 
tially one of heat input and radiator rejec- 
tion rate control. The ability to control 
thermal input varies with type of heat 
source from moderate for direct fired to 
not-at-all for nuclear isotope sources. 
Less variation exists in ability to control 
heat rejection rates. Also the problem 
of thermal inertia in thermoelectric gen- 
eration at the present state of the art 
makes output response to load changes 
sluggish. 

Inertia can be reduced by shrinking 
element size while holding L/A constant 
for any generator design, provided that 
source energy density and all heat trans- 
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fer rates can be increased proportionately. 
These provisions are increasingly difficult 
as size of element goesdown. Where fast 
response to load change is needed, the best 
solution may be found in the use of an 
electric accumulator between generator 
and load or by control switching of a 
reserve portion of the pile to match the 
load. Like most of the designer’s prob- 
lems, control response will be aided by the 
reduction of weight which will be made 
possible by higher efficiency materials. 
The difficulty of rapid response con- 
trol of thermoelectric generators typical 
of today’s state of the art is such that 
they should be considered best suited to 
stable or slowly varying loads, except 
where battery accumulators can be used 
for instantly available reserve power. 
Because of the fact that thermocouples 
are inherently low-voltage high-current 
devices, the problem of designing to high- 
voltage low-current loads becomes diffi- 
cult. Since high-voltage low-current out- 
put requirements lead to high generator 
internal impedance design, the number 
of thermoelectric elements goes up and 
their L/A ratio becomes high. As the 
L/A ratio goes up, elements become long 
and thin, thus creating problems of me- 
chanical strength for the designer and 
making element fabrication difficult. As 
design power goes up, the problem resolves 
itself since most electric power is utilized 
at under 200 volts, regardless of amperage. 
It may be stated as a generalization that 
generator designs for output characteris- 
tics of less than 10 watts and more than 
10 volts would be simplified, if static 
d-c to d-c voltage conversion were used 
to achieve design output voltage. Pros- 
pective users of thermoelectric genera- 
tion at low power levels should consider 
the voltage problem in their system 
design and strive for voltage-to-current 


Table II. Operational Characteristics of the 
3M-1 Thermopile 
At Source 
Initial* Half-Life 
Thermal input, watts.......... O62 Jon 48 
Foeling, Cuties si... seems antes 3,000.5, %... 1,500 
Dose rate, generator surface, 
milliroentgens per hour...... LOOm aah 350 
Dose rate, at 1 meter, milli- 
roentgens per hour.......... brains 3.5 
Hot junction temperature, 
Gegreesikt: sare .<.atis wey code|s caigs LOGS at 720 
Cold junction temperature, 
degrees! Bo. cic sus: /otivenvontts 400 er 170 
Electrical output, watts....... Oita 2.4 
Voltage at maximum effi- 
CIENCY.% 54: cova naan eta B20 nies. 2.4 
Over-all efficiency, %......... 15. Oats 5.1 
Watt-hours, first half-life =8,000 


Watt-hours/pound, first half life =1,600 


* Estimated. 
half-life values, 


Actual fuel load was initially at 
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tatios of less than unity if possible in the 
10- to 50-watt ranges. 


The SNAP III Generator 


The Snap III nuclear-fueled generator, 
Fig. 4, is a working example of practical 
thermoelectric generation.*4 It utilizes 
a type 3M-1 thermopile of cylindrical 
concept built so as to receive a tapered 
eyclindrical isotope (polonium 210) con- 
tainer as its heat source. Since the 
Snap III was designed to demonstrate 
feasibility of thermoelectric power supply 
for space vehicles, heat rejection is by 
tadiation only. The design of this thermo 
electric generator established many of the 
concepts outlined here. Its operational 
characteristics are given in Table II. 
The thermoelectric element and thermo- 
pile specifications are as follows: 


THERMOELECTRIC ELEMENT SPECIFICATIONS 


Material: p and n doped lead telluride 
An/Ap ratio: 0.89 

L, element length: 1.0 inch 

Ron, resistance per couple: 0.07526 ohm 
Ec, couple voltage: 190 millivolts 
Segmentation: n yes, p no 


THERMOPILE SPECIFICATIONS 
Tn, temperature, hot junction: 1,100 F 


T,, temperature, cold junction: 400 F 

Po, power output: 5 watts 

Vz, voltage output, maximum efficiency: 
2.8 volts d-c 

Ry, internal resistance: 2.03 ohms 

R,, load resistance, maximum efficiency: 
2.12 ohms 

Number of couples: 27 

Heat source: polonium 210, 138-day half- 
life 

Diameter: 4.75 inches 

Height: 5.5 inches 

Weight: 5 pounds 


This generator is working proof of 
practical thermoelectric power. It should 
be noted that the efficiency attained was 
the result of a combination of good 
efficiency thermoelectric materials, sub- 
stantial design and a 100% thermally 
efficient heat source. The demonstrated 
efficiency may be debated from the stand- 
point of economics, but it remains a trib- 
ute to those who brought about its 
existence. This same group has since 
built and operated an advanced design 
generator of greater than 7% over-all 
efficiency. 


Conclusions 


The problems confronting the develop- 
ment and design of thermoelectric genera- 


tors which extract maximum useful 
from today’s semimetal thermoelec 
materials have been presented. 
discussion of these problems serves 61 
to define their probable boundaries. (1 
solutions suggested indicate only that 
problems have been attacked, not solv 

An example has been given as pt 
that the concepts defined herein hi 
been reduced to practice and tt 
thermoelectric generation is practi 
today for many applications which ¢ 
difficult or uneconomical to accomplist 
with conventional power-generati 
methods. 
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Environment 


Electric equipment operated at a 315 C 
(degrees centigrade) ambient temperature 
in the low-density air at 80,000 feet 
altitude may develop hot spots several 
hundred degrees above the ambient. 
Storage of aircraft at temperatures far 
below freezing subjects the electric 
equipment to moisture condensation and 
produces pronounced changes in the 
electrical and mechanical properties of 
the materials. The materials to be used 
in this program are evaluated and chosen 
on the basis of their individual prop- 
erties and on their compatibility with the 
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other materials. In general, only n 
organic materials can be expected to hav 
any appreciable life at the higher emi 
peratures to be encountered. | 


Performance 


The transformer-rectifier unit bein: 
developed for high-temperature servic: 
is to convert power from a 200-volt 3 
phase 400-cycle supply to give a 28 
volt d-c output at 50-ampere load. — 
radio noise filter network is to be pro 
vided. Electrical performance of th 
unregulated lightweight transformer-rec 
tifier unit restricts the minimum nunr 


200-VOLTS, 3-PHASE 
400- CYCLE, SUPPLY 


Mi aoleaa hs 


POWER 
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Circuit of 50-ampere transforme 
rectifier power supply 


Fig.vete 
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Fig. 2. Test core 
assembly 
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Fig. 3. Magnetization curves 


A—4.7% silicon unoriented iron 0.014-inch thick 
B—3% silicon oriented iron 0.012-inch thick 
C—3% silicon oriented iron 0.004-inch thick 
D—27% cobalt oriented iron 0.025-inch thick 
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Fig. 4. Conductivity tests of no. 17 AWG copper wire with 0,006-inch nickel plate 


A—Versus aging time at 500 C 
B—Versus temperature 


ber of phases to six. Mechanical con- 
siderations discourage the use of a higher 
number. Regulation and efficiency re- 
quirements eliminate consideration of 
bridge-type circuits with high-tempera- 
ture rectifiers because of the double 
voltage drop thus introduced. 


Circuit 


Fig. 1 shows a 6-phase double-Y con- 
nection with an interphase transformer 
which permits two rectifiers to operate 
in parallel at all times, thus reducing the 
rectifier loading and transformer second- 
ary kilovolt-ampere rating. Although 
delta-primary connections are preferred 
for rectifier applications on the basis of 
a-c harmonic considerations, the Y con- 
nection was chosen for this relatively low- 
power unit because it maintains the 
output voltage better under a single- 
phase fault condition. With only two 
secondary windings per phase, the coil 
build-up is held to a minimum, and in- 
terleaved windings are easily made. 
Consequently, a low leakage reactance is. 
obtained. Radio noise filtering, as shown,. 
is achieved by straight capacitance filter 
networks across the input and output 
circuits. This form was chosen to obtain. 
minimum weight and complexity. 


Magnetic Materials 


Choice of a core material from the- 
presently available ferromagnetic alloys- 
called for further investigation of their 
properties over the broad temperature- 
range to be encountered in service.. 
Special core assemblies suitable for use in. 
an oven were prepared by the steps shown. 
in Fig. 2. Magnetization curves at. 
500 C, 300 C, and —60 C are given in. 
semilogarithmic plots for 4.7% silicon 
unoriented iron in Fig. 3(A), 3% silicon 
oriented iron in Fig. 3(B), (C) for heavy~ 
and thin gages respectively, and 27% 
cobalt oriented iron in Fig. 3(D). Even. 
under heavy magnetizing forces the- 
4.7% silicon unoriented iron achieves. 
only moderate induction. The 3% sili-. 
con oriented iron in both the heavy and_ 
thin gages attains a higher maximum _ 
induction, but it is quite temperature - 
sensitive except in the region where the 
curves cross at an induction of about 10° 
kilogausses. Curves for the 27% cobalt - 
oriented iron show it to be the least tem- 
perature sensitive and capable of higher © 
maximum induction than the others. 
The fact that a relatively high magnetiz- 
ing force is required with this latter ma- 
terial is not a serious disadvantage for 
application in this program because the 
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higher induction contributes to weight 
reduction. However, it should be noted 
that if a nuclear environment were pres- 
ent, a material with cobalt should not be 
used because it becomes activated. 


Wire 


Because the expected service life at 
high temperature is only 20 hours, a high 
degree of oxidation resistance is not re- 
quired in the magnet wire to be employed 
in the transformer windings. Tests indi- 
cate that copper wire is adequately pro- 
tected when covered by a 0.0006-inch 
plating of nickel. The relatively minor 
effect of 500 C aging in air on the electric 
conductivity of this type of wire is shown 
in Fig. 4(A). The bottom curve in that 
figure and the one in Fig. 4(B) serve to 
illustrate the fact that copper, like all 
other common conductors, has a tempera- 
ture coefficient which causes its conduc- 
tivity to decrease to less than half of its 
room temperature value when heated to 
300 C. Photomicrographs from etched 
cross sections of nickel-plated copper wires 
before and after aging for 200 hours at 
500 C give a visual picture in Fig. 5 of the 
metallurgical effects. In the left-hand 
view, the outer layer of nickel covers an 


5 (left). 
Effect of tem- 
perature aging 
on nickel-plated 
copper 


Fig. 


Fig. 6 (right). 
Effect of tem- 
perature aging on 
conductor joints 


Fig. 7 (left). 
Electric connec- 
tion—welding 


bead 


Fig. 8 (right). 
Electrical con- 
nection— photo- 
micrograph _ of 
brazed joint 


inner copper core made fine grained by its 
process of production. High-tempera- 
ture aging produced an increase of grain 
size by recrystallization in the copper core 
of the right-hand view. It also left a 


A : 5 | 
ing. Any deterioration in the layer 
copper beneath the nickel constitut 
such a small portion of the total cro 
section that the effect on over-all co 
ductivity is small, as was shown in Fi 
4(A). The evaluation of other conduet 
materials indicates that silver and alum 


thin reacted layer under the nickel coat- | mum may be considered as alternates, b 
: 
q 

Table I. Magnet Wire 

s 

Copper, 0.0006-Inch Nickel Plate, 400 C Insulation a 
Bare Copper Resistance Plated Wire Resistance : 

Wire Diameter Ohms/M-ft. : Ohms/M-ft. : 
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silver will be more costly and aluminum 
connections are more difficult. 


Joints 


A variety of techniques have been 
tried for producing twisted conductor 
joints as shown in Fig. 6. Row (A) illus- 
trates the condition of electric joints be- 
fore test and row (B) the change caused 
by aging 100 hours at 540C. These 
specimens were prepared by 1. arc 
welding in inert gas, 2. brazing with 72% 
silver and 28% copper, 3. brazing with 
50% silver, 16% zinc, 18% cadmium, 
and 16% copper, 4. brazing with 50% 
silver, 34% copper, and 16% zinc, 5. 
razing with 80% copper, 15% silver, 
und 5% phosphorus, and 6. brazing silver 
with 80% copper, 15% silver, and 5% 
Jhosphorus. The welded junctions deteri= 
rated very little as a result of aging. 
A photomicrograph in Fig. 7 shows the 
feneral good condition of the weld bead 
nd its junction with the conductor which 
vas protected by the nickel coating ex- 
ending intact into the bead. The braz- 
ng alloys containing phosphorus de- 
eriorated badly, but the high silver 
Moys produced a good joint. A photo- 
nicrograph from a section of the fourth 
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Fig. 9 (left). Coating tower 
for magnet wire 


Fig. 10 (right). Wacuum im- 
pregnating furnace for insulat- 
ing compounds 


Fig. 11 (left). Insulating com- 

pounds resistivity versus temp- 

erature; potted test coils, 
vacuum impregnated 


Fig. 12 (right). Insulating 
compound reacted in electric 
winding 


joint, as shown in Fig. 8, is typical of the 
better brazed joints. 


Wire Insulation 


Successful wire insulation for coating 
of nickel-plated copper must produce a 
suitable adherent insulating layer on the 
final conductor in order to be capable of 
withstanding deformation associated with 
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the winding process and also retain good 
properties when heated in the finished 
winding. The desired combination of 
properties has been attained by the use 
of an inorganic pigment in a resin coating 
on the magnet wire. The first four col- 
umns in Table I give the nominal dia- 
meters of “bare,” “plated,” and “in- 
sulated’’ wires of this type for a range of 
sizes from 6-30 (American Wire Gage). 
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Fig. 13. Structural materials 


A—Mechanical properties versus temperature 
B—Impact strength versus temperature for stainless steel 
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Fig. 14. Semiconductor crystals development flow chart 


for gallium phosphide rectifiers 


Fig. 15 (right). 
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Fig. 16. High-temperature rectifier device 
configuration ; 


In the remaining columns the tabulation 
shows a comparison of bare and nickel- 
plated wire resistances at temperatures of 
—55 C, +20 C, and 400 C. It may be 
noted that the plated wire has an ap- 
preciably lower resistance than the cor- 
responding bare wire in the higher gages. 
This is due to the fact that the same 
nominal gage size has been here assigned 
to wires with the same copper cross sec- 
tion. The change in resistance between 
—55 C and +400 C is more than three- 


Fig. 17. Vacuum furnace for coating metal foil 
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DICE 
PREPARATION 


Crystal pulling furnace 


fold. Application of this type of wire 
insulation has been done in an experi- 
mental enameling tower whose bottom or 
entering end appears in Fig. 9. Heating 
a winding of wire so coated breaks down 
and drives off a portion of the resin to 
leave a deposit forming an inorganic 
coating on the wire. 

Subsequent vacuum impregnation with 
glass in a furnace of the type shown in 
Fig. 10 produces a solid winding struc- 
ture impervious to penetration by mois- 
ture. Impregnation involves a prelim- 
inary heating under vacuum in the upper 
furnace section, a dip into molten glass, 
and retraction into the upper hot zone 
where admission of inert gas or air forces 
molten glass into the winding’s voids. 
Simple glasses formed of low melting 
oxides penetrate best during impregna- 
tion because they are more fluid than 
those with higher melting points. How- 
ever, the lower melting point glasses 
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Fig. 18. Foil reeling fixture 


generally have lower volume resistivity 
a given temperature than do those witt 
higher melting points. Special glas 
mixtures have been devised which reac 
upon further heating and yield a. highe 
resistivity. In Fig. 11 the effect of suel 
a reaction on resistivity at elevated tem 
peratures is shown by circles for measure 
ments taken before and by triangles 
measurements taken after the extend 
heating. The increase in resistivity 
400 C, for example, is one-hundredfolé 
The curve represented by squares gi 
the resistivity values for a common c 
mercial cement, as a comparison. W- 
embedded in the reacted compound a 
shown in Fig. 12. ; 


Structural Materials 
Structural members need to maint 


good mechanical properties over 
full range of temperatures to be encoun 


tered. The elongation, yield, and tensile 
strengths of two typical alloy steels are 


shown in Fig. 13(A). Impact strengths 
of the same alloys, austenitic type 347 
and martensitic type 410, are given in 
Fig. 13(B). The advantage of the type 
347 alloy steel is particularly evident in 
its superior impact strength at low 
temperatures. 


Rectifiers 


Semiconductors to be considered for use 
as high-temperature rectifiers need to be 
capable of operation at temperatures even 
higher than the maximum ambient in 
order to compensate for extra losses 
produced by the higher forward voltage 
drop found in this class of materials. 
Rectification at temperatures above the 
315 C ambient has been observed in gal- 
lium arsenide, gallium phosphide, and 
silicon carbide. Gallium phosphide has 
been given prime consideration for this 
particular application because it has a 
relatively low forward drop of about 2 
volts at 500 C, its maximum operating 
temperature is less limited than is the 
gallium arsenide which has a ceiling of 
about 400 C, and when compared with 
Eicon carbide, it has a lower forward 
drop and better low-temperature perform- 
ance. 
| The semiconducting compound gal- 
lium phosphide presents all the pro- 
duction problems involved in making 
device-grade germanium and ‘silicon rec- 
tifiers, plus the additional problems that 
two elements rather than one are involved 
and the high-temperature reaction pres- 
sure at formation of the compound is 
over 10 atmospheres. The requirements 
‘or large crystals with a high degree of 
perfection to be formed from two very 
pure elements with exact stoichiometry 
of the compound call for extreme care 
throughout the manufacturing processes 


Fig. 19 (left). Foil 
winder for conden- 
ser assembly 


Fig. 20 (right). Ca- 
pacitor encapsula- 
tions 


represented by the flow chart appearing 
in Fig. 14. Equipment used for growing 
single crystals from a pool of molten 
gallium phosphide is shown in Fig. 15. 
The induction heating coil is at the 
bottom of the enclosure, and the magnetic 
suspension drive is visible at the top of 
the window. The desired degree of 
perfection has not yet been achieved in 
all the steps for production of gallium 
phosphide rectifiers. However, the form 
of a finished unit is shown by the phantom 
view in Fig. 16. 


Capacitor 


High-temperature capacitors need a 
dielectric material structurally able to 
withstand wide temperature changes 
while maintaining usable dielectric char- 
acteristics. Vacuum deposited quartz 
on thin aluminum foil is a good combina- 
tion which also has the advantage of 
producing a low ‘bulk factor in the fin- 
ished capacitor. A 12-mictofarad unit 
may occupy a volume as small as 2 cubic 
inches. 


Fig. 21. Testing 
high-temperature ca- 
pacitors 


The vacuum chamber used to coat 
foil for production of this type of ca- 
pacitor is shown in Fig. 17. Inside the 
cylindrical shield at the bottom is a 
tantalum crucible from which quartz is 
continuously evaporated when heated 
by electron bombardment. To replace 
quartz evaporated from the crucible, a 
feed mechanism at the top of the cham- 
ber introduces more through a tube, as it 
is needed. Manipulation of the foil to 
be double coated is performed by a mech- 
anism in the central rectangular frame- 
work. A detail view of it is given in Fig, 
18. The mechanical driving of the left- 
hand coupler is done by a shaft extending 
through a vacuum seal at the rear of the 
chamber. 

Capacitors are produced by concentric 
winding of two double quartz coated 
strips with a slight offset to provide a 
portion at each end for attaching leads. 
The motorized winder used for this opera- 
tion appears in Fig. 19. Two forms of 
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encapsulation for the finished capacitors 
are shown together with a scale to gage 
their size in Fig. 20. The vacuum-tight 
metal enclosures have high-alumina in- 
sulated terminals for connection of ex- 
ternal leads. Checking capacitance of 
finished units over a wide temperature 


range is done with the bridge-type in- 
strument appearing at the left of Fig. 
21 while connected to the bank of four 
thermally insulated test chambers. Over 
the —50to +450 C range, the capacitance 
temperature coefficient is about 0.01% 
per degree centigrade. 


Trends in Ground Bed Design for 
Cathodic Protection of 
Underground Structures 
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ATHODIC protection of underground 
structures for the mitigation of cor- 
rosion to those structures has long been an 
established means for controlling corro- 
sion. It is interesting to note that this 
paper deals primarily with a relatively 
new technique in the field of corrosion, 
proposed originally by the man given 
credit in ‘“Who’s Who” for the develop- 
ment of cathodic protection. This man, 
Mr. R. J. Kuhn, a consulting engineer 
in New Orleans, La., has made several 
contributions in the field of corrosion con- 
trol. The original idea of cathodic pro- 
tection is one of impressing a direct cur- 
rent in such a way as to counteract the 
tendency of the galvanic or man-made 
electric currents which tend to leave the 
underground structures, thereby counter- 
acting the loss of metal through the elec- 
trochemical process known as corrosion or 
electrolysis. 


Cathodic protection of underground 
structures using galvanic anodes com- 
posed of zinc or magnesium has many ap- 
plications in industry today. When 
protection requirements of the structure 
exceed that available from galvanic 
anodes, a method using an impressed cur- 
rent must be employed. The anode 
material can then be any expendable met- 
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al desired: The conventional distributed 
anode type of ground bed, in which manu- 
factured anodes are placed in a suitable 
horizontal array near the surface of the 
earth, is in wide use today. Anodes 
commonly used in the conventional 
ground bed are graphite and high-silicon 
cast iron. 

Southern Bell Telephone and Tele- 
graph Company installed the first ground 
bed for protection of underground cable 
sheaths in New Orleans in 1931. Itwasa 
conventional ground bed using graph- 
ite anodes. Seven more conventional 
ground beds were installed in the period 
from 1931 to 1951. 

Since Southern Bell has invested more 
than five million dollars in underground 
cables in the New Orleans area, and 92% 
of the cables have lead sheaths, the prob- 
lem of cathodic protection is an important 
one. Fig. 1 shows the number of sections 
of underground cable which had to be re- 
placed in the period from 1951 to 1955. 
These sections failed because of sheath 
breaks due to corrosion and had to be re- 
placed with new cable. The cost of the 
replacement cables is also shown in 
Fig. 1. Since the total cost of replacing 
corroded sections exceeded 216,000 dol- 
lars for this period, efforts were made to 
speed up the cathodic protection pro- 
gram as much as possible. Nine more 
conventional ground beds were installed 
in this period. 


Experience with Conventional 
Ground Beds 


Efforts to speed up the cathodic pro- 
tection program were hampered by 
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Conclusion 


The evaluation of these materials and 
components indicates a successful trans. 
former-rectifier power supply can be 
built with the circuit configuration de 
scribed. 


certain characteristics of the conven. 
tional ground bed. Considerable en. 
gineering and survey time was consume¢ 
in finding locations suitable for construe 
tion of the ground bed and the obtaining 
of the necessary right-of-way. 

Close co-ordination was essential with 
other utilities having underground strue- 
tures in the area. Extensive tests wit 
New Orleans Public Service, Inc., an 
Sewerage & Water Board of New Orlean: 


bed, and the amount of drainage re 
quired to offset this influence. Cost: 


high; as high as 3,900 dollars in tota 
cost on a _ particular ground e 
installation. ‘ 
_ Another factor of importance was 

fact that so much of the rectifier outpir 
was required for drainage on structure: 
other than the one under primary con 
sideration. As much as 36% of the rec 
tifier current output was required to off 
set undesirable influences to other struc 
tures. This meant higher operating | 


and shorter life ground beds than other 


wise required. 


that if a minimum horizontal separatic 
of 150 feet was maintained between th 
ground bed and other structures, unde 


|__NUMBER OF 
FAILURES 


OVER 


216,000. 


NUMBER OF CABLE FAILURES 


COST OF 
REPLACEMENT 


1950 


Fig. 1. Cable failures and cost of replace 
ment since 1951 for New Orleans, La. — 


1952 1954 1956 1958 1960 _ 
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BUCKETS FILLED WITH 
PRESSURE PLUG 
CEMENT 


3/4" STEEL PLATE 
I" LONG WELDED 
TORAIL 


ae fe 
PIPE PROVIDES MECHANICAL 


PROTECTION FOR LEAD WIRES 
DURING INSTALLATION 


IRON BAR THROUGH HOLE 
USED TO SUSTAIN WEIGHT 
DURING LOWERING OPERATIONS 


PLATE USED TO BOLT RAILS 
TOGETHER AT TIME OF 
INSTALLATION 


POINT WELDED TO FIRST 
RAIL PREVENTS JAMMING 
IN WELL 


Fig. 2. Rail anode fabrication details 


irable influences could be reduced to 
iegligible values with a drainage cur- 
ent not to exceed 10 amperes. It is, of 
‘ourse, obvious that this separation, 
while being sufficient in New Orleans, 
nay not be enough in other areas. 
[hese criteria would, of necessity, have 
o be determined for any specific ap- 
lication by tests. Serious consequences 
‘ould otherwise result. These separation 
riteria were substantiated by joint tests 
nade by Southern Bell and New Orleans 
Public Service, Inc., in 1956. The re- 
uults of these tests are shown in the 
Appendix. 

During 1955 and early 1956, a total of 
13 additional shallow ground bed sites 
were located. This seemed to have ex- 
1austed the supply of available locations. 


Fig. 4. Rail anode showing cone point 
> 
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LEADS ENCASED 
IN 2" PIPE TO 
RECTIFIER 


CONCRETE CAP 


LEAD FROM EACH 
RAIL BROUGHT TO 
RECTIFIER 


ANODE ASSEMBLY 
I31* 1YD RAIL 


Fig. 3. 


Deep ground bed installation 


Deep Vertical Ground Bed 


The idea for the deep vertical type of 
ground bed was obtained from Mr. R. J. 
Kuhn, Consulting Engineer, and Mr. 
S. E. Trouard,! New Orleans Public 
Service, Inc. The deep ground bed had 
been used successfully for cathodic 
protection of steel gas mains in areas 
where conventional ground beds proved 
impracticable. The ground bed as used 


by New Orleans Public Service, Inc., was 
essentially composed of used rail in a 
well 8 inches in diameter by 250 feet deep. 

The basic design as used by New 
Orleans Public Service, Inc., was adapted 
for application to Southern Bell re- 
quirements. The size of the anode ma- 
terial was increased to compensate for 
larger current drains (about 10 amperes) 
required. Other changes were made to 
facilitate the fabrication and handling 
of the anode by a local contractor. 

Fig. 2 shows general fabrication de- 
tails of the rail anode assembly as used 
by Southern Bell. Two 39-foot used 
rails weighing 130 pounds per yard are 
employed. One anode lead from each 
rail is brought to the ground surface. 
Each lead is attached to the rail in three 
places. Each point of attachment is 
protected by a welded bucket filled with 
pressure plug cement, and a tar sealing 
compound is poured after heating. Each 
lead is threaded through metallic pipe 
welded the length of the rail for mechan- 
ical protection during installation. The 
lead from the first rail is threaded through 
the pipe on the second or top rail at the 
time of installation. 

A cone-shaped point is welded to the 
first rail to avoid possible jamming in the 
well during the lowering operation. The 
two rails are bolted together with steel 
joint plates at the time of installation. 


Fig. 5. First rail connection 
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Fig. 6. Second rail connection 
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This forms a completed anode assembly 
approximately 80 feet long, weighing 
about 3,500 pounds. 

The completed assembly is lowered into 
a well 10 inches in diameter by 300 feet 


deep drilled by a local contractor. Fig. 
3 shows a typical ground bed installation, 
Since the well has no casing, the lowering 
operation takes place immediately after 
drilling is completed. The hole will 
usually remain open somewhat in excess 
of 6 hours which permits adequate lower- 
ing time. The assembly is lowered with 
galvanized steel strand which is cut off 
and dropped into the well after com- 
pletion. Tests were made in 1956 to 
determine if the steel strand had any 
undesirable influence; none was detected. 


Fig. 7 (left). 
Drill rig 


Fig. 8 (right). 
Close-up of drill 
rig 


Fig. 9 (left). 
End of lowered 
first rail 


Fig. 10 (right). 
Joining rails 


No special backfill is used in addition 
to the regular amount of drilling mud 
used by the contractor in his drilling 
operations. The hole closes in of its own 
accord in a day or so. 

Figs. 4-11 show equipment and installa- 
tions. The estimated useful life of this 
ground bed is calculated on the basis of 
failure after two thirds of the metal is 
consumed. For current densities used 
(8 to 10 amperes per ground bed), a 
useful life of 10 to 13 years is expected. 

Total cost of the installed anode as- 
sembly is approximately 1,200 dollars. 
The cost of a shallow ground bed of equal 
life would cost approximately 1,000 dol- 
lars, plus an undetermined amount spent 
on co-ordinated tests. 
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A cost breakdown showing the vari 


stallation of the deep vertical ground bec 
is shown in the Appendix. 


Results Using Vertical Ground Bed 


Fig. 12 shows the number of cabld 
failures since 1951. The curve shows ¢ 
marked decline in the period after 1 
The number of failures has decrea 
from 39 in 1955 to a total of 3 for 1958 
The use of the deep ground bed has 
abled the cathodic protection program 
to proceed with minimum delay ame 
achieve these results. i 
Ground bed resistances have beet 


‘quite satisfactory. There has been n 
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evidence of gas blocking in approxi- 
mately 3 years of operation. Table I 
shows some typical values of over-all 
circuit resistance for conventional and 
deep ground beds. 

Ground bed resistances in New Orleans 
have been extremely satisfactory. It 
would be appropriate, when locating 
beds of this type in other areas, to make 
soil resistivity tests by vibro-ground, 
earth resistivity megger, or other sat- 
isfactory means to the expected drilling 
depth so that depth selection might be 
made to facilitate an economical and 
satisfactory installation. No tests of 
this type were made, however, in the 
New Orleans installations since it was 


Table |. Typical Circuit Resistances for 
Conventional and Deep Ground Beds 
Over-all 
Circuit 
Ground Bed Resistance 
Designation Type (Ohms) 
Richard & Eighth...... Conventional..... 1,28 
Franklin & Perry....... Conventional.....0.62 
Pade AVE. KO. es crete Conventional..... 1.33 
Aviators & Bancraft....Conventional..... 0.89 
Blara & Jena. ......... Cnventional..... 1.07 
RO Oe REE ese se ye se Conventional..,.. Weds} 
stecharles C.O.........Conventional..... 0.80 
Rayne & Van.... .,Conventional.....1.55 
th & Belanger... ...Conventional..... 1S 
Toulouse & Bourbon....Conventional..... ile 
meaple: & Oak... nes. esas es Deep, hare = = 0.46 
Mouseum & Joseph.........Deep........ 0.39 
Dorgenois & Columbus Deepiva. «eas 0.35 
Monroe & Solon........... Deeptr cater 0.45 
Solisetim & Louisiana....... Deep........ 0.38 
Burgundy & Floor......... Ween sur oe 0.39 
Painters & Benefit......... Deep rian sues 0.31 
womap & Spain........... +. IBS Soe Mee Aen 0.36 
Marais & Montegut........ JDYSS Re nee 0.33 


mato & Roman,.,......:.- Decpson-.- 0,62 
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Fig. 11 (left). 
stallation 


Fig. 12 (right). 
and cost of replacement 


well known from existing data what the 
results should be. 


Deep Ground Bed Using High- 
Silicon Cast Iron 


A new anode assembly has been de- 
veloped and is being installed by Southern 
Bell using high-silicon cast iron. The 
new assembly is designed with a useful 
life of indefinite length (calculated in 
excess of 100 years). The cost of the 
completed assembly is 45% that of the 
rail and total weight is 500 pounds or 
15% the weight of the complete rail 
assembly. 

The fabrication details are shown in 
Fig. 13. Four 3-inch-diameter 60-inch- 
long high-silicon cast iron anodes are 
strapped to a length of channel iron 
which has been painted with a coal tar 
enamel. The channel iron is intended 
to hold the assembly in a vertical array 
during lowering and until the hole settles 
in around the anodes. The assembly is 
lowered into a 10-inch-diameter 200- 
foot-deep well, with a 1/2-inch manila 
rope. This avoids placing undue strain 
on lead connections and also insures 
electrical remoteness of the ground bed. 


The anode assembly using high-sili-— 


con cast iron appears to offer a ground 
bed of equal electrical performance at 
lower initial cost, lower maintenance 
costs, and much longer useful life. From 
the data available at the present time, it 
appears that the high-silicon cast-iron 
assembly has advantages which make it 
preferable to the rail assembly. 
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Rectifier in- 


Cable failures 


NUMBER OF 
FAILURES 


COST OF 
REPLACEMENT 


NUMBER OF CABLE FAILURES 
COST OF REPLACEMENT- THOUSAND DOLLARS 


1950 1952 1954 1956 1958 1960 


Other Deep Ground Bed Designs 


Interstate Oil Pipe Line Company in 
Shreveport, La., has developed and has 
used a deep ground bed of graphite rods 
with backfill at depths up to 250 feet. 
General details are shown in Fig. 14. 
Thirty-three, 3-inch by 60-inch graphite 
rods are assembled to form a continuous 
anode 175 feet in length. The anode is 
centered in an 85/;-inch casing filled 
with coke-breeze backfill. The anode 
leads are brought to the surface; one 
from the top of the graphite anode as- 
sembly and one from the casing. Ex- 
pected life is over 20 years at currents 
of approximately 30 amperes. Ground 
bed resistances of less than 1 ohm are 
reported. 

Fig. 15 shows how Interstate plans to 
use a ground bed using high-silicon cast- 
iron anodes. A coke-breeze backfill will 


_be used. 


4* 8 CP LEADS 
BROUGHT TO SURFACE 


1/2" WALL STRAP BOLTED 
TO CHANNEL IRON 


3" X 60" HIGH- SILICON 
CAST IRON ANODE 


2" X I"X 3/16" CHANNEL 
IRON 
AERO-SEAL CLAMPS 


6" WELDING CAP 
WELDED TO CHANNEL 
IRON 


Fig. 13. High-silicon cast iron anode 
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RECTIFIER 


2/0 CABLE 


PIPELINE 


2/0 CABLE & 6 WIRE 
BONDED TO CASING 
SPLICE 2/0 & 2 CABLE 


35-3" X 60" GRAPHITE RODS 
W/ SPECIAL END CONN. 


~ I~ 95/8" 0.0. USED CASING IN 
Ay 15' LENGTHS 


WELD ALL JOINTS 


END OF #6 WIRE 


#2 CABLE FROM GRAPHITE ROC 


PEA SIZE COKE BREEZE 
(1/4" -374") 


ORANGE ee 


PEEL BOTTOM 


Fig. 14. Installation by Interstate Oil Pipe 
Line Company using graphite anodes 


RECTIFIER 


WELD ALL JOINTS 


6 Yg" 0.D. USED CASING 
IN 30' LENGTHS 


TAPE CABLE & SHEET 
ASBESTOS SHIELD TO 
ANODE BEFORE WELDING 
TO PREVENT DAMAGE TO 
INSULATION 


END OF 2/0 CABLE 


PEA SIZE COKE BREEZE 
(1/4" X 3/4") 


ORANGE PEEL BOTTOM 


Fig. 15. Installation by Interstate Oil Pipe 
Line Company using high-silicon cast iron 
anodes 


The Chesapeake and Potomac Tele- 
phone Company has installed four deep 
ground beds in the vicinity of the Pen- 
tagon Building in Washington, D. C. 
The anode assembly used is shown in 
Fig. 16. Two 3-inch by 60-inch high- 
silicon cast-iron anodes are held together 
by a collar and short piece of steel strand. 
One anode lead is brought to the surface. 
The assembly is lowered into a 100-foot 
well using manila rope. No special 
backfill was used. 

The four deep ground beds are aug- 
mented by duct-type high-silicon cast- 
iron anodes. Total expected delivery is 
32.7 amperes at 25 volts which is 838% 
voltage capacity and 71% current ca- 
pacity of the silicon rectifier used. Over- 
all circuit resistance is 0.77 ohm. 

The Willmut Gas and Oil Company in 
Mississippi has used deep ground beds 
backfilled at depths of 350 feet.? The 
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anode assembly is made up of high-sili- 
con cast-iron anodes attached to a 1-inch 
metallic pipe used to lower the anodes 
into the well. A coke-breeze backfill is 
pumped through the pipe until it flows 
from the top of the hole. The pipe is 
then removed by means of a loose cou- 
pling at the anode assembly to achieve 
electrical remoteness of the ground bed. 
Two main header wires are brought to 
the surface. Anode to earth resistances 
of less than 1 ohm have been achieved 
with no evidence of gas blocking after 
1 year of operation. 

The method developed by Steele and 
Associates, Inc., of Atlanta, Ga., makes 
use of high-silicon cast-iron anodes 
in a 6-inch-diameter by 200-foot-deep 
well. The anodes are strapped to a 
3/4-inch plastic pipe as shown in Fig. 
17. The plastic pipe is used to lower 
the anodes and to pump backfill of 
standard drilling mud, bentonite clay, 
aqua gel, or equivalent, into the well. 
The plastic pipe, which assures electrical 
remoteness of the ground bed, is left in 
the well in the event it becomes neces- 
sary to break gas blocking at some future 
date. This remoteness which is achieved 
is a relative quantity and refers to other 
installation techniques which may in- 
volve the use of metallic stranded cable 
or metallic pipe for lowering the assembly 
into place. Steele and Associates feel 
that this plastic pipe, which is left in the 
ground, may be used to flush the anode 
installation for purposes of breaking any 
gas blocking should it occur at some 
future date. Some 50 installations of 
similar nature have now been installed 
by these engineers. 


Conclusions and Trends 


Many problems which have been en- 
countered when applying cathodic pro- 
tection to underground structures have 
been alleviated by the use of the deep 
vertical ground bed. Extensive, co- 
ordinated tests with other utilities were 
made unnecessary by mutual agreement 
since the adverse influence on other 
structures are undetectable with present 
instrumentation. The deep ground bed 
using high-silicon cast iron has a very long 
useful life, and does away with expensive 
ground bed replacements. The use of 
backfill in higher resistance soils has 
been successful in lowering ground bed 
resistances to quite acceptable values. 

As more experience is gained with the 
newer designs of deep ground beds, it is 
expected that improvements and re- 
finements will be made. As improved 
anode materials and drilling techniques 
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2.2M STEEL STRAND 
USED TO LOWER ANODE 


ONE CP ANODE LEAD — 
BROUGHT TO SURFACE ~ 


STEEL STRAND 


2" STEEL SLEEVE 
FILLED WITH RESIN 
SEALING COMPOUND 


3"X 60" HIGH- SILICOK 
CAST IRON ANODE — 


Fig. 16. Anode assembly used by the 
Chesapeake & Potomac Telephone Company 


SEPARATE *8 C.P 
LEAD FROM EACH ANODE 


3/4" SCHEDULE 80 T. &C 
PV.C. PLASTIC PIPE 


sk hari 


2" X 60" DURIRON ANODE? 


HOSE CLAMP 


18" METAL PIPE NIPPLE 


eel leat 


BRACE ROD LOOPED © 
AROUND AND WELDED 
TO CAP IN TWO PLACES | 


3" WELDING CAP | 
{ 


i 

Fig. 17. Steele & Associates, Inc., anod: 
assembly | 

are developed, deep ground beds ol 
become attractive for application o 
cathodic protection where it is not prac 
tical at the present time. ee} 
i 


ground bed has answered a real need 
New Orleans and will continue to servi 
well in the years to come. 


Appendix 


lation of the deep ground bed using rail 
Figures are approximate and reflect ft 
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average of figures which have been en- 
countered in the past. 


Typical Costs of Rail Ground Bed 


3,300 pounds used steel rail........... $ 330.00 
(00 feet no. 6-type RR wire........,. 210.00 
Babrication charges... ......0.0.+.00e. 170.00 
350 feet 10M galvanized steel cable. . 30.00 
Pipe, miscellaneous steel, etc........... 70.00 
Labor and equipment for lowering 
BO deinto wells. 6. ist. dco cscee onc! 90.00* 
Anode well (10 inches diameter by 
BOMTeGt deep) te. 4. ses ssa nee e os, 300.00 
PL Ot alae itererctars hens !s ule dace « $1,200.00 


* This item is variable over wide ranges due to 
dependence on completion of drilling operation by 
well contractor. 


Fig. 18 shows a plot of the results obtained 
in tests performed jointly by Southern Bell 
Telephone and Telegraph and New Orleans 
Public Service, Inc. As indicated in Fig. 18 
two ground beds were installed in a vacant 
lot; one a deep ground bed using a rail 
anode assembly, the other a test ground 
bed composed of steel rods 5/8 inch diam- 
eter. 

Voltage gradient measurement were made 
using two copper sulfate half-cells. Read- 
ings were taken with one half-cell held 
stationary at a remote location while the 
other half-cell was moved to various loca- 
tions throughout the area. Readings were 
recorded with the rectifier on and with rec- 
tifier off for both the conventional ground 


Discussion 


G. P. Miles (Interstate Oil Pipe Line Com- 
pany, Shreveport, La.): In reading and 
commenting on this paper, I found many 
points of agreement and many new ideas 
which may be useful in the design of future 
Jeep ground bed installations. There are 
several other points which need clarifica- 
tion and still others with which I am not in 
igreement. 
- First, let us consider some of the advan- 
cages listed for deep ground beds. The 
1uthors listed the elimination of right-of-way 
sroblems and extensive co-ordinated tests 
with other utilities as major advantages. 
[ am in full agreement with the first and in 
yartial agreement with the second. 
- Though the elimination of right-of-way 
sroblems is certainly a major advantage for 
itility companies in congested areas, an 
idvantage of even greater importance is the 
idaptability of these ground beds to high 
esistance soil. The use of deep ground beds 
las afforded an economical method of ap- 
lying cathodic protection to bare pipe 
ines which were heretofore considered 
mpractical to protect due to their location 
n wultrahigh-resistance surface soil. Their 
daptability to this type of soil makes it 
yossible to install low-resistance ground beds 
4 any of the scattered locations of electric 
ower along pipe lines. Interstate presently 
as 13 cathodic protection rectifier—-deep 
round bed units in service. Many of 
hese installations are in soil of 100,000 
ams per centimeter and all are operating at 
elow 1 ohm total circuit resistance with the 
xception of one which is 3 ohms. 

Another extremely important advantage 
f deep ground beds is the extensive protec- 
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Fig. 18. Plot of & 
results using two «& 
ground beds tk 
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CONVENTIONAL GROUNDBED 
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Mea a 


DEEP GROUNDBED (ALL ROWS- NEG 
(3-30' RAILS, 90* | YD. IN 300' HOLE ) 


LIGIBLE ON THIS SCALE) 


90 120 150 180 210 


DISTANCE FROM DEEP GROUNDBED- FEET 


bed and the deep ground bed. The dif- 
ference between the “rectifier on” readings 
and “rectifier off” readings is plotted as a 
function of distance in Fig. 18. The data 
recorded for the deep ground bed did show 
some slight variations, but they were neg- 
ligible when plotted on the scale used. 


The change in earth potential due to the 
conventional ground bed is appreciable up 
to distances of 150 feet, while the changes 
due to the deep ground bed are negligible at 
all distances. 
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tive current spread obtained. Protection 
from deep ground beds in many cases is 
equal to three times the pipeline surface 
area which could be protected from a normal 
ground bed with equal current output. 

In regard to the elimination of extensive 
interference surveys, interference is mini- 
mized, but the need for such surveys is not 
eliminated. Remember that all ground 
beds act differently and the elimination of 
interference surveys based on the results of 
one or a 100 tests can mean serious and 
costly damage. The reported test of inter- 
ference using two copper sulfate half-cells 
leaves much to be desired. Interference 
tests conducted in areas where potentially 
interfering metallic conductors are not 
present seem baseless. Possibly, these 
tests were performed with interfering ele- 
ments present; however, the magnitude of 
potential damage from improperly bonded 
interfering metallic masses is such that this 
point cannot be taken lightly. 

Two excerpts from the Interstate papers 
referenced by the authors need comment. 
First, it was stated that the life of Inter- 
state’s deep ground beds is over 20 years. 
This is correct though the 20 years, which is 
a conservative estimate, is based on a cur- 
rent output of from 40 to 60 amperes rather 
than the 30 amperes stated. 

Further, it was correctly stated that 
Interstate plans to use a deep ground bed 
using high-silicon cast iron anodes. This 
ground bed has been installed. However, 
it was of an experimental nature. Due to 
the erratic results reported for this material 
by others, we plan to proceed cautiously, 
watching results, evaluating data, and 


proving their worth before proceeding with , 


additional ground beds of this material. 
While on the subject of high-silicon cast- 
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iron anodes, the reference to a ground bed 
life ‘“‘calculated in excess of 100 years?’ is 
certainly something to think about. Using 
a mantfacturer’s literature, I once calcu- 
lated a normal ground bed life in excess of 
50 years for an area where galvanic anodes 
were being expended in 3 to 4 years. These 
calculations were filed away without being 
quoted, with the notation ‘‘FANTASTIC.’’ 
Aren’t we buying a pig in a poke or trying 
to make good on the lifetime guarantee of a 
fountain pen, when we let our enthusiam 
run away with us? 

This paper by Mr. Landry and Mr. 
Howell has performed a service to pipeline 
and utility-corrosion engineers by combining 
many deep ground bed designs in current 
use into one composite paper. It is my 
opinion that the widespread use of the deep 
vertical-type cathodic protection ground 
bed has been one of the most significant 
developments in the field of cathodic protec- 
tion during the last 5 or more years. The 
further exploration and development of this 
useful tool of corrosion control offers a chal- 
lenge to all whose job is the protection of 
buried metallic structures. 


Lyle R. Sheppard (Shell Pipeline Corpora- 
tion, Houston, Tex.): The paper by Landry 
and Howell on deep ground beds is a very 
good summary of the recent work. How- 
ever, I believe several points of ground bed 
design have not been pointed out, and thus 
without their consideration, the anticipated 
favorable results may not always be at- 
tained. 


1. An anode at the surface of the earth has 
approximately twice the electrical resistance 
to earth as the same anode, in the same 
resistivity soil, at great depths in the earth. 
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‘The soil in the New Orleans area is uniform 
to great depths. The average surface- 
ground bed circuit resistance of the ten beds 
given is 1.159 ohms. That of the ten deep 
beds is 0.404 ohm, or approximately 35% 
of the surface beds. This effect of geometry 
accounts, in part at least, for the success of 
deep anodes in high resistance soil. 

2. The deep anode as designed is effectively 
a single anode, thus, the resistance of 
mutual interference is less than that of 
several shallow anodes having the same 
anode surface. Approximately 30% of the 
surface ground bed resistance above is due 
to mutual interference. 

3. Bentonite backfill is shown in Fig. 9 
around high-silicon cast-iron anodes. This 
would accentuate the surface corrosion of 
the anodes. High-silicon cast-iron anodes 
are essentially ‘‘oxygen’’-type anodes, the 
same as graphite, and should have coke- 
breeze backfill to take the anode corrosion 
away from the anode surface. 

4, The resistances of the individual leads 
to various parts of the deep anode should. be 
equalized by insertion of additional resist- 
ances, in order that the anode will be uni- 
formly consumed without “‘necking.”’ 


A. P. Landry and I. N. Howell, Jr.: The 
authors are grateful for Mr. Sheppard’s and 
Mr. Miles’ comments and additional points 
of ground bed design contained in their 
discussions. In reference to Mr. Sheppard’s 
comments, the phenomenon of the anode to 
earth resistance varying with the anode 
depth has been discussed in the literature.1 
Bentonite backfill referred to by Mr. Shep- 


pard has been in use for some time now by 
many users of high-silicon cast iron anodes. 
The general feeling is that as long as current 
discharge per unit area of the high-silicon 
cast iron anodes is not excessive, there 
should be no appreciable increase in surface 
corrosion attributable to the bentonite back- 
fill. It is also thought that the water hold- 
ing properties of the bentonite will tend to 
retain the moisture around the anode and 
prevent a possible increase in resistance due 
to “drying out process” around the anode. 

The use of compensating resistances in 
the anode leads to make the current dis- 
charge the same for all sections of the rail 
anode is not considered necessary for the 
following reasons. Since a lead is brought 
from each rail and each lead is attached to 
the rail at three locations, the maximum 
difference in anode lead length would be 
approximately 24 feet. The resistance of 24 
feet of no. 6 wire is of such small propor- 
tions, its effect can be safely neglected. An 
additional factor to consider is that if neck- 
ing does occur, the three lead contact 
points will insure continued consumption of 
metal with little increase in circuit resist- 
ance. 

Mr. Miles has made reference in his dis- 
cussion to the interference tests described 
in the paper. The results of these tests, 
which were made in the low-resistance soil 
in New Orleans and shown on the poten- 
tial profile plot (Fig. 18), indicated that 
relatively steep potential gradients are pro- 
duced by the conventional ground bed. 
The data taken for the deep ground bed 
show no appreciable potential gradient. 
No excessive current flow can be induced 


on an interfering metallic structure if th 
is no appreciable potential gradient to ¢ 
this current flow. Other tests not discu 
in the paper have been conducted for 
expressed purpose of determining the i 
fluence of a deep ground bed (operating 
approximately 10 amperes) on all une 
ground metallic structures in the vicin 
These tests, without exception, indicated 
appreciable adverse effects on any und 
ground structure. 

The deep ground bed using high-sili 
cast iron anodes has been modified slig 
eliminating all local fabrication. E 
anode is lowered into the well using 7 
individual lead and is suspended at th 
desired depth from this lead. This grea 
facilitates and expedites the placing of 
ground bed by the contractor. It was no 
the authors’ intent to convey the impress 
that ‘indefinite life’ was the main 
sideration in the use of high-silicon cast 
for the anode material. Other equally 
portant considerations are reduced ¢ 
reduced weight and size, and elimination 0 
local fabrication intervals. At the sa 
time, published laboratory and field mea 
urements indicate that a service life can 
expected which far surpasses the expect 
life of the rail anode. The actual extent? 
which anode life will be extended can bi 
determined only by the results of da 
obtained over a long period of time. 
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N MISSILE applications, electric equip- 
ment is required to function for a rela- 
tively short period of time in a hot am- 
bient atmosphere, but is deprived of ex- 
ternal cooling media such as air or oil. 
The dependability of the equipment de- 
pends on its ability to absorb its own 
heat losses or to transmit these losses by 
conduction to cooler surroundings. The 
general purpose of this paper is to present 
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a method for predicting simultaneously 
the transient temperatures in two heat- 
generating solids such that both materials 
store some heat, while some heat is trans- 
mitted from one to the other and thence 
possibly to a third region at a fixed tem- 
perature. In particular, mean transient 
temperatures are predicted in the field 
winding and laminations of an a-c genera- 
tor which is bolted to a support, but 
otherwise insulated from the ambient 
atmosphere. Application of this method 
to temperature prediction in solid-state 
devices is natural. 


Statement of Problem 
The significant heat losses in the rotor 


(Fig. 1) are the winding J?R loss in the 
coil and the pole face loss in the iron. 
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It will be assumed that no heat is transi 
mitted across the air gap, hence the afi 
mentioned losses must be stored et 

in the rotor coil and iron or transmitte« 
along the shaft to the mounting pad (su 
port). The machine is completely i 


available heat sink. 3 
The energy balance can be expressed b: 
the following equations 


Qc=Q'c—Qer 
Q1=Q'1+Qc1—Qip 
where 


Q,=heat absorbed by coil 

Q’,=heat generated by coil (J?R loss) 

Qc1=heat conducted from coil to laminatio 

Q,=heat absorbed by lamination £ 

Q’,;=heat generated in lamination (pole fac 
loss) 

Qi=heat conducted from lamination 
pad 


These quantities of heat are expressil 
in terms of the time #, mean tempe 
ture T(é), mass M, specific heat C, a 
thermal resistance R as follows: 

(oid 


Qe = M,C, ie 


JANUARY 1 


=A+B T,, A, B constants (4) 


| ele—Ti 

(ot id Rei (5) 
aT, 

7=MiC, aay (6) 

= Qpr =constant (7) 

=a 

x, (8) 


here the subscripts c¢, 1, p denote coil, 
uninations, and pad respectively, R,; 
| the thermal resistance between the coil 
nd the laminations, R,, the thermal re- 
stance between the laminations and 
ad, and Qpz the pole face losses. 


Substituting these expressions in the 
nergy balance formulas, two simultaneous 
ifferential equations are obtained for 
~(t) and T,(é): 


ubject to the initial conditions 
(0) = Ty 0 


(0) = To, T) =constant 


olution 


Equations 9 and 10 are readily solved 
y the Laplace transform method, assum- 
ig the material thermal properties are 
mnstant. The procedure will be ex- 
lained in sufficient detail to permit nu- 
lerical calculation of solutions. 

The equations are first simplified by the 
otation 


et) =s(t) Ti(t) =x(t) 
== OF peek 
cl 
A (11) 
Ret 
=M1C; n= -(e ~) 
Ret Rip 
—— Oo 
Re Rip 


y(t) —aey(t) —asx(t) = a4: 
x(t) —bey(t) —b3x(t) = bs 


he Laplace transforms of x and y are 


fy Se oe (12) 
— Asp?+Bep+Cz: D(p) 

> AYp?+Byp+Co Np) (13) 

—* — Asf?+Bop+C,  D (p) 


ARY 1960 


Fig. 1. Cross section of rotor 
where 
A 1=Q by To 


By =a1bs+T)(arbe —d2b;) 
Ci =asb2 — dob, 

=4)b,T) =A, 

= 4b, + T(a3b1 —ayb3) 
C =d3b4—asbz 
Ay =a;b, 
Bo= —(ayb3 +421) 
C,=d2b3 —azbo 


(14) 


Using Pipes’ transform pair #52,1 the 
inverse transforms of equations 12 and 13, 
the desired solutions T,(f) and T;(), are 
given by the Heaviside Expansion 


Formula 
_ MO), 7 Never _ 
“= To)t 1 5D) Tit) (18) 
_N%O) Nbr Pet _ 
=F Syne Day 7TH) (18) 


provided #,, r=1, 2, are distinct nonzero 
roots of cs =0, and 


De ees 

D'(br)= ae " A~0 
These temperatures will stabilize with 
time; ie., become asymptotic to some 
finite value, provided the roots , of 
D(p) =0 are real and negative. Require- 
ments for this condition will now be 
obtained. 


TEMPERATURE STABILIZATION CRITERION 
For 

D(br) = Axper? +Bopr + Qa = 

the roots are given by 


— Bok-V Bo? —44oCo 


2A, oe 


br= 

From equations 14 and 11, assuming 
M,.40, Mi¥0, 0< Rix ©, 0< Rig, it is 
apparent that both roots will be real and 
distinct, for 
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A,>0, 
B2—4A,C, = (a1bs +a2b1)? —4ayb;(debs —asb2) 
= (ayb3 —d2b,)? +4a03b,b2>0 


Since there can be no complex roots, any 
nonstabilization will be of the nature of 
increasing temperatures. 

It is shown in the Appendix that a 
necessary and sufficient condition for the 
stabilization of temperature is 


1 
D3 a 18 
ReitRip ( ) 


that is, if, and only if, the rate, with re- 
spect to temperature, at which heat is 
generated in the coil is less than the ther- 
mal conductance (reciprocal of thermal 
resistance) from the coil to the pad, then 
the temperatures in the machine will 
stabilize with time. 
This rate will be the product 


B=Ib 
I=current (constant) 
b=rate at which electrical resistance R 


changes with temperature (R=a+ 
bT.) 


The temperatures will stabilize at the 
finite values 


_N(0)_G 
Ti(o)= D0) G 
_N%0)_ CP 
wee D0) C 


CALCULATION OF SOLUTIONS 


Calculation of equations 15 and 16 is 


straightforward and easy to program for a 
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digital computer once the constants in 
equations 14 and 11 are determined. Of 
these, only R,: is likely to cause trouble 
in a rotating machine. 

By definition (equation 5), R.; is the 
thermal resistance between the isotherm 
which denotes the average temperature 
T, in the coil and the isotherm which 
represents the average temperature 7) in 


the laminations. For all practical pur- 
poses, however, the resistance within the 
lamination is negligible,? so the isotherm 
T; coincides with the boundary separat- 
ing the coil from the laminations (Fig. 1). 
The coil is surrounded by electrical insula- 
tion whose thermal resistance is easy to 
compute. The remaining resistance is 
that in the coil between the isotherm T, 


and the surrounding insulation. Denote 
this resistance by R,. Then 


where L is the distance from this isothert 
T, to that portion of the outer edge of tk 
coil through which heat is transmitt 
K is the thermal conductivity of the e 


ae 
ave 
Same 
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and A is the surface area through which 
1eat is transmitted from the isotherm T,, 
30 the edge of the coil. Equations 3 and 
i suggest that the distance L be defined 
is follows: 

Consider the entire mass M, of the coil 
soncentrated at the isotherm T, at a dis- 
tance L from the outer heat transfer sur- 
laces of the coil such that the total 
moment L M, is equal to the total moment 
of the individual masses in the coil with 
espect to these same surfaces. Since 
the coil is homogeneous, picture the coil 
as consisting of 7 equal masses m,. Then 
M.=n m, and 


nu " 
: > XM > Xk 
L=_1 =_l 


M, n 


where x; is the shortest distance from any 
point, mass, in the coil to the heat transfer 
surface. L can be calculated by placing 
a small grid over a print of the coil cross 
section and simply counting the number 
of nodal points at one unit distance from 
the heat transfer surface, then the number 
at two units, and so on. 

_ Using this method of calculating L, 
solutions of equations 15 and 16 have 
been computed on the International Busi- 
ness Machines Corporation 650 digital 
computer for a pad-mounted a-c genera- 
tor operated under typical missile condi- 
ions: half-load for the first half of the 
duty cycle, followed by full-load for the 
ast half of the duty cycle. The genera- 
tor is insulated from the pad, drive end, 
oy gasket material. The theoretical 
solutions are plotted in Fig. 2 as pre- 
dicted coil and predicted lamination tem- 
perature, under the conditions 


To= 125 F (degrees Fahrenheit), initial 


temperature 
Tp=125 F, first half of duty cycle 
I> =150 F, last half of duty cycle 
| 


To verify this analysis, a generator was 
tested under the same conditions as were 
used in obtaining the predicted tempera- 
tures. The average coil temperature 
was calculated from the measured field 
esistance. This temperature is plotted in 
Fig. 2 as actual coil temperature. Agree- 
ment between theory and experiment is 
within 6%. Satisfied that this theoretical 
analysis is sufficiently accurate to predict 
emperatures, a series of solutions were 
salculated to determine the effect of pad 
emperature. 

Fig. 3 indicates the predicted coil and 
amination temperatures for the genera- 
or just discussed, but with 


y= 160 F, initial temperature 
Py = 250 F, first half of duty cycle 
op = 325 F, last half of duty cycle 


TANuARY 1960 


Fig. 4 indicates the predicted coil and 


lamination temperatures for the same: 


generator, but with 


T)=160 F, initial temperature 
T,=500 F, entire duty cycle 


indicating that with a pad-temperature of 
500 F, coil temperature is dangerously 
high for the final 20% of the duty cycle. 
Fig. 5 indicates the predicted coil and 
lamination temperatures for the same 
generator, but with 


T)=160 F, initial temperature 
Rip=©, generator perfectly insulated from 
pad 


These temperatures are 130 F cooler than 
when the pad is at 500 F, and only about 
30 F hotter than when the pad is at 325 F. 
One would thus expect that insulation is 
the solution to high pad’ temperatures, 
but this is not practical. Mechanical re- 


quirements limit the amount of insula-: 


tion that can be used between the gener- 
ator and the pad, while a very large in- 
crease in insulation is required to appre- 
ciably reduce the coil temperature. 


Summary 


Two simultaneous differential equa- 
tions are derived and solved for the tran- 
sient temperatures in two heat-generat- 
ing solids such that both materials store 
some heat, while some heat is transmitted 
from one to the other and thence pos- 
sibly to a third region at a fixed tempera- 
ture. Conditions are determined under 
which the temperatures will stabilize with 
time. To demonstrate the theory, tem- 
peratures are predicted in the field wind- 
ing and laminations of an a-c generator 
which is bolted to a support, but other- 
wise insulated from the ambient atmos- 
phere. Measured temperatures agree 
within 6% with predicted temperatures. 


The theory can be extended to any 
number of heat-generating regions, and 
therefore can be applied to solid-state de- 
vices. 


Appendix. Proof of Stabilization 
Criterion 


and 
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Bo = —ayb3 —a2b; 


i 
= NG, — }— 
: 4e-+z0) 


Also 


Co = anb3 = A302 


_ (BR +R) — 1) 


©: ReiRip a 
then 
A20,>0 
and 
By> By? —4A2C, 


Hence, from equation 17, it is clear that 
pr<0, r=1, 2 and stabilization follows. 
Next consider the case 


1 
SSS 
ReitRip 


then 
C.<0 
hence 
A2C,<0 


and 


| Bo] <~/ Bo?—4.42Co 

Hence from equation 17 it is clear that one 
of the roots p; will be positive, and the tem- 
peratures will never stabilize. 

This will occur, for example, if the 
machine is perfectly insulated from the 
pad (Rip=©), since, in general, B isa 
positive quantity. 

Finally, if 


1 
~ RatRp 


it is readily apparent that C.=0, implying, 
by equation 17, that one root #; will vanish. 
This necessitates another form for the solu- 
tions than the Heaviside Expansion For- 
mula (equations 15 and 16). Indeed, for 
C=0, instead of equation 12, write 


{ }= Aip,* +Bip Cy 
P(Aop+B2) p(Aop+Be) 


and by transform pair #9, the inverse trans- 
form of x diverges linearly with time. The 
same will be true for L{y}. Thus the 
stabilization criterion equation 18 is 
established. 
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Application of Switching Transistors and 
Saturable Reactors in a High- 


Performance Servo 


FRED B. COX 


STUDENT MEMBER AIEE 


HE PURPOSE of this paper is to 

demonstrate that the performance of 
instrument servos can be improved by 
the exclusive use of magnetic devices and 
transistors to perform the functions of 
amplification, modulation, and demodula- 
tion. Substitution of solid-state devices 
for electronic amplifiers and mechanical 
choppers not only increases the efficiency, 
the reliability, and the durability of the 
system but also minimizes its size and 
weight. 

Successful use of magnetic amplifiers 
as servo units has been reported in numer- 
ous papers (see, for example, references 1 
and 2) but the drift and slow response of 
conventional 60- and 400-cps (cycles per 
second) amplifiers prohibit their use in 
many applications. Furthermore, it is 
customary to drive the magnetic stage 
with an electronic preamplifier in order to 
achieve adequate gain because of the drift 
problems encountered in cascading two 
magnetic-amplifier stages. The use of a 
high-frequency supply voltage has been 
shown to overcome many of the inherent 
limitations of a magnetic amplifier. The 
push-pull amplifier, however, is electric- 
ally inefficient because the output circuit 
dissipates power when the error signal is 
zero. Power-switching transistors, driven 
by a magnetic amplifier, have been sug- 
gested as a solution to the problem of in- 
efficiency. These ideas, together with 
many others, however, are as yet un- 
proved as a means of improving over-all 
servo performance. 


The System 


A block diagram of the high-perform- 
ance position servo is shown in Fig. 1, and 
a schematic diagram of the electric cir- 
cuits is shown in Fig. 2. The system was 
designed with no particular application in 
mind, but every attempt was made to 
determine an “upper bound” on the per- 
formance that might be expected from 
such a servo. In particular, the system 
parameters were chosen for maximum 
bandwidth and velocity constant. Other 
desirable characteristics, such as negligi- 
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ble drift, short settling time after slew, 
high efficiency, and insensitivity to small 
changes in the system carrier frequency 
follow from the inherent properties of the 
system components. 

The servo amplifier consists of a 2- 
stage transistor common-emitter voltage 
amplifier, a magnetic amplifier, and a 
push-pull switched-transistor power am- 
plifier. The class A transistor amplifiers 
are necessary to achieve the desired loop 
gain because of the low-voltage amplifica- 
tion of the magnetic and power stages. 

The magnetic amplifier is designed to 
furnish current pulses, the widths of 
which are proportional to the control sig- 
nal, to the bases of the power transistors. 
The magnetic-amplifier supply voltage, 
furnished by a simple d-c to a-c converter, 
is a 5-ke square wave, and, because an 
output pulse occurs on each half-cycle of 
the supply, the pulse repetition rate is 10 
ke. The output polarity reverses on each 
half-cycle of the 400-cps system carrier. 
Depending upon the load requirements, 
the magnetic amplifier must supply from 
200- to 500-milliampere peak current to 
the H-6 power transistors. The quiescent 
power dissipation of the magnetic stage is 
therefore substantially lower than it would 
be if the magnetic amplifier were used to 
drive the motor. 

Output pulses from the magnetic ampli- 
fier control the polarity of the transistor 
bases with respect to ground, and there- 
fore control the flow of current to the load. 
Because current flows in the transistors 
only when an error signal appears in the 
loop, the efficiency of the power stage is 
enhanced, and heating in the motor wind- 
ings is kept to a minimum. 

Because it is desirable that the motor 
control voltage be sinusoidal, a 2-micro- 
farad capacitor is connected across the 
control windings. The tank circuit, con- 
sisting of the capacitor in parallel with the 
winding inductance and resistance, is 
tuned for resonance at the 400-cps sys- 
tem carrier frequency. Thus all har- 
monics of the 10-ke repetition frequency 
and higher harmonics of the 400-cps 
carrier are filtered out so that only the 
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_impedance-matching problems associate 


information component of voltage is te 
tained. 

Minor-loop feedback from an a-e 
chometer is used to achieve the desi 
bandwidth. To obtain a high velo 
constant, the tachometer is effectively de 
coupled from the system for constan 
motor speeds by a high-pass filter in the 
feedback loop. To avoid the use of ; 
band-pass filter, the tachometer signal ; 
demodulated prior to filtering by a keyed 
phase-sensitive magnetic demodulato 
A transistor emitter-follower amplifie i 
used to isolate the demodulator output 

Fig. 2 shows that position and accele 
tion errors are summed at the input of 
emitter-follower isolation amplifier. T 
is necessary to tie the two error chann : 
together at this point because of 


with the following stage. The high-pas 
filter has no effect upon the position erro 
signal, however, because it is a modulate 
400-cps signal from a synchro couple: 
to the motor shaft. Thus, summation 1 
the two voltages is effectively performes 
at the input of the keyed magnetic moi 106 
ulator. . 

To sum the a-c position and the t 
acceleration errors, a keyed modulator: 
used. The modulator samples during 
short interval of time (50 microseconds 
on each half-cycle of the system carrie 
In the interval between samplings, thi 
output voltage is maintained constant b 
a pulse-stretching circuit. The outp 
therefore, is a 400-cps square wave wh 
amplitude is proportional to the di 
ence between the synchro voltage and 
filtered, demodulated tachometer voltage 


Bt 


System Performance 
} 

The system described in the precedini 
section has been built and tested. Re 
sults of these tests are summarized brieft 
as follows: 


{ 
t 
; 
\ 


Velocity constant—approximately 9,56 
seconds}, 
Torque . constant—0.17 ounce-inch pe 


milliradian, referred to the motor shah 
(This applies to a Kearfott R801-1A -: 
2-phase motor-rate generator.) I 
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Jpen-loop gain crossover frequency—230 
adians per second. 


settling time for l-degree step input 
referred to the motor shaft )—approxi- 
nately 20 milliseconds. (Settling time is 
he time required for oscillation of the 
esponse to decrease to less than 5% of 
he final value.) 


The closed-loop sinusoidal frequency 
esponse is plotted in Fig. 3. These re- 
ults were obtained for an input signal 
‘orresponding to a 1-degree peak displace- 
nent at the motor shaft. Because equip- 
nent was not available to obtain modula- 
ion frequencies above 50 cps, exact deter- 
mination of the resonant frequency and 
he peak magnitude ratio was not possible. 
The system step response is shown in 
fig. 4. 


System Components 


The units comprising the major com- 
onents of the servo electrical system 
ie described in the following paragraphs. 


VLAGNETIC AMPLIFIER 


The magnetic amplifier, shown in detail 
n Fig. 5, serves as the controller for the 
yush-pull transistor output stage. This 
mmplifier is quite similar to the one de- 
cribed by Fischer*® and consists of two 
lalf-wave phase-reversible push-pull units 
perating side by side, so that an output 
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signal occurs on each half-cycle of the 
supply voltage. 

The supply voltage e, is 5 kc and square- 
wave, ‘obtained from a conventional 
transistor d-c to a-c converter.6 The 
high-frequency supply is used in order to 
minimize the phase lags introduced by 
the magnetic amplifier. A square-wave 
supply is recommended rather than a 
sinusoidal supply because a sinusoidal 
voltage will allow the output rectifiers to 
conduct at the beginning and end of 
each control half-cycle with a resulting loss 
of gain. 

Operation of the unit may be under- 
stood with the aid of Fig. 5. From this 
diagram it is seen that the winding polar- 
ities are such that a positive control signal 


€, opposes the bias voltage in core IV and ° 


aids the bias voltage in core I. Similarly, 


a positive control voltage opposes the bias 


100 sa 3 


Fig. 2. Electric circuit diagram 
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Schematic diagram of the servo 


in core III and aids the bias in core II. 
Therefore, when é,: is negative and the 
associated rectifier is nonconducting, a 
positive control signal resets the flux of 
core I to a lower level than that of core 
IV. The same action takes place between 
cores II and III when e,» is negative. 
When @é,; is positive, the flux of cores 
I and IV is driven toward saturation. As 
a result of the difference in flux levels in 
the two cores, core IV reaches saturation 
sooner than core I and a step of voltage, 
appears across the output 
transformer. When core I saturates, the 
net output voltage drops to zero. The 
same sequence of events occurs for cores 
II and III on the next half-cycle, and the 
net output is therefore a series of pulses at 
a repetition rate of 10 ke. The polarity 
of the output pulses is determined by the 
polarity of the control signal, and no out- 


€o = — €o2, 
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Fig. 3. Frequency response of the servo 


put occurs for a zero control signal because 
both cores saturate simultaneously. 

The operation described gives rise to a 
dual-carrier system consisting of the sys- 
tem 400-cps carrier signal and the 10-ke 
repetition frequency of the output pulses. 
Both the 400-cps carrier and the error 
signal acting as amplitude modulation 
upon it act as modulation to vary the 
width and polarity of the high-frequency 
output pulses from the magnetic ampli- 
fier. Fig. 6 illustrates the ideal magnetic- 
amplifier output for a 400-cps signal in- 
put. 

The transfer function for the magnetic 
amplifier is derived in the Appendix and 
is given approximately in the form 


il 
GyA6S)=K x 4,——— 1 
ual ) a ee | ( ) 
This approximation characterizes the unit 
as having a single time constant rather 
than a fixed time delay of one half-cycle 
of the supply voltage. That this repre- 


sentation is valid may be seen by comput- 
ing the phase lag introduced by a pure 
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transportation delay at a signal fre- 
quency of 300 radians per second: 


a X 300 
a a2 let 
2m X 5,000 ey 
By way of comparison, the phase lag at a 
signal frequency of 300 radians per second 
of a similar unit utilizing a 400-cps carrier 
would be © 


a X300 
227X400 


X 57.2 =21.5° 


These figures show that the objection- 
able time delay of the magnetic amplifier 
has practically been eliminated. Another 
advantage of the high-frequency supply is 
that any output of the amplifier due to 
unbalance in the components consists of 
harmonics of the 10-ke repetition fre- 
quency. Since the motor responds only 
to a 400-cps signal, this drift in the mag- 
netic amplifier does not result in drift of 
the output position. 

The maximum range of linear control 
with regard to the supply voltage is ob- 
tained when the cores are normally ex- 


RECTIFIERS 


Transistor Power Amplifier 
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TRANSITRON TYPE T-2 , 


Fig. 4. Transient response of the servdl ; 


cited. (Normal excitation is defined a 
the supply voltage amplitude necessar 
to change the core flux from minus to ple 
saturation in a period of one half-cycle.) 

Because the supply voltage is usual 
set for normal excitation of the cores, 
peak current in the output circuit may | 
adjusted for the desired value by the sefi 
resistor R;. The peak current is dete 
mined by the base drive necessary t 
switch the transistors for the largest loa: 
expected. In this case, 200 milliampera 
was sufficient. Total dissipation in th 
magnetic amplifier under quiescent & mn 


ditions was 2 watts. iF 


Transistor Power Amplifier y 


7 

The magnetic amplifier is coupled ~ 
the transistor power stage through a 3~ 
1 stepdown transformer as shown in Fi 
7. The transformer windings are ni 
isolated because the current-resistant 
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CONTROL WINDING 
BIAS WINDING 
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Fig. 5. Magnetic amplifier 
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Fig. 6. Magnetic amplifier output for a sinusoidal input 


irop in the windings due to the exciting 
‘utrent and the quiescent current in the 
nagnetic-amplifier output circuit pro- 
vide a positive bias on the transistor bases. 
his positive bias, for the p-n-p transis- 
or, serves to prevent current flow from 
smitter to collector under zero-signal 
sonditions. 

When a step of voltage appears across 
the coupling transformer e,=e,1, the base 
transistor A is pulsed positive with respect 
0 its emitter, and the base of transistor 
B is pulsed negative with respect to its 
smitter. If sufficient base drive is pro- 
vided by the magnetic amplifier, the volt- 
uge across the emitter-collector junction 
wf transistor B will drop to almost zero 
while transistor A will remain cut off. 
[ransistor B is again switched off when 
he net magnetic-amplifier output drops 
0 zero. 

Analysis of the. power stage is com- 
slicated by the tuned network load. In 
act, it is not possible to derive a transfer 
unction for the output amplifier alone 
yecause the output impedance changes 
adically as the transistors are switched on 
ind off. An approximate transfer func- 
ion from magnetic-amplifier input to 
ower amplifier output which checks well 
vith experimental data for small signals 


OUTPUT TRANSFORMER 


may, however, be derived from the 
following considerations. 

The transistor power amplifier op- 
erates in one of the two states: 1. both 
transistors nonconducting, and 2. one 
transistor conducting and the other 
transistor nonconducting. In state 1, the 
output impedance is high, whereas in state 
2 the output impedance is low. Because 
the ON time is proportional to the signal 
amplitude, the amplifier impedance is pre- 
dominantly high for small-loop error 
signals. Furthermore, the transistors 
are current-limited, so that for small 
signals the load is driven by a current 
pulse of roughly constant amplitude. In 
this case the amplifier may be represented 
as a current source. Such an assumption 
represents the worst possible case from a 
dynamic standpoint. 

The transfer function given in equation 
2 follows from the foregoing discussion. 
&m(8) 
——~ =KyGya(S)Kpa(S) (2) 
€0(s) 

Kp,(S) is determined from the imped- 
ance loading the assumed output current 
source and is of the form 


it 
Kral S)=Toaq 


ek oe eee 
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200 TURNS #30 WIRE 
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Fig. 7. Transistor power amplifier 
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However, the tuned motor represents a 
low Q tank circuit so that the following 
approximation is valid over a fairly large 
range of signal frequencies: 


Kpa(S)e$s- 


where Lin/Rm=CS2Lm/Rm and Ly=in- 
ductance of the motor control windings, 
and R,»=equivalent stalled-rotor-resist- 
ance. This approximation provides a 
conservative prediction of the forward 
loop phase lag, and is therefore used in the 
analysis. 


Compensation 


To improve the performance of the 
servo, three basic types of compensation 
were initially considered: 1. viscous- 
coupled inertia damper, 2. lead network, 
and 3. tachometer feedback.® 

Equalization by means of an inertia 
damper coupled to the load has the ad- 
vantage that both high velocity and 
torque constants are obtainable, plus a 
wide bandwidth. The damper, however, 
draws power from the load, under tran- 
sient conditions, which has two degrading 
effects. First, it decreases acceleration 
capabilities of the motor and, second, it 
produces a long, nonlinear oscillating tran- 
sient following a large stepinput. By de- 
clutching the damper during slew, these 
difficulties can be overcome. The com- 
plexity of such a system, however, 
prompted investigation of a simpler 
solution. 

The lead network is a simple means of 
increasing the allowable gain-crossover 
frequency. If the motor time constant is 
sufficiently long (small motor damping), 
the allowable velocity constant is also 
improved over the uncompensated sys- 
tem. The torque constant for the system 
employing lead network equalization is 
low, but this may be improved by the use 
of anintegral network. The integral net- 
work increases only the ‘‘static’’ torque 
constant however, since it is effective only 
at quite low frequencies and is ineffective 
in offsetting dynamic changes in the load 
torque. To avoid this difficulty, a com- 
bination of tachometer and network 
compensation was used, 

Tachometer feedback has the advan- 
tage of effectively increasing the motor 


Fig. 8. High-pass filter 
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Fig. 9. Magnetic demodulator 
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Fig. 10. Magnetic modulator 
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Fig. 11. Comparison of calculated and measured frequency response of the modulator, magnetic 


amplifier, and power amplifier 


damping without drawing power from the 
load. As a result, the time constant of 
the motor is effectively reduced so that 
the open-loop gain and the bandwidth of 
the system may be increased. The low- 
frequency gain may be further increased 
by passing the tachometer signal through 
the simple high-pass filter shown in Fig. 
8 provided the tachometer signal is a d-c 
voltage. If the tachometer signal is a-c, 
demodulation and remodulation are re- 
quired. The transfer function of the high- 
pass filter is 


Cout (S) Sy 
ein(S) S+wy (3) 
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where ws=1/RC(resistance-capacitance). 
Hence, it may be seen that for a constant 
motor speed (ramp input), the tachom- 
eter is effectively decoupled from the 
system so that the velocity constant is 
much higher than for tachometer feed- 
back without high-pass filtering 


Modulator and Demodulator 


The magnetic-keyed, phase-sensitive 
sampling units used to demodulate and 
remodulate the tachometer output are 
basically identical to the device described 
by Mark, et al.® To reduce the phase 
lags introduced by these units, their 
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degree phase shift of the error signa 


respective inputs are sampled on 
half-cycle of the 400-cps system carrie 

The demodulator is shown in Fig 
the modulator in Fig. 10. The samp. 
modulator not only sums the a-c e 
signal and d-c tachometer signal but a 
rejects any quadrature signal that may 
be present in the error voltage. TI 
modulator also introduces a constant { 


These effects are the result of the samp 
being performed at the peak of the 400-¢ 
reference voltage wave. | 
The transfer functions of the demodula 
tor and of the modulator can be appro} 
mated by a simple time delay of 1/4 cy 
of the system carrier frequency, and ; I 
therefore of the form 


Gus =Kpge~t7oo8 


Gus =Kyge~*/098 
Both Kps and Kys are dependent upot 
the output capacitance C, and the keyin 
pulse amplitude. Selection of 
values for this particular apphcaay | 
discussed in reference 9. 


Analysis of the Servo 


As previously shown, the time delay 
the magnetic amplifier using a 5-kc supj 
is negligible. The effects of the amp 
fier time constant ry, may also be mai 
negligible by proper adjustment of t 
control resistance. 

For small R, value, amplifier gain ° 
high, but the time constant also assum 
a large value. If 7y,4 is made suital 
large, however, the modulating signals an 
essentially shifted by a constant 90 di 
grees, and this phase lag may be cancelle: 
by shifting the reference phase of thi 
motor by 90 degrees. For a large val 
of R,, both the amplifier gain and tim 
constant are small, so that either extrem 
can lead to a suitable design. The rele 
tive merits of these extremes are discusset 
more fully in reference 10. 

Use of the transfer functions obtaine 
in the previous section yields the ope! 
loop transfer function of the forwar 
transmission (excluding the motor ¢ 
namics and neglecting ry.) in the form 


Gy(S) = Ke —(t/2wet)8 


The validity of this approximation is cor 
firmed by the experimental data plott ' 
in Fig. 11. 
The effect of the modulator, aside fré | 
the constant attenuation Kys, is to 
troduce a time delay of 1/4 cycle < 
the carrier frequency in the posit ’ 
loop. Because the modulator and dé 
modulator sample at almost the sa 
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Fig. 12 (above). Mathematical model of the system 


10 LOG)9 |Gr (jw)| (DECILOGS) 


Fig. 13 (right). Nichols plot for the tachometer loop 


me, the modulator introduces a neg- 
gible time delay of the tachometer 
gnal in addition to that already intro- 
uced by the demodulator. Summation 
f position and acceleration error is 
herefore effectively performed at the 
1odulator output terminals except for 
he demodulator attenuation. With Kys 
imped into K, and the transportation 
ig of the modulator acting only upon 
he position error, the system may be 
epresented by the block diagram of 
ie. 12. 

The open-loop transfer function for 
his mathematical model is 


(5) =(KpKs/K)=E"! We(S) (0) 


there W7(S) is the closed-loop weighting 
unction of the tachometer loop, given by 


Gr) 
146.5) (8) 
nd 
et /2act H)8 


m(S)=KaKmK z erore (9) 


For the type of motor driving stage 
sed in this system, the motor damping 
extremely small for low-shaft velocities. 
ence, w, ~0, and 


e—(t/2wet$) 8 


S-+-wy 


n(S)~KaKmKs ao 


A Nichols chart plot for the tachometer 
loop is shown in Fig. 13 for w= 100 
radians per second. The open-loop trans- 
fer function, obtained from this plot and 
equation 7, is shown in Fig. 14. The 
effect of the time delay present in the 
power stage and in the demodulator is 
apparent from Fig. 13, which shows the 
low rate of attenuation and rapid phase 
shift with increasing frequency. The 
tachometer loop was adjusted for a 
resonant frequency of 700 radians per 
second with a peak closed-loop magnitude 
ratio of 3.8 decibels. 

The effect of the narrow resonant peak 
of W7(S) on the system open-loop transfer 
function may be seen in Fig. 14 by the 
deviation of the actual magnitude from 
that of the logarithmic asymptotes. The 
rapid phase shift with almost no attenua- 
tion at frequencies between 300 and 700 
radians per second requires that the gain 
crossover be made very near the corner 
frequency of the high-pass filter. 

Fig. 1 shows a comparison of the cal- 
culated and the experimental closed-loop 
frequency response of the system. The 
experimentally determined magnitude 
ratio is seen to be somewhat less than the 
predicted value. Although equipment 
was not available for obtaining signal fre- 
quencies above 314 radians per second, 
comparison of the results indicates that 
the resonant frequency is between 350 and 
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Fig. 14. Attenua- 
tion and phase 
diagram for the 
mathematical model 
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400 radians per second and that the peak 
magnitude ratio M, is between 1.5 and 
2.0. 


Appendix 


The following derivations are based 
upon a new method of magnetic-amplifier 
analysis proposed by Johannessen.1! The 
procedure is based upon representation of 
the half-cycle averages of the terminal 
variables of a basic single-core amplifier, 
shown in Fig. 15, in matrix form. (In 
Fig. 15, the core is represented by an ideal 
reactor shunted by a linear magnetizing 
resistance Ry. This assumption is dis- 
cussed in detail in reference 11, pages 9-15, 
and experimental confirmation of its validity 
has been obtained by Knutrud.}?) 

Once the terminal variables are estab- 
lished, this basic element may be inter- 
connected with other basic circuits to yield 
the multicore amplifier configuration under 
consideration. The difference equation? 
for the multicore amplifier is then obtained 
from matrix manipulations. 

The 4-core amplifier used in the system 
is redrawn in Fig. 16 for convenience in 


i a 
t 
e, 
| 
Fig. 15. Basic amplifier circuit 


Fig. 16. Full-wave amplifier 


+ 


(B) BASIC ELEMENT IL 


(i (ity) 
iol (D) Basic ELEMENT 27 we 


Fig. 17. Basic elements | of the full-wave 
amplifier 


separating the device into four basic 
elements. These four single-reactor ele- 
ments are shown separately in Fig. 17 in 
order to define the reference polarities of 
the circuit variables. 

The voltage source ég is a symmetrical 
square wave, and hence has no d-c com- 
ponent. It therefore functions merely 
as a synchronous switch to bias the rectifier 
in the reverse direction on one half-cycle 
(termed the control period) and in the 
forward direction on the next half-cycle 
(termed the gate period). If the above 
condition is fulfilled and if the amplitude 
and the frequency of eg do not fluctuate, 
then the supply voltage does not enter 
into the relations between the terminal 
variables. 

In Fig. 18, elements I and II are com- 


bined to form a 2-core, half-wave amplifier, - 


and elements III and IV are combined in a 
similar manner. It is evident from the 
polarity of the supply voltages that a control 
period of element I corresponds to a gating 
period of element II. Similarly, a control 
period of element IV corresponds to a gating 
period of element III. 

The two half-wave amplifiers of Fig. 
18(A) and (B) are combined in Fig. 19 to 
form the desired full-wave amplifier. Be- 
cause the input terminals of the full-wave 
amplifier are connected in series and the 
output terminals are connected in parallel, 
it is convenient to use a hybrid matrix in 
which the input voltage and output current 
are used as the dependent variables. In 
the following equations, the variable quan- 
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tities represent the Laplace transforms of 
the half-cycle averages of voltages and 
currents. 

Each basic element of Fig. 17 may be 
presented in matrix form by 


\lovsl] = |||] 6s] G=I, UL, III, IV) = (11) 
where 
(E;)1° Se 
_|(En? =||Ca 
lleall=Wipie|] and WB h eee (2) 
(I;)2% (Ey)2° 


The superscripts c and g refer to the control 
and gating periods respectively. 

The basic circuit of Fig. 15 shows the 
series resistor in the output circuit R2 as 
a linear element. This resistor must be 
modified to take into account the diode in 
the output circuit of the actual elements 
shown in Fig. 17. In the following equa- 
tions, the term R» is defined as the diode 
reverse resistance plus the resistance of the 
core winding, and Ry is defined as the diode 
forward resistance plus the resistance of 
the core winding. Thus, Ry replaces Re 
when ég is in such a direction that the 
rectifier is conducting, and Rp replaces R>» 
when eg is in such a direction that the 
rectifier is nonconducting. 

Because the basic elements are identical, 
the ||H;|| matrix is the same for any value 
of 7. With the modifications explained in 
the above paragraph taken into account, 
the network matrix is given by 


(Rit+N?R;) 0. NR/Re 0 |} 
ariel <a Ptaele Aea Se dR 
se ol =e Re Rp Onn ew) Rach 
NR JR. (0 UR Ris LPR 
(13) 
where 
R3=RyRo/(Ru +R) 
R;' =R;/z 
g=e(t/wa)S 


wq=frequency of the supply voltage e,. 


Because of the symmetry which exists 


between the interconnection consisting of 


elements I and II and the interconnection 
consisting of elements III and IV, it is 
apparent that for any equation involving 
only elements I and II, an identical equa- 
tion (except for a change of capital sub- 
scripts) may be written involving only 
elements III and IV. In the following 
steps, therefore, only equations necessary 
to obtain relations for the half-wave 
amplifier of Fig. 18(A) will be written 
explicitly. The terminal quantities of the 
final interconnection (@, %, @, and 7% in 
Fig. 19) will then be obtained by addition 


of the two identical matrices for the half- - 


wave amplifiers of Fig. 18. 

Consideration of the relative polarity of 
the supply voltages in Fig. 18(A) yields 
the following relations: 


(It): = (111)? 
(11)? = (a1) 
(Ex)o° =(Er1)2" 


(Ex )o” = (E11 )2° (14) 


If the transformation matrix 
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Fig. 18. Interconnections to form two 
wave amplifiers 


0 
ITI=lg 


oo CF 


0 
is defined, it may be seen that 


[err] =|]7]] [16x 


From Fig. 18(A), the following relatior 
may be written: 


(Ex’’), =(Er)° +( Err)? 
(Ii’’)s = (Ir) 2° +(I11 2? 


The following transformation of variable 
is now made: 


lotr] =|[Z]} |forr’|| 
where 
(Ex)? 
eis (E1r),°} 
l|err’|| (Tine! 
(Itt) 2° 


Equation 11 (for 7=II) may now t 
written as 


[Tl orx’ || = [Axl ITI) lérll 


but, since the transformation matrix 
equal to its inverse, equation 21 may I 
premultiplied by ||7|| with the result 


foxx’ = [|Z] 2H WTI Wer 


It is seen that the addition of equa 
11 (for 7=I) and 22 yields the des 
matrix for the double-primed terminals. 


lor’ = [Hal] +] Fl] Axl] WTI 
([6r|] =|]2Z|| |\6rll 

where 

Al] = |r|] +1] F |] |x|] TI 


and 
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(Ex)? -+(Er):\| ||’)? 
"|= [lal] + Jon] =| POE Bardia) 
(It)2° + (tr) 2? (T1!")2° 1 
(Tr)a? +Tar)e’ || |r") 2? || 


When the matrix transformation and addition indicated in equation 24 is per- 
ormed, the following network matrix for the 2-core amplifier is obtained as 


i|(2Ri +N2R3) 


: — N?2R;' NR3/Rp —NR3'/Rp 
||| = — N?R; (2Ri +.N2R;) —NR;'/Ro NR;3/R 
_ 3/ b NR; /Ry (1/Ry+R3/RuyRp) R;'/R7Ro 
NR,'/Ry —NR;/Ry Rs! /RyRy (1/Ry+Rs/Ru Ro) 
If the first two rows and the second two 
‘ows respectively of [ar’’] are added, there (E1’’)o= —(Ji’’)oRs +E (32) 
results 
(E1r’’)p = —(Itr!’)oRs — Ee (33) 


Ey""), = m1") -+n( Et’’)» 
i" )2= PU" i +g Er") 
where | 
Fi!) = (Ex!) (Ex!) ? 
Te!" rp = (Tn! n° Tn")? 
=2Ri+N*(R;—R;’) 
= N/Ry(Rs—Rs’) 
= N(R;'/Ry—R3/Rp) 
=1/Rs+R3/RyRo+Rs'/RsRs 


It should be remembered at this point 
hat an identical set of equations exists 


(26) 
(27) 


(a= I, Tn) 
(C=) 


or the variables (Fir); and (/ir’’)2. From 
ig. 18, it may be seen that 

Ber’) = —(1"’) (28) 
d from Fig. 19 that 

eo) (29) 


ence, the network matrices for the double- 
imed terminals of the half-wave circuits 
f Fig. 18(A) and (B) may be written as 


(E1"’); || _|im on goss 

(i) -|; | (Ex!)s oe 
fen ’)s\) _||—m ai] |i(7x"")s 31 
aa ee q (E1r’’)e ol) 


Consideration of Fig. 20 leads to the 
lowing - equations: 


side 


! 
-4 
| 
| 
| 


—) 


Lee ae 
= 
@_ 
— 
N 


basic elements 
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amplifier as an interconnection of four 


Substitution of equation 32 into 30 and 
equation 33 into 31 yields 
Ieee = A 5 qh 
(I1"’)e (Jb) Ee 


En"): --|4 B 
Tt1'")s C D 


(34) 


q; 


Ey Sep 


where 
npRs 
ji 
it +qRs 
nqRs 
1 +qRs 
C= p 
1 +qRs 
ay oe See 


Subtraction of equation 35 from equation 
34 yields the network matrix for the full- 
wave amplifier: 


je 2 


B=n 


Ey 
I; 


Ey =(Er""), —(21r"’) 
To =(It"’)2 —(111"")o 


To relate the output voltage to the control 
voltage, the load characteristics must be 
known. If it is assumed that the input 
impedance to the following stage is a linear 
resistance Ry, then 


a (36) 


I, 
E, 


Rg. sal 


(In) Rs 
o_o 
e 
g (ED,| lee 
(A) 
(E| fee 
—_—— o_O 
(In)2 Rs 
(B) 


Fig. 20. Relationships at 
the output terminals 
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In= —E2/Rp (37) 


Substitution of equation 37 into the 
network matrix and elimination of i from 
the two equations yields the desired transfer 
function. 

The resulting transfer function may be 
simplified if it is assumed that the diode 
reverse impedance >, is infinite. In 
this case, the transfer function obtained 
from equations 36 and 37 becomes 


E,(S)—2067-/°9)8 B,(,S) 
= —(Qyo/N)e~*/°9 SES) (38) 


or 
E(S) 2yo e7(t/%a)8 


E(S) N 1—20e-@/*as 


(39) 


where 


ey 1 WER 
° Ro t+2N?Ry 


Re=4Ri 


Ry 


LR RR 


The difference equation may be obtained 
by taking the inverse Laplace transform 
of equation 38. The result of this operation 
is 


Ex(n-+1) —20Ex(n)=—(2y0/N)E(n) (40) 


Equation 39 is somewhat inconvenient 
for the purpose of servo analysis because 
of the delay term in the denominator. 
Since 7/wg<1, the exponential term may 
be approximated by the first two terms 
of a series expansion: 


e (7/#a)8 nc ts 
(2r/wa)S+1 
Equation 39 then becomes 
E,(S) 2Qyo 1 
Gya(S)= =— 
cals) E(S)  N(1—2c) (r/wa) 
ae are 
1—20 
(41) 


Equation 41 represents the amplifier by a 
single time constant and neglects the 
inherent transportation lag of one half- 
cycle of the supply voltage, which is as- 
sumed to be negligible. 
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Rapid Transit Is Expanding in Chicago 


STANLEY D. FORSYTHE 


NONMEMBER AIEE 


AN is that inexplicably complex 

creature who confidently expects 

to fly to the moon in the next decade 

and yet spends more time between home 
and work now than he did a decade ago. 

When the mayors of some of the world’s 
largest cities were asked by the Citizens’ 
Budget Commission of New York, N.Y., 
to name the worst problems facing their 
cities, finance, taxation, and transporta- 
tion and traffic were almost unanimously 
selected.? 

A Chicago, Ill., planner has estimated 
that it takes 5,000,000 square feet of off- 
street parking space to handle the auto- 
motive traffic brought in by a single new 
expressway Jane, implying that the 
mammoth road building programs under 
way will help provide facilities to carry 
vehicles in motion, but will not solve 
the problem of providing for these vehicles 
at rest. ; 

Every city in the United States under- 
writes its rapid transit system to some 
degree, and those now without rapid 
transit but planning such facilities for the 
future, will underwrite these operations 
to a greater degree than most of the 
existing systems enjoy. 

There would seem to be a common 
denominator to these rather unrelated 
statements. It is this: A modern well- 
designed, adequate rapid transit system 
can contribute substantially to solving 
the mayors’ problems, can contribute 
substantially to minimizing the need for 
mammoth downtown parking facilities, 
and can, in general, improve the attrac- 
tiveness of urban living. More and more 
it is being recognized throughout the 
United States that a rapid transit system 
is a very valuable municipal asset which 
should be considered in much the same 
light as are other municipal assets such as 
highways, sewers, water, lighting, fire 
protection, and police protection. In 
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San Francisco, Calif., for example, legisla- 
tion is being prepared which would pro- 
vide the necessary measure of public sup- 
port for a rapid transit system that is 
estimated will cost ultimately $1,700,000- 
000. It will serve a population estimated 
at 7,000,000 by 1990 and a territory of 
approximately 7,500 square miles. A 
somewhat similar program is under way in 
Los Angeles and a number of other cities 
throughout the country are taking tenta- 
tive steps in this direction. Therefore, 
since every rapid transit system on the 
North American continent in operation or 
under consideration is supported or 
planned to be supported to a greater or 
less degree by the municipality which it 
serves, it is not too radical to say that 
any large city can have just as fine a rapid 
transit system as its citizens desire. 
Chicago planners and government 
officials are awake to this possibility and 
the city is becoming increasingly aware 
of the value of its rapid transit system. 
As this awareness grows, another de- 
cade should see tremendous changes and 
significant enlargement of the existing 
system which, during the last 40 of its 
55 years of private operation, was fi- 
nancially unable to make any sizable ex- 
tensions. This prediction is based on 
what has been done during the last decade, 
what is being done at present, and what 
is being actively planned for the near 
future. In each of these phases, there 
has been and will be increasing participa- 
tion by the citizenry as a whole. 
Practically all of the elevated system 
that the Chicago Transit Authority took 
over in 1947 was installed in the few years 
between 1893 and 1907. That it was well 
conceived and well built is borne out by 
the use to which it is still being put 
today. But the city has grown so greatly 
both in population and area that rapid 
transit routes in some important instances 
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11. Anatysis or Macnetic AmpLirrers, P, R, 
Johannessen. Memorandum 7668-M-235 R, Massa- 
chusetts Institute of Technology, July 2, 1957. 


12. ANALYSIS AND DESIGN PROCEDURE FOR 
Two-Srace Macnetic AmpLirier, T. Knutrad, 
M.S. Thesis, Massachusetts Institute of Teeh- 
nology, June 1956. q 


13. ANALYSIS OF MAGNETIC AMPLIFIERS BY THE 
Use or Dirrerence Eguarions, P. R. Joha: 
sen. AIEE Transactions, pt. I (Communi 
and Electronics), vol. 73, 1954 (Jan. 1955 section), 
pp. 700-11. 


do not extend far enough to serve si able 
residential, commercial, and man 
turing centers, and in other instances are 
nonexistent. 

The cost of underground tubes 
prohibitively expensive and they mus 
be confined to those areas where no othe: 
type of right-of-way is available. T 
outmoded elevated structures erectec 
around the turn of the century depress 
property values and discourage s 
stantial additions to this type of right-of 
way. There remains, however, the un 
paralleled opportunity to incorporate 
rapid transit into urban highway plans! 
and this possibility is being actively con 
sidered in connection with every express 
way which is planned for the Chicag 
area. In addition, there is gradually 
emerging a realization that railroad rights 
of-way furnish well-protected traffic-free 
arteries that may also, in certain instances 
accommodate rapid transit facilities a 
great benefit to the municipality. A loob 
at a railroad map of any large city w ili 
show how much comparatively light 
used right-of-way of this type exis 
The rapidly changing attitude of railro 
officials towards this possibility makes 
it a particularly attractive one to ex! 
plore when rapid transit routes are be 
sought. 

When the Chicago Transit Authoritt 
took over the existing rapid transit s} 
tem late in 1947, the rapid transit com 
pany had only four pieces of equif 
ment less than 30 years old, and 
multiple-unit door-control operation. 
addition, there were far too many static 
for true rapid transit service, and the c 
of maintaining and operating these si 
tions 24 hours a day was a very hea 
burden. At that time the number 
employees per vehicle amounted to 
Today Chicago has 474 lightweight hig 
speed multiple-unit door-control ¢ 
(with 130 more on order), and the multi 
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nit door control has been installed on 
10re than 400 of the older all-steel cars. 
ipproximately 25 stations have been 
liminated, fare collection on the trains 
as been instituted during the hours of 
ghter traffic, and several terminal loops 
ave been installed to replace stub-end 
perations with their attendant operating 
osts. The skip-stop system in wide use 
m the entire system has substantially in- 
teased the operating speed of all trains. 
fhe result of this and other kindred 
hanges has been to reduce the number of 
mployees per vehicle to 2.4. All this 
as been accomplished with but one 
ignificant change in the existing routes: 
he opening of the Dearborn Street Sub- 
vay. This change provided a more direct 
lowntown delivery for the Logan Square 
3ranch extending approximately 5 miles 
lorthwest from the Loop. 

All urban transportation systems have 
een drastic changes in revenue passengers 
luring the last decade. The Chicago 
fransit Authority was no exception. 
towever, the way in which rapid transit 
iding continued, and even increased 
lightly, during this period greatly en- 
ouraged those who feel that rapid transit 
S an important asset to Chicago’s well- 
cing. While revenue ridges on the sur- 
ace system declined from 641,600,000 in 
950 to 510,600,000 in 1955 (a decrease of 
ipproximately 20%), the rapid transit 
iding increased from 110,600,000 to 112,- 
100,000. This is a very modest increase, 
ut a very significant one in view of the 
act that there was no change in the 
etritory directly served by the rapid 
ransit system during these years. 
During this 6-year period the car-miles 
er employee on the entire system in- 
reased from 8,750 to 10,800, or 23%. 
he corresponding increase on the Rapid 
ransit Division was from 9,150 to 12,250, 
r 34%. 

The revenue rides per employee on the 
ntire system increased from 38,300 to 
1,500, or 10.5%. The corresponding 
hcrease on the Rapid Transit Division 
as from 25,200 to 31,800, or 26%. 
These figures are measures of operating 
ficiencies and illustrate what is being 
one in rapid transit service to reduce 
sts with modern facilities and tech- 
ques. 

Much more can be done and is being 
anned inthis area. A further and more 
mplete modernization of rolling stock, 
stitution of high-speed grade-separated 
ivate rights-of-way for obsolete elevated 
ructures and ground-line operation, 
mplified fare-collection techniques, mod- 
maintenance facilities, and other re- 
fed activities will tend to decrease 
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the operating costs of rapid transit 
operation further. 

It was stated earlier that any large city 
have as fine a rapid transit system as its 
citizens desire. 

The preceding figures indicate that 
even today, modern rapid transit opera- 
tion can be in the same cost bracket as 
bus operation on city streets, but that the 
capital cost remains a burden. This 
suggests that cities and rapid transit 
operators might co-operate to their 
mutual advantage on a “we'll build it, 
you operate it” basis. The value that 
the San Francisco planners place on 
this type of public works is clearly in- 
dicated by the sources of funds suggested 
to finance their $1.7 billion rapid transit 
program, the first stage of which is esti- 
mated to cost $875,000,000. They feel 
that the need for rapid transit in this 
area is such that they would provide 
over $30,000,000 of public support per 
year for the next 30 years to serve the 
bonded indebtedness of the first stage. 
This public support would come from 
property tax, retail sales tax, gasoline 
tax, and payroll tax. In addition, a 
proportion of bridge tolls is included. 
The possibility of state or federal aid has 
been discussed, but the planners prudently 
refrain from recommending a definite 
proportion of support from these sources. 


It is clearly intended, however, that 
the citizens acting through either an 
authority or a district (probably the latter 
in this instance) will finance and build the 
rapid transit facilities and that the opera- 
tion of these facilities will be supported 
by the revenues. That degree of sup- 
port could revolutionize the activities of 
many large American urban areas, and 
the planners are to be commended for 
their vision. 

The rapid transit incorporated in the 
median strip of the Congress Street or 
West Route Expressway, opened in June 
1958, utilizes welded rails on heavily 
ballasted track with long radius curves 
to permit a speed of operation limited 
only by the distance between stops. 
Attractive island-type stations are con- 
nected by covered ramps to adjacent 
bridges carrying cross-traffic over the 
expressway. This route, extending ap- 
proximately 10 miles west from the Loop, 
largely replaces an older route that com- 
bined elevated and ground-line operation 
using some of the oldest equipment on 
the system. It has a new downtown 
delivery which, instead of using the 
elevated Loop, combines with the Logan 
Square Branch and operates through the 
Dearborn Street Subway. It will be 
extremely interesting to see the effect 
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on traffic volume of new equipment, new 
right-of-way, and a greatly reduced run- 
ning time. 

The Northwest Route Expressway, 
extending from a point just west of the 
Loop to the northwest city limits, was 
originally designed without provision 
for rapid transit. In the last several 
years, however, the highway designers 
have become convinced that rapid transit 
in the median strip is a vital necessity in 
order to relieve the expressway of some of 
its automobile traffic. Therefore, the 
plans were altered to‘include a 2-track 
rapid transit line with island platform 
stations approximately every 7/10ths of a 
mile. This line extends northwest from 
the Logan Square terminal for a distance 
of approximately 71/, miles. It was in- 
stalled in accordance with the formula 
that has been used by the city and the 
Chicago Transit Authority since the 
inception of the Authority whereby the 
city installs all of the fixed transportation 
equipment and the Chicago Transit Au- 
thority repays the city in monthly pay- 
ments over a period of approximately 30 
years without interest charges. The cost 
of the right-of-way and stations is not in- 
cluded in the amount repaid to the city. 


As the last three miles of this extension 
provide extremely light traffic for normal 
rapid transit operation, the Authority 
suggested to the city that the Authority 
be relieved of any repayment for the cost 
of fixed transportation equipment until 
the revenues justify such payments. 


Another significant improvement in 
rapid transit service concerns the west 
end of the Lake Street Branch. The © 
outermost 21/,-mile section of this line, 
which serves the west side of Chicago and 
the village of Oak Park, involves 22 
grade crossings. Immediately to the 
north of the Chicago Transit Authority 
right-of-way is an elevated 6-track 
right-of-way belonging to the Chicago 
North Western Railroad. The railroad 
has indicated its willingness to lease 
two tracks to the Chicago Transit 
Authority and the various governmental 
and highway agencies interested in this 
2'/.-mile stretch have indicated their 
approval of the project and their willing- 
ness to share in the expense of eliminating 
these 22 grade crossings at an estimated 
total cost not to exceed $4,000,000. This 
would substantially improve the rapid 
transit service on this branch as well as 
immeasurably improve street traffic condi- 
tions through the affected area. There 
will also be a notable improvement in 
abutting property values. It is expected 
that work on this project can be completed 
18 months after agreements are signed. 
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The South Route Expressway starts 
from a point just west of the Loop and, 
after a short swing to the east, generally 
parallels State Street south from the Loop 
to 99th Street where the highway divides. 
One branch will serve Beverly Hills and 
Morgan Park to the southwest while the 
other branch will serve the Lake Calumet 
industrial district to the southeast. Here, 
too, it is being planned that a median strip 
of sufficient width for rapid transit opera- 
tion will be provided throughout the entire 
length of the expressway. It is felt that 
rapid transit operation should be provided 
in that part of the expressway nearest 
the central business district at the earliest 
opportunity and extended south as far 
and as quickly as circumstances permit. 
The south end of the State Street Subway 
would be only slightly more than 11/2 


miles from a convenient point of access 
to this median strip, or a shorter connec- 
tion could be made farther south to the 
south-side elevated structure. 

Another opportunity for an important 
median strip rapid transit operation will 
arise when the the crosstown expressway 
is built. This is planned to extend 7 
miles in a north-south direction, approxi- 
mately 31/, miles west of and paralleling 
State Street, from the Northwest Express- 
way on the north to the Southwest Ex- 
pressway on the south. Rapid transit 
operation on this expressway which would 
intersect every rapid transit branch ex- 
cept the North-South and Ravenswood 
as well as 30-section line, half-section line, 
and diagonal streets, would furnish an ex- 
cellent north-south trunk line by-passing 
the central business district but linking a 


Analysis of A-C Servomotors Operated 


from Unbalanced Nonsinusoidal 


Voltage Sources and Nonlinear 


Discontinuous Source Impedances 


E.R. LIND 


ASSOCIATE MEMBER AIEE 


ANY ANALYTICAL - studies 

directed at the predetermination 
of output characteristics of a-c servo- 
motors have been based on the assump- 
tions of constant-source impedance and 
sinusoidal excitation. Under these as- 
sumptions, the method of symmetrical 
components serves admirably, partic- 
ularly when steady-state characteristics 
are desired, and in cases where the 
duration of the mechanical transients 
makes the electrical transients insignifi- 
cant. : 
In recent years, the use of devices such 
as chopper modulators, magnetic ampli- 
fiers, and gaseous tubes in servomecha- 
nism design has caused a-c servomotors to 
be subjected to new modes of operation. 
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These devices may produce nonsinusoidal 
waveforms which are supplied through 
constant impedance amplifiers to the 
servomotor. In other cases the wave- 
form is nonsinusoidal and the output 
impedance of the amplifier is nonlinear. 
With thyratrons or magnetic amplifiers, 
the output impedance is essentially zero 
during conduction and approaches open- 
circuit conditions during the nonconduct- 
ing period. In addition, the waveform 
may have either an average value (d-c 
level), or the direct current may be super- 
imposed on sine-wave excitation to pro- 
duce some desired dynamic effect. 

A considerable volume of literature has 
appeared concerning magnetic materials, 
thyratrons, semiconductor devices, etc. 
Much study has gone into these special 
devices but there is a serious lack of in- 
formation available on the performance of 
a-c servomotors when operated in con- 
junction with these nonlinear devices. 

Methods outlined in this paper cir- 
cumvent the limitations of the method of 
symmetrical components and permit anal- 
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number of outlying commercial, residen 
tial and manufacturing districts. 

From the viewpoint of a mass transi 
operator, it is extremely gratifying to § 
how rapidly highway planners and eit 
officials have come to realize the inva 
uable role that rapid transit plays in th 
big team job of moving people. As thi 
realization grows and larger segment 


rapid transit can be provided for 
comparatively little expenditure as c¢ 
pared with highway construction, of 
can expect to see greatly expandin 
rapid transit facilities in many America 
cities. 


Reference 
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ysis of systems wherein source impedance 
are discontinuous functions of curre 
and time. Electromotive force (emi 
sources may be either sinusoidal or n61 
sinusoidal. 


General Relationships 


’ To specify completely the performana 
of a motor it is necessary to employ ° 
physical representation in terms of ft 
self and mutual operational impedane 


equivalent circuit. This has been don 
in the classic paper by H. C. Stanley; 
Stanley’s equations can be rewritten 
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2. Analog computer representation of nonlinear im- 


pedance in main phase 


‘hese equations have been widely used 
‘onjunction with operational methods 
obtain transient solutions to a wide 
iety of problems involving constant 
edances. With balanced sinusoidal 
tation, these equations are greatly 
plified by considerations of symmetry. 
» following section sets forth methods 
olving these equations simultaneously 
h additional relationships describing 
variation of source impedances with 
rent or time. 


nputer Representation of Motor 
nd Source Impedances 


n analog computer solution of this 
e of problem involves two parts. 
t 1 relates the motor torque and cur- 
- quantities to its input voltages. 
t 2 of the solution solves for the im- 
ssed voltages of the motor in terms of 
source emf’s and impedances as well as 
‘or currents. 

art 1, motor representation, is general. 
t 2, source representation, is neces- 
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Fig. 3. Slip torque characteristics of servomotor excited through non- 


sarily developed with regard to the nature 
of the specific system in which the motor 
is to be applied. In this paper, part 2 is 
illustrated through application to a typical 
diode damping circuit (see Fig. 1). 


Illustrative Application 


Part 1 of the computer solution is 
developed as shown in Appendix I. With 
this representation of the motor available 
it appears possible in the majority of 
cases to program the nonlinear portion of 
the circuit to supply the proper terminal 
voltages to the motor block of part 1. 
For the circuit of Fig. 1, this can be done 
in the following manner. 

From an examination of the external 
circuits of Fig. 1, the potential drop across 
the phase-shift capacitor can be written 
as: 


1 t 
Es—Va== if (Ie+Ip)dt 
Cc 0 


also 


RECTIFIER 
‘(Bs 
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ALPHA PHASE 


linear impedance 


Ip=0 VasO 


From Appendix I, the terminal input 
voltages to that portion of the computer 
which represents the motor are V,/Lg 
and V,/Ls. 

Hence: 


il 1 y 
(£3 =Ve) = Ig+Ip)dt 
r,¢# Vie) ail +Ip)d 


and 
Va/Ls 
= 0 
R R/Ls Va> 
a Va 30 


The program for this nonlinear external 
circuitry is represented in Fig. 2. The 
nonlinear element, the diode, is repre- 
sented by a Philbrick half-wave rectifier 
unit. Only the J, motor current is neces- 
sary to complete this program and this is 
obtained from the motor block. 

The only adjustment required is the 
setting of the two wo constants to corre- 
spond to the desired speed, as shown in 
Appendix I. The circuit of Fig. 1 was 


; 


” BETA PHASE — 


477 


| ALPHA PHASE 
VOLTAGE 


ALPHA PHASE 


Fig. 5. 


nonlinear driving circuit. 


thoroughly investigated in the laboratory 
and then simulated on the Wisconsin- 
Philbrick analog computer. 


Comparison of Experimental and 
Computer Results 


The physical constants of the experi- 
mental circuits are presented in Appendix 
II, along with the scaling factors used by 
the authors on a fast-time computer 
having a 1-ms (millisecond) time base. 
The static slip-torque curves for the ex- 
perimental and computer results are 
presented in Fig. 3. 

The dashed curves represent the original 
experimental data measured with full ex- 
citation. When the computer solution 
was compared with these experimental 
results, a large discrepancy was noted in 
the small slip region. “A careful re-exam- 
ination of the experimental results re- 
vealed that both the direct component 
and the a-c exciting component of current 
in the main phase increase as slip becomes 
small. Also, the phase shift between 
currents in the main and control phases 
becomes very small as slip decreases. 
These factors suggested the possibility of 
magnetic saturation. A second experi- 
mental curve was run with excitation volt- 
ages all reduced by a factor of 2. These 
new test data were scaled to represent 
full voltage operation and excellent agree- 
ment with the computer solution was 
achieved. 

Figs. 4 and 5 present a comparison of 
the various waveshapes from the com- 
puter solution and the physical setup in 
the laboratory. Again, the correlation is 
excellent. Instantaneous torque wave- 
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VOLTAGE 


A) 


Comparison of computer (A) and experimental (B) torque and voltage waveforms for 
Horizontal scales in A differ from those in B 


form could not be recorded in the labora- 
tory. 


Conclusions 


The analysis of 2-phase servomotors 
excited through stator impedances which 
are nonlinear discontinuous functions of 
time and current can be accomplished 
through the use of the analog computer. 
The simple study presented herein illus- 
trates the basic approach. More com- 
plicated studies can now be undertaken 
with confidence in the computer repre- 
sentation. 

In addition, although the computer 
studies presented in this paper were 
limited to steady-state conditions, this 
same basic program can be readily 
adapted for transient studies by replacing 
the two wp» coefficient units with multipliers. 
This would permit a rigorous solution for 
the transient response of a complete 
catrier servomechanism, either with linear 
or nonlinear amplifiers. 

The complexity of the motor representa- 
tion makes the exact study of large or 


Fig. 6. Computer 
representation of 2- 
phase servomotor 
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complicated servo systems difficult. 
tailed representation of the motor 
however, help establish more accurate 
the parameters to be used in the simp. 
“transfer function’ of the motor und 
any condition of excitation. 


Appendix | 


The analog computer representation of 
2-phase servomotor is presented in Fig, 
This circuit is based on the physical r 
sentation of the motor, not on an equi 
circuit. The equations presented 
will give the rotor and stator currents 
the applied stator voltages, whether st 
soidal excitation is applied or not. T 
torque is found from the general expressi 
for torque in terms of the space ra’ 
change of flux linkages. Thus torque 
comes: q 


T= M(Ipia—Iaig) 


This is instantaneous torque and wi 
subject to fairly violent variations 
inputs are unbalanced. The average 
may be found by putting this instan 
torque through a lag unit having unity¢ 
and a very long time constant. 


Appendix Il 


The motor used for the studies une 
taken in this paper is a Diehl-type FP. 


‘11, 115-volt 60-cycle-per-second 2-phase 


watt servomotor. This machine was fou 
to have quite linear characteristics over 
normal operating range. 

The values of the motor and 
parameters and an explanation of the va 
ous symbols used in the program are f 
sented in Appendix IIT. | 


Stanley’s paper. Thus, the rotor c 
11, 12 become: 


11 =te COS wpf+ig sin wot 
1g= —t%e Sin wot+-ig cos wot 


Using these physical constants in ¢ 
junction with the previously presented 
ferential equations yields a very unw 
set of coefficients. A set of scale fact 
which were found to yield a very d 
set of equations for computer representati 


=0.01t’ 
2=0.01 J.’ 
g=0.01 Jp’ 
r=0.01 Ip’ 
x =0.01 7,’ 
3=0.01 ig’ 
0=100 wp’ 
"a= Va’ 
p= Vp" 
is= Ey’ 


Appendix Ill. Nomenclature 
‘k = 684 ohms, rotor-phase resistance 


R=2.84 henrys, total rotor-phase induct- 
ance 


M=2.59 henrys, mutual inductance per 
phase 

Ls =2.84 henrys, total stator-phase induct- 
ance 

Rs=3817 ohms, stator-phase resistance 

R=333 ohms, rectitier dropping resistor 

C=7 microfarads, phase-shift capacitor 

#9 =output speed 

Va =main-phase stator voltage 

Ve=100 K; K=1,1 /2, control-phase stator 
voltage 

Es=100 volts, circuit input reference volt- 
age 

J =main-phase stator current 

J =control-phase stator current 

Ip =rectifier current 

te, 7g = transformed rotor-phase currents 


Discussion 


- M. Saunders and A. M. Hopkin (Uni- 
ersity of California, Berkeley, Calif. ): 
nalog computer representations for servo- 
iotors, with one exception,! have not re- 
ived much attention in the recent technical 
ferature although two papers on analog 
mputer studies of the transient response 
induction motors did appear about fifteen 
ars ago. Considering these three pub- 
ations, the authors, in limiting themselves 
) the steady-state case, have not made a 
sry strong contribution to the literature. 

The use of direct and quadrature axis 
mponents and cross-field theory for solv- 
g servomotor problems in the time domain 
is the distinct advantage over the use of 


0 


symmetrical components and the revolving 
field theory in that the equations governing 
the behavior of the induction machine are 
expressed in real rather than in complex 
variables. Thus the use of direct and quad- 
rature axis components lead directly to a 
solution under dynamic conditions when the 
variables are functions of time. In general, 
it may be said that the price paid for ob- 
taining the solution in real time is that 
simultaneous solution of the equations of 
motion is not as simple and straightforward 
as the use of the equivalent circuits which 
come from the symmetrical component and 
revolving field theory. In the authors’ case 


it seems regrettable to pay the price of 
complexity without obtaining a solution 
valid for transient excitations. 

On the other hand, the symmetrical 
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component method yielding, as it does, 
equivalent circuits is admirably adapted to 
the solution of steady-state problems even 
with nonzero source impedances or even 
nonsinusoidal excitation. In the case of 
nonzero source impedances one must de- 
velop the proper sequence network quanti- 
ties representing the source impedances and 
include them as part of the positive and 
negative sequence networks. For non- 
sinusoidal excitation one must resolve the 
nonsinusoidal waveform into its component 
harmonics by a suitable Fourier analysis 
and then considér the response of the net- 
work to each harmonic successively. Gen- 
erally speaking, in contrast with the authors’ 
case, the excitation of 2-phase servomotors 
is such that nonharmonic sources only 
appear in the control phase and not in the 
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reference phase. Under such conditions 
the harmonic torque produced will have a 
single-phase motor characteristic (i.e., zero 
torque at zero speed). Further, the har- 
monic torques will be multiplied by 1 /n? at 
the very least. Considering the fact that 
the harmonic content of the voltage at the 
motor terminals is apt to be very low in 
amplitude for all components except the 
fundamental, only the fundamental com- 
ponent of the nonsinusoidal waveform needs 
to be considered since it is the only one 
which will produce an average torque. Of 
much more importance than the amplitudes 
of the harmonics is the phase shift of the 
fundamental component with respect to the 
fundamental component of the reference 
phase. We have found that with magnetic 
amplifier excitation of the control phase this 
effect is equally as important as the ampli- 
tude effect of the fundamental and is much 
more significant than the harmonic content. 
It is not clear in the paper if this phase 
shift effect is considered. 

Unless saturation effects are to be con- 
sidered, we can see little merit in using the 
direct and quadrature axis method for 
steady-state solutions. In the case of 
saturation, Slemon‘ points out that the use 
of direct and quadrature components on the 
stator and backward and forward compo- 
nents on the rotor yields a very satisfactory 
method of coping with the problem. It 
appears that in this particular case an 
analog computer representation could not 
be effected without the use of gyrators. 

The White and Woodson! representation 
for the 2-phase servomotor is about as 
elemental as one can expect to achieve, and 
does cover not only the steady-state but the 
dynamic case where any time-varying 
excitation may be applied. Fig. 7 shows 
an analog computer representation for a 3- 
phase induction motor which will also yield 
dynamic as well as steady-state solutions.® 

In some respects the elegance of an analog 
computer solution is measured by the 
number of components used to achieve the 
final result. In the authors’ case it would 
take seven amplifiers, four integrators, and 
four multipliers to yield a dynamic solution. 
In the White and Woodson case the figures 
are 5, 4, and 6 respectively (although the 
discussers believe that the number of multi- 


pliers in their case could be cut to 4) and in 
the case of the 3-phase machine representa- 
tion of Guilford and Saunders the figures are 
6, 4, and 4 respectively. Even so, the use 
of an analog computer for 2-phase servo- 
motors is a formidable operation and in 
most system studies is just not necessary. 

One final note of caution: Not all servo- 
motors are as free of space harmonics as the 
one shown in this paper. Erroneous results 
would tend to show up when the servomotor 
was rich in space harmonics and would tend 
to produce cusps in the speed-torque curve 
not predicted by the analog computer solu- 
tion for the fundamental. 

A basic weakness of the analog computer 
approach to problems is in the tendency of 
people to set up the computer before they 
have sufficient information concerning the 
true nature of the process being represented. 
In this case, the overlooking of saturation 
effects in the machine resulted in a discrep- 
ancy between computed and test data. 
The meaningful way to eliminate the dis- 
crepancy would have been to modify the 
computer representation to give a more 
realistic behavior of the model. The dis- 
cussers note with distress that the authors 
eliminated the discrepancy by modifying 
the actual test procedure to give a less 
realistic measure of the motor behavior. 
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N. L. Schmitz and E.R. Lind: Mr. Hopkin 
and Mr. Saunders seem to feel that the 
method of steady-state symmetrical compo- 
nents can be used to solve all steady-state 


“This technique represents a possible 


induction motor problems; even those 
volving nonzero source impedances y 
are variable discontinuous function 
current and time. The authors do 
agree with this. 

It has been pointed out by the dis 
that steady-state symmetrical compon 
can be used to solve a variety of problen 
involving steady-state periodic voltages 
constant linear impedances. This ¢ 
problem is investigated in some dete 
reference 4 of the paper. Their suppo 
is applied conventionally to cases invo 
nonsinusoidal impressed emf’s in one or 
stator phases and in combination wi 
excitation. The fact that their suppo 
proved inadequate in the solution of 
more general problem involving va 
discontinuous source impedances led to th 
method reported in the paper, j 

The authors concur in the comments t 
lating to harmonic torques caused by 
sinusoidal: excitation through fixed s 
impedances. This aspect of induc 
motor operation is considered in some d 
tail in reference 4. Figs. S(A) am 
(B) (Figs. 4-7 and 4-8 of referent 
4) show the speed-torque charac 
tics of a servomotor obtained with 
voltage excitation in the main phase a 
variable length constant-amplitude vol 
pulse in the control phase. In one case 
pulse was started at the maximum of 
sine voltage, while in the other the pulse wy 
centered in order to keep its fundam 
component in quadrature with the 
voltage. Speed-torque curves were 
puted using steady-state symmetrical 
ponents and correlated to test re 


proach to the analysis of motor perfo: mata 
with magnetic amplifiers but it is 
recommended by the authors. The dis 
tinuous nature of the output impedance 
the magnetic amplifier is not accounte 
in this method. Also the effect of m« 
load variations upon output voltage is 
included. 

The authors have not as yet evolv 
computer program for determining th 
formance of a servomotor when ope 
with a magnetic amplifier. We note ti 
the discussers have not disclosed a solut 
to this problem using either steady-si 
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Fig. 8. Slip-torque characteristics with variable length, rectangular voltage pulses on control phase and sine-wave voltage on main ph 
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B—Fundamental component of pulse in quadrature with main-phase voltage 
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symmetrical components or an analog com- 
outer. This is perhaps one of the more 
sromising areas for further investigation, 
Further investigations have already indi- 
sated the feasibility of introducing multi- 
pliers, as suggested under the ‘‘Conclusions”” 
section of the paper, for solution of transient 
problems. Before condemning the analog 
computer solution to a problem because of 
torque discrepancies of the order of 0.02 
per unit resulting from magnetic saturation, 
it is perhaps advisable to inquire into the 


purposes of an analog computer solution. 
It is our belief that one of the prime merits 
of a fast-time computer is that of being able 
to observe immediately the results of 
changes in one or more parameters. Hav- 
ing established the magnitude of discrepancy 
introduced by certain assumptions and 
localized it to these assumptions, the in- 
vestigator is then free to proceed with an 
awareness of the possible effects upon his 
results. The reduced voltage test reported 
in Fig. 3 localizes the discrepancy observed 


A Suppressed-Carrier Signal Generator 


for Servosystem Instrumentation 


P. J. POLLARD 


ASSOCIATE MEMBER AIEE 


Synopsis: This paper describes a method 
of obtaining a sinusoidal suppressed carrier 
voltage using two synchros connected in 
such a way as to eliminate the need for 
slip rings. The result is a relatively simple 
and maintenance-free signal generator that 
is capable of producing modulation fre- 
quencies as high as 500 cps (cycles per 
second). 


: NE OF THE more widely accepted 
methods of generating a suppressed 
carrier signal for the analysis of servo- 
systems is the use of “‘synchros.”’ Briefly 
e synchro is an electromechanical de- 
vice that generates a suppressed carrier 
signal when properly excited and rotated 
at some constant velocity. Being a 
rather rugged mechanical device, main- 
tenance is an extremely small factor for 
most applications and the operation of the 
synchro within its limits requires nothing 
more than a small d-c motor as a driver. 
Although synchros may be used at higher 
attier or excitation frequencies, the 
modulating frequency is a function of the 
speed of rotation and the latter is mate- 
tially limited. This limitation corre- 
sponds to a modulating frequency of 
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approximately 40 cps for most commer- 
cial synchros. 

The advantages of using synchros, 
as previously pointed out, prompted the 
development of a method of extending 
the modulation frequency range. The 
result was the electromechanical signal 
generator shown in Fig. 1. The two out- 
standing features of this unit are: 


1. It may be rotated at speeds as high as 
15,000 rpm (modulating frequency is pro- 
portional to rotational speed). 

2. Two cycles of the modulating fre- 
quency per revolution are obtained. 


The word ‘‘cascaded” has been adopted 
as signifying the mechanical and electrical 
coupling of synchros in such a manner as 
to increase the initial or fundamental 
modulating frequency by a factor de- 
pendent upon the number of synchros 
cascaded. Thus with two _ synchros, 
twice the fundamental modulating fre- 
quency is obtained for the same synchro 
shaft speed; with three, three times the 
fundamental modulating frequency re- 
sults; etc. 


Voltage Relations in a Synchro 


Before considering cascaded synchros, 
it is best to review briefly the equations 
involved with one synchro. It may be 
seen from Fig. 2 that the output voltage 
of each winding is determined by the 
cosine of the angle between the magnetic 
axis of the rotor and the axis of each 
stator winding. Equations for each 
stator winding voltage can be written by 
inspection, and the line-to-line voltage 
is the sum of the stator winding voltages 
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between the full-voltage test and computed 
results. Since the error was small (probably 
less than one-third that which could have 
resulted had not precise torque-measuring 
equipment and temperature-control pro- 
cedures been used), it was not considered 
desirable to introduce variable inductance 
parameters to account for saturation. It is 
hoped that the authors’ method of localizing 
the source of the relatively small discrepancy 
caused by saturation did not unduly dis- 
tress our other readers. 


between the line terminals. For an input 


voltage of 


€in=E sin wet (1A) 


and making the proper assumptions as to 
reference and polarity, the following equa- 
tions can be written for the phase voltages. 


ai=kE sin wt cos (+180) (1) 
@.=kE sin wet cos (6+ 60) (2) 
és=kE sin wet cos (@—60) (3) 


where £ sin w,¢=excitation voltage on 
rotor, k=transformation ratio of rotor 
to stator, and @=angle between rotor and 
stator. 

The line-to-line voltages are: 


@-2=€:+@=kE sin wet cos (86+120) (4) 
€2-3=€2+¢3=kE sin wet cos 0 (5) 
41-3= ei: +e3;=kE sin wet cos (@—120) (6) 


The angular displacement is related to 
the angular velocity by the expression 
&m=d6/dt. Thus, for a constant angular 
velocity wm, equation 5 may be rewritten 
as 


€2-3=kRE sin wet Cos wmt 


which can be expanded into the form 


Fig. 1. 


Electromechanical signal generator 
with d-c motor as driving source and potenti- 
ometer as speed control 
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Cin =Esinwct 


Fig. 2. Electrical schematic of synchro 
having a 3-phase stator and a single-phase 
rotor 


Cin feoun 


Fig. 3. Electrical schematic of two synchros 
cascaded 


He ae oo 
(A) (B) (C) 


Fig. 4. Vector diagrams illustrating frequency 
relationships on cascaded synchros 


A—Rotor fixed at angle O, 3-phase stator 
excitation frequency Cwe+wm) 
B—Rotor angular velocity equal to wm and 
in the same direction as the 3-phase stator 
excitation sequence 
C—Rotor angular velocity equal to wm and 
in the opposite direction to the 3-phase stator 
excitation sequence 


Fig. 5. Electrical schematic of three synchros 
cascaded 


és_3= 1/2kE[sin (we+wm)t+sin (we—wm)t] 
(7) 


Substitution and expansion of the other 
line-to-line voltages will produce the same 
terms with the addition of a phase angle 
term. From this it can be seen that in its 
idealized state, the synchro produces a 
suppressed carrier modulated signal. 


Cascading Synchros 


Assuming the manufacturer’s rating on 
synchro speed is to be respected, some 
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method of circumventing this speed limita- 
tion was needed to extend the modulating 


frequency range. The solution was found 
in the system referred to as cascaded 
synchros. 


The electrical configuration for cascad- 
ing synchros is illustrated in Fig. 3. For 
an input signal as expressed by equation 
1(A), the three output voltages of the 
first synchro would be equal to those ex- 
pressed by equations 4, 5, and 6, respec- 
tively. As pointed out previously, equa- 
tions 4, 5, and 6 may be rewritten as 


@2=hE sin wet cos (wmt+120) 
€2-3=RE Sin wet COS wmt i 
6g BE sin wet cos (opt 120) 
Expanding these equations 


€-2=1/2kE[sin {(we+om)t+ 120} + 
sin {(we—cm)t—120}] (8) 


é2-3=1/2kE[sin (wetwm)é+sin (we—wm)t] 
(9) 


@-3=1/2kE[sin { (wetwom)t—120} + 


sin {(we—wm)t+120}] (10) 


Upon examination of the sidebands as 
shown in equations 8, 9, and 10, it may be 
seen that both the upper and lower side- 
bands fulfill the time and space require- 
ments for a 3-phase system. This fact is 
the basis upon which cascading’ synchros 
has been developed. When the stator of a 
synchro is excited with a 3-phase current 
the output of the rotor of the synchro will 
be a constant amplitude signal in which 
the phase relationship between the out- 
put and the input is dependent upon the 
rotor position. Thus, considering the 3- 
phase input signals of the form sin(w,+ 
@m)t and sin(w,.—wm)t to the stator of the 
second synchro, the output voltage would 
be given by the expression 


cout" E [cos {(we+oUm)t+e} + 
cos {(wc—com)tF a} ] (11) 


_ where a is the angular position of the 


rotor of the second synchro with respect 
to its stator 

At this point, the relationship of the 3- 
phase excitation voltage and the resultant 
induced voltage in the rotor winding 


‘should be studied. To simplify the ex- 


planation, only the upper 3-phase side- 
band will be considered. The results ob- 
tained from this will be equally applicable 


_ to the lower sideband. From the vector 


diagram of Fig. 4(A), the rate of change 
of flux linking the rotor winding and thus 
the frequency of the induced voltage is 
seen to be a function of (w,-++wm) and 6. 
If the rotor winding is rotated at the 
same angular velocity and in the same 
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Se 
Se 


Fig. 6. Experimental model used for th 
study of cascading synchros 


direction as the 3-phase vectors, RY 9 2 
4(B), the resultant change in flux lin 
the rotor winding due to the factor w. 
comes zero and the frequency of the result 
ant induced voltage will be a function 6 
w,. However, if the rotor winding ¥ 
rotated in the opposite direction to hat 
of the 3-phase vectors Fig. 4(C), the re tel 
of change of flux linking the rotor wind Bal 
becomes a function of (w,+2wm). hus | 
by rotating the second synchro at the 
same angular velocity as the first and s 
the proper direction with respect to the 
rotation of the 3-phase vectors, the resu ts 
ant output voltage will be 


cout E[ecos (e+ 20m )t+ cos (we—2wm)t] 
( 
It is obvious from equation 12 that the 
desired doubling of the modulation fred 
quency has been attained. It is intere 
ing to note that the relative position 
the rotor of the second synchro 
respect to the rotor of the first simp a 
determines the phase relationship of th 
output of the first synchro with that of Y 
second. Thus, mechanical alignment o 
the respective rotors is not necessary. 
cascade more than two synchros 1: 
this system, differential synchros must bi} 
used. Referring to Fig. 5 and considerm 
an input voltage equal to E sin wet, tt 
voltages e-2, és, and e~3 will be th 
same as equations 8,9,and10. Fromt 
previous explanation given for cascading 
synchros, it may be seen that the out 
voltages will be ] 


ease kE[cos {(we+2em)t+120} + 
cos {(cog—2wm)t—120}] ( 3 


3 | 
CaF RE [cos (we-+2em)t+cos (ce —2wWm)i 


e'1-a=5 BE [cos { (co-+20m)t— 120} + | 
cos {(we—2em)t-+120}] (18 
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‘ig. 7. Wiring diagram and corresponding waveform configurations for two synchros cascaded 


This, then, becomes the 3-phase excita- 
jon for the third synchro. If the third 
synchro is rotated in the proper direction 
with respect to the 3-phase excitation, the 
itput voltage will be 


== E[sin (we+3am)éi+sin (we—3em)t] 
(16) 


fhe primary limitations of the number of 
ynchros that may be practically cas- 
aded are the bulkiness of the resulting 
ystem, brush noise and speed regulation. 


‘liminating Synchro Slip Rings 


Cascading synchros had provided a 
nethod of extending the modulating fre- 
[uency range but the limitations men- 
ioned previously were considered too 
evere. These limitations were inflicted 
yy the mechanical arrangement necessary ; 
e., a number of synchros coupled together 
S shown in Fig. 6. As a result, the 


problem was again considered but this 
time with the idea of eliminating, rather 
than circumventing, the speed limitation 
of the synchro. It is evident from the pre- 
vious discussion that the maximum obtain- 
able speed of a synchro will determine its 
maximum modulating frequency. Since 
the primary factor in establishing this 
maximum speed rating is the slip ring and 
brush assembly, efforts were directed to- 
ward eliminating the latter in order that 
higher synchro speeds could be practically 
attained. Reviewing the method of 
cascading synchros as illustrated in Fig. 3, 
it may be seen that the two 3-phase stators 
are electrically connected. If the single- 
phase rotor winding and 3-phase stator 
winding of each synchro were inter- 
changed; i.e., if the single-phase winding 
would be made the stator and the 3- 
phase winding would be made the rotor, 
operation of the synchro should not be 
affected. Since the rotors are mechani- 
cally coupled to a common shaft, it would 
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then be possible to connect electrically 
the two 3-phase windings without the use 
of slip rings. The signal generator of Fig. 
1 was made from two standard differential 
synchros (15CDx4) connected as shown in 
Fig. 7. A sleeve-type coupling was used 
to couple mechanically the two rotors, and 
lead wire was clamped along the common 
shaft to connect electrically the rotor 
windings. The resultant rotor assembly 
was then aligned in a cradle mount which 
held the two stators. Thus, the only 
speed limitation remaining was that of 
alignment and dynamic balancing. Since 
these could be controlled without too 
much difficulty a practical high-frequency 
suppressed-carrier signal generator was 
obtained. 


Effect of Angular Velocity on 
Sideband Amplitudes 


The block diagrams of Figs. 8(A) and 
8(B) illustrate the instrumentation of 
typical Vickers electrohydraulic open- 
loop and closed-loop servosystems respec- 
tively. In the closed-loop system, the 
control signal (output of the servosystem 
analyzer) must be added to the feedback 
signal or signals. Thus, an important 
factor concerning the signal source when 
used to instrument a closed-loop servo- 


‘system is its amplitude-versus-frequency 


characteristic over the range to be 
studied. Equations 4, 5, and 6, that have 
been used thus far as expressing the output 
of a synchro, although a simplification of 
the true output, have been sufficiently 
accurate for the preceding analysis. 
However, a more rigorous derivation of 
the latter must be carried out if the 
amplitude versus modulating frequency 
characteristics of a synchro are to be 
understood. Thus, for an input signal 
given by 


(1A) 


éin=Ssin wet 


FREQUENCY =——> 
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Fig. 10. Oscillogram of suppressed-carrier 
signal-generator output waveform frequency = 
5,000 cps, modulating trequency = 500 
cps, output voltage = 180 volts peak-to-peak 


I5CX4 


5k Gout 


Fig. 11. Ketay 15CX4 synchro with a 
5-kilohm load at a carrier frequency of 400 
cps. See Table | 


the instantaneous flux produced would be 


(17) 


g=Ff COS wet 


where ¢ is the instantaneous value of flux 
produced by the excitation voltage and 
® is the maximum value of flux produced 
by the excitation voltage. 

The flux linking the secondary windings 
of the synchro is a function of the rotor 
(primary) position with respect to the 
stator (secondary), thus 


gy’ = COS wet sin 0 (18) 


where y’ is the instantaneous value of 
flux linking the secondary. Considering 
the synchro as rotating at some constant 
angular velocity equation 18 may be 


expressed as 
¢' =@ COS wet sin wmt (19) 


The voltage induced in the secondary 
winding under these conditions would 
be 


Cout = Ome i= 


- (20 


where k is a constant, N the number of 


CIN 


ISCDX4 


turns enclosed, and dy’/dt the time rate 
of change of flux linking the secondary. 
By substituting equation 19 in equation 
20, the induced voltage may be expressed 
as 


out = ai 


=RkN®(wm COS wel COS wmt — 
@, Sin wet sin wmt) (21) 


(€ cos wet sin wmt) 


Expanding and simplifying equation 21 


Cout = kN &[1/2 wm{cos (we—wm)t+ 
cos (we-t-wm)e} —1/2 w,{ cos (we— 
@m)t — cos (coet+wm)t} ] 


— RN®z [fe +fm) cos (we+am)t— 


(fe —fm) cos (we —wm)t| (22) 


It should be noted that sideband un- 
balance is a function of synchro speed, 
rather than modulating frequency. Thus \ 
in cascading synchros, the sideband un- 
balance characieristic changes as shown by 
the curves of Fig 9. If this device is to 
be effective in providing reliable instru- 
mentation for closed-loop servosystems, 
the characteristics of the feedback ele- 
ments must be considered in reference to 
those of the signal generator More 
specifically, if these characteristics differ 
from those of the driving signal as shown 
in Fig. 9, an error will result as expressed 


by 

fa( 1 ) 
g error a, 1—— 100 
f fe N 


where NV is the number of synchros cas- 
caded. 


(23) 


Performance of Signal Generator 


Figs. 10-14 indicate the performance of 
a signal generator. To establish a refer- 
ence for comparison purposes, the char- 
acteristics of one synchro (15Cx4) were 
determined for rated excitation voltage 
and frequency are presented in Fig. 11 in 
outline form (also see Table I). The 
carrier phase shift refers to the phase shift 
occurring between the input and output 
terminals of the synchro with the rotor 
adjusted for maximum output. This 
position is also used to determine the 


5K 
€out 


I5CDX4 


Fig. 12. Suppressed carrier signal generator with 5-kilohm load at carrier frequency of 5 ke. 
See Table Il 
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AMPLITUDE — A-C VOLTS 


© “5 10 15 J20), 25 3035" 4eue 
MODULATING FREQUENCY - CPS 


Fig. 13. Curve illustrating the effect c 

modulating frequency on the sideba 

amplitudes in the output of a Ketay 15CK8 
synchro 


Constants: excitation voltage=110 vol 
excitation frequency=400 cps, output load 
resistance=5 kilohms. Woltage measurements ; 
were made using the General Radio Weve t 
Analyzer 
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Fig. 14. Curve illustrating the effect of 
modulating frequency on the _ sidebande 
amplitudes in the output of the suppressec 

carrier signal generator 


Constants: excitation voltage=90 volts rm 
excitation frequency=5 kc, output | 
resistance=5 kilohms 


Table I. Characteristics of One Ket 
15CX4 Synchro with a 5-Kilohm load «& 
a Carrier Frequency of 400 Cps 


Statically: 
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Dynamically: 


Modulating frequency..,..............0. 40 cp 
Harmonic components 
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Table Il. Characteristics of Suppressed Carrier 
Signal Generator with 5-Kilohm Load at 
Carrier Frequency 5 Ke 


Statically: 
OTIGR Ss Sig acc GUE en eee 0.71 
Null. teteeetaretelefevslcteis susiehineraeiacct so cieusa, 80 millivolts 
Watrier phase Shift. o.2). j.cie eh sco decck 9 degrees 
Harmonic components 
ANE ees 8 cassie EER Cli SOs laces eae a ee 38 db 
aS Cemmbarereme reenatety «svete ie lcicyats.e. kinetin 48 db 
Dynamically: 
Modulating frequency................. 100 eps 
Harmonic components 
2313 bilo 6 Adit Of ACTER oe RRC REI ee 38 db 
TPS FIN 2k FoR eA age OOO Greer eee 48 db 


harmonic components. The informa- 
tion of decibels (db) to facilitate com- 
paring the operation of the subject gen- 
erator to the normal operating character- 
istics of a synchro. Statically, the refer- 
ence for the decibel ratios was the carrier 
frequency component present in the out- 
put with the synchro rotated to its 
maximum output point. Dynamically, 
the reference was the mean of the upper 
and lower fundamental sideband com- 
ponents at the modulating frequency in- 
dicated. The curves in Figs. 11 and 12 
and Tables I and II illustrate the side- 
band output characteristics of a standard 
synchro in comparison to that of the 
signal generator developed. The oscillo- 
gram in Fig. 10 was taken to show the out- 


put waveform of this generator at a mod- 
ulating frequency of 500 eps. 


Appendix | 


From Fig. 11 it can be seen that the total 
voltage induced into the secondary at any 
instant will be equal to the voltage induced 
by each phase of the 3-phase excitation 
source. Considering the angular position 
of the synchro rotor with respect to phase 1, 
a general equation for the output voltage 
out May be written as 


éout=kE|sin 6 sin g+sin (@—120) sin 

(¢—120)+sin (+120) sin (g+120)] 

=1/2 kE|cos (@—¢~)—cos (@+¢)+ 
cos (6 —120—9+120)—cos 
(6—120+ »—120)+cos 
(6+120—»—120)— 
cos (6+120+ »+120)] 

=1/2 kE[2 cos @ cos +4 sin 6 sin g— 
cos 6{ cos(g+240)+-cos (e—240)} + 
sin 6{sin (p-+240)+sin (g—240)}] 

=1/2 RE[2 cos 6 cos g+4sin @sin e+ 
cos 8 cos g—sin @ sin ¢g] 

=1/2 RE[3 cos 6 cos y+3 sin @ sin ¢] 


3 
75 RE cos (g—@) 


In the case of a synchro having a 3-phase 
carrier excitation expressed by 


€=SIN wel 
e’=sin (wt+120) 
e’’ =sin (wt —120) 


and rotating at an angular velocity wm, 


the output voltage would be 
3 
Cout =o kRE [cos (we See oom)t] 


In the case of a synchro having a 3-phase 
excitation expressed by 


é€é=cos (w2¢ +am)t 
e’=cos [(wetwm)t +120] 
e’’=cos [(we+wm)t—120] 


and rotating at an angular velocity wm, 
the output voltage would be 


3 
Cout = 2 kE [sin (we —wm)t] 


Appendix Il 


From equation 22, the sideband ampli- 
tudes of a synchro may be represented as 
k'(fetfm) and k'(fc—fm), respectively. 
Furthermore the sideband amplitude of 
the output of cascaded synchros would be 
k''(fetfm/N) and k’'(fe—fm/N) respec- 
tively, where N represents the number of 
synchros cascaded. If the factors k’ and 
k'’ were made equal and opposite, as in 
the case of negative feedback around a 
servoloop, the difference signal remaining 
would be Rkfm(1—1/N) and —kfm(1—1/N), 
respectively. Using zero modulating fre- 
quency as a reference amplitude, the 
per cent error introduced by the difference 
in the two signals would be 


_Jn( tL 
Qoerzor x; (: +) x 100 


Synopsis: This paper is concerned with 
the problem of designing an “adaptive 
controller” for the control of a certain 
class of dynamic processes. In general, 
these processes consist of a dynamic 
element governed by a nonstationary, 
linear differential equation. It is assumed 
that the designer knows only the form of 
he differential equation and bounds on 
e parameter variations but not the 
exact equations. A further complication 
of the problem is that all measurements 
of the state variables of the process are 
obscured by additive noise. 


Control is exerted by means of a piece- 
vise continuous signal which can change 
only at “sampling instants.’ The problem 
s to design a controller, on the basis of this 
meager information, which is capable of 
generating an input sequence that will 
ake the process to equilibrium with zero 
steady-state error from any initial state. 
A controller capable of achieving this per- 
ormance in a stochastic sense is shown to 


January 1960 


Control by Stochastic Adjustment 


J. E. BERTRAM 


ASSOCIATE MEMBER AIEE 


consist of a very simple multifeedback 
atrangement in which the only uncon- 
ventional element is a time-varying gain 
element. 


PARTICULAR CLASS of problems 

of engineering and economic im- 
portance is the control, over a certain time 
interval, of a dynamic process such as a 
chemical reactor or missile. In general, 
the solution of this problem results in a 
system which has the schematic form of 
Fig. 1. The function of the controller is 
to maintain the state, x(¢), of the process 
being controlled, at or near, in some sense, 
to an abritrary reference state, x”. Con- 
trol action is effected by the control vari- 
able, m(t), the input to the dynamic 
process, which is generated in the con- 
troller. Thus, the design of the controller 
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consists of building into it some knowledge 
of the dynamics of the process so that, 
on the basis of the desired state x” and the 
feedback information concerning the state 
of the process, it is possible to generate 
an “intelligent” control signal, m(t). 

In a large number of systems the dy- 
namic behavior of the process is ade- 
quately described or approximated by an 
ordinary differential equation relating the 
state variables and the input or control 
variable. In most of the so-called optimal 
systems, the design of the controller 
requires a precise knowledge of the differ- 
ential equation of the process if the over- 
all system is to perform in the manner 
desired. This is unfortunate, for experi- 
ence has shown that, while the designer 
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back Control Systems Committee and approved 
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for presentation at the AIEE Fall General Meeting, 
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may know the order and form of the 
equation, he seldom knows with any pre- 
cision the exact values of the parameters. 
Even when measurements are made and 
precise estimates of the parameters are 
obtained prior to designing the controller, 
it has been found in most applications that 


these parameters change appreciably dur- _ 


ing the life of the system either because 
of aging of certain critical components or 
because of environmental changes. 

In the past few years a considerable 
effort has been made to develop control- 
system design methods which do not 
require that the designer have a precise 
a priori knowledge of the dynamics of the 
process. 

These efforts, in general, have been 
based more on intuition than on analysis. 
Usually the procedure has been to select 
some criterion of performance which is 
readily measurable, perform this measure- 
ment continuously on the system, and 
utilize the measurement to adjust certain 
free parameters in the controller in order 
to achieve the desired performance. 
Examples of such systems are found in 


the work of Draper and Li, Burt,! 
Cosgriff,2 and also Anderson and 
Aseltine.? Kalman‘ has suggested a 


somewhat different approach to the 
problem which is applicable to the control 
of any dynamic process which is ade- 
quately described by an ordinary, linear, 
differential equation which changes slowly 
with time. In his system, the process 
dynamics are estimated from input- 
output measurements and on the basis of 
these estimates the controller parameters 
are calculated and adjusted in compli- 
ance with some performance criterion. 
In other words, the standard design 
procedure is mechanized. At various 
times these systems have been classified 
s “self-adjusting,” ‘‘self-optimalizing,”’ 
or ‘adaptive.’ In the following these 
terms are considered as synonymous. 

In each of the systems mentioned before 
it is assumed that any time variation 
in the process parameters is slow in 
comparison with either the response time 
of the process or the measurements and 
adjustment time of the controller. Fur- 
thermore, since the dynamic performance 
of these systems with the self-adjustment 
loops is described by nonlinear differential 
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Fig. 1. 
x(t) . Control 


O 
STATE 


(left). 
system 


m*(t) 


Fig. 2. (right). 
Dynamic process 


or difference equations, little is known 
about the transient behavior. In those 
systems which have been built%4 it has 
been found that satisfactory performance 
has required the introduction of a dis- 
turbance or test signal in order to insure 
a minimum signal-to-noise ratio in the 
measurements. This signal limits the 
steady-state accuracy of the system. 

This paper is concerned with a different 
approach to the adaptive control problem. 
The methods employed are strongly 
motivated by and are closely related to an 
area of current interest in mathematical 
statistics called stochastic approximations. 
In their pioneering paper, Robbins and 
Monro® give an algorithm for stochasti- 
cally converging on the solution, x, of the 
equation M(x)=a, where M(x) is the 
expected value of the response of an 
experiment to the input x. (It is as- 
sumed that the function M(«) is unknown 
to the experimenter.) Thus, the problem 
is to find that input « which on the aver- 
age yields the output a. Their results 
have been extended by numerous 
authors.6-8 A point of view which is of 
particular interest in adaptive control sys- 
tems was suggested by Dvoretzky.® He 
considered the stochastic approximation 
method as a convergent deterministic pro- 
cedure with a superimposed random ele- 
ment or noise. The adaptive-control 
problem of this paper is viewed in a sim- 
ilar way. 


Statement of the Problem 


The dynamic process to be controlled 
is illustrated in Fig. 2. The following 
assumptions concerning the process are 
made: 


1. It is assumed that the input, m*(t), 
generated in the controller, is sampled- 
and-held so that it is piecewise constant. 
That is, between successive sampling 
instants the signal is held constant at the 
value of the function at the previous sam- 
pling instant. Thus: 


m*(t)=m*(kT), kT <t<(R+1)T, 
B=05:15,2) cone (15 


where the sampling period, T, is a positive 
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X3, ..., Xn, the input m*, and time, so that 


LINEAR DYNAMIC 


ELEMENT 


O ooo O 
Xa(t) X(t) Xn(t) 


constant and the point, t=kT, is called? 
the kth sampling instant. (Frequently it’ 
will be convenient to write f(#) rather: 
than f[kT].) 


2. The state variables of the dynam 
process denoted by %1, %2, %s, ..., %n ame 
observed or measured only at the sameg 
sampling instants (t=0, TJ, 27, 
The state of a dynamic element at 
instant of time is a set of numbers whie 
completely summarize that past histor 
of a dynamic element which is necess 
to a determination of its future behavio 
To be specific, if one thinks of the element; 
as being simulated on an analog compu 
then the voltages at the outputs of theé¢ 
integrators form such a set. (The number 
of integrators needed to simulate an 
order differential equation is exactly m 
and no more.) Since the simulation of 2 
dynamic element is not unique, it follows’ 
that the state variables are not unique 
However, in the present case it is assume 
that the state variables have been selec 
so that all x of them are physically accessik 
to measurement. A discussion of how thisi 
condition may be relaxed is found 
reference 10. 


3. It is assumed that in the process 
performing the observation or measureme! 
a random element (noise) is added to the 
state variable so that: 


yit)=x(t)+n.8), t=1,2,..., 2” 


where y is the observation, x is the true 
state value, and m is the noise. 


4. The dynamic process contains 
integrator so arranged that if the differentiah 
equations describing the process are wri 
in normal form,!! then the derivatives 
the state variables with respect to time 4 
functions only of the state variables 


te(t)= >) au(t)x,(t)-+ddt)m%(2), 
j=2 
t=) 2) o. orte 


Consequently, equation 3 is such that tha 
only equilibrium states for m*=0 are: 


%1 =," (an arbitrary constant) | 
29-20; $50, Open G4 
The restrictions to sampling which 4 
inherent in assumptions 1 and 2 only te: 
to simplify the problem without any r 
loss in generality. Assumption 3 me: 
states a condition which is always presé 
in the physical world. On the ott 
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and, 4 somewhat limits the applicability 
' the result, but fortunately this re- 
ricted class includes a large number of 
aysical problems. Actually this as- 
imption may be relaxed considerably; 
_ the present paper this has not been 
ne so that the mathematical arguments 
ay be kept simple in order not to obscure 
le motivation and methods employed. 
The problem now is to determine under 
hat conditions, if any, it is possible to 
sign a controller which will generate a 
mtrol sequence m(0), m(1), ... which 
ill take the process from any initial 
ate x(0) to a desired equilibrium state 
in some optimal fashion. Further, it is 
sired to use a simple controller and one 
hich can be designed from as little a 
iori knowledge concerning the time- 
rying parameters and the noise, Ni, 
possible. 

The state of the art at the present time 
not at the point where a unique best 
lution is possible. This paper presents 
solution which satisfies most of the con- 
tions of the problem and has the po- 
ntial of satisfying many more. 


escription of Over-All System 


If the state variables are observed only 
the sampling instants, t= OMT T eas, 
en the solution of equation 3 will yield 
e difference equation: 


+1) = Six(k)+-dim*(k) (5) 


lere x(k) is an n-dimensional vector 
th components (x1, x2, ..., %,) denoting 
> state of the process at the kth sam- 
ng instant; ®, is an (mXmz) square 
trix which represents the transforma- 
n of the state at the &th to (k+1)th 
upling instant in the absence of an 
mut; d;, is an ” vector which represents 
» effect on the state at the (k-+1)th in- 
t of a unit step-control signal applied 
the kth instant; and m*(k) is a scaler 
ioting the value of the kth control 
nal. 
[he adaptive controller suggested in this 
er is a simple device which generates 
control signal m*(k) by weighting the 
erence between the desired equilibrium 
te x’ and the observed state vector y(k) 
the time-varying gain a,. Thus: 


h) = ax’ [x’ —y(F)] (6) 


ere a,’ is the transpose of vector ax 
e observed state vector y() is actually 
sum of a noise vector n(k) and the 
ual state vector x(f). 

)=x(k)+n(k) (7) 


Mquations 5, 6, and 7 describe the over- 
system shown in Fig. 3. To obtain 
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Fig. 3. Linear sys- 


xR 
tem O : 


the over-all difference equation describing 
the behavior of this system at sampling 
instants, substitute equations 6 and 7 into 
5 and find: 


x(k-+1)=(,—dyax’)x(k)+dyax’x’ — 
dyaz’n(k) (8) 


The problem now is to show that under 
conditions which are reasonable in prac- 
tice, x(k) in some sense tends to the 
desired equilibrium state, x’. Rather 
than investigate equation 8 for all x’, it is 
easier to subtract x,” from both sides of 8, 
and letting e(k) =x(k) —x’, find conditions 
under which e(k) tends to zero as & be- 
comes large. This result can be written: 


e(k+1)=(S;—dyaz’)e(k) — 
(4,—1)x’—dyay'n(k) (9) 


where J denotes the identity matrix 
(unity on the diagonal, zero elsewhere). 
However, from condition 4, which is 
explicitly stated in equations 3 and 4, the 
term 


(@,—I)x’ =0 (10) 


From equation 3 the first column of the 
matrix ®, contains only zeros except for 
the ®,, term which is always unity. Con- 
sequently the matrix (®,—J) has only 
zeros in the first column. From equation 
4 the equilibrium reference vector x’ has 
all components equal to zero except x,’ 
which is arbitrary. That is: 


(11) 


0 


As a result, the product of equation 10 is 
identically equal to zero and equation 9 is 
simply: 


e(k+1)=(@—dyxar’)e(k)—dzax’n(k) (12) 
Conditions for Convergence 


The conditions for convergence of equa- 
tion 12 may be stated formally as follows: 

In the equation the expected or mean 
value of the norm of e (k) denoted by E|le- 
()|| tends to zero as kR> © 


lim E(||x(z)—x"||)—0 (13) 
kore 


if the following conditions are satisfied: 
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1. The norm 


[®x— drag’ || <px (13A) 


where yx is a sequence of positive numbers 
satisfying 


II »x=0 
k=0 


(13B) 


and such that the partial products of 
equation 13(B) are uniformly bounded. 


2. The n(k) for k=O, 1, 2, ... are ran- 
dom vectors which are statistically inde- 
pendent of the dynamic system and such 
that the expected value of their norm is 
finite: 


E(|n(z)||) <0 (13C) 
3. The infinite sum: 

D> El\ldvax’||)E(in(#)|)) (13D) 
k=0 


is finite. 


The proof and application of this ’ 
result require at least an elementary 
understanding of the concept of norm. 
The norm of a vector y written as ||y]| 
is a scaler quantity denoting in some 
sense the magnitude or length. of y. Ex- 
amples of a norm are: 


lly Ih= dood 


(14A) 
t=1 
n 1/2 
Wvte=| > vay] (14B) 
t=1 
or 
lly lls= max (ad|y4|) (14C) 


where Qi, 2, .. 
numbers. 

It is readily verified that each of these 
norms has the properties that: 


+» Qy are a set of positive 


Ix+-yl] S|lx|+llyll (15A) 
lieyl=lcl lly (15B) 
lly ||>0 if y 40 

lly||=0 if, and only if, y=0 (15C) 


(y=0 implies that every component of y 
is zero.) 

In defining matrix norms it is natural 
to impose the same conditions and pos- 
sibly a few others;!! that is: 
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Fig. 4. Example 1 


A+B <|4+1]5ll (16A) 
lx =Lel IA (168) 
where q@ is a scaler, and 

||A|| 40 unless A =0 (16C) 


A particular matrix norm will be said to 
be consistent with a given vector norm 
if for every A and x: 


|x| <||4]] Isl (16D) 


Matrix norms which satisfy equations 
16(A), 16(B), and 16(C) and which are 
consistent respectively with the vector 
norms of equation 14 are: 


Sed 


(17A) 
t=1j7=1 
n n 1/2 
b> ou) | (17B) 
jet fel 
Either 
us Qa 
max pp “lou (17C) 
7 j=l aj 
or 
Z a 
ee) 
max (37 2) 


The proof of equation 13 is quite 
straightforward using the concept of 
norm and will be presented here because it 
illustrates the applicability and limitations 
of the result. 

The first step is to take the norm of 
equation 12 and use equations 15(A) and 
16(D) to obtain: 


lle(k+1)||<|]b«—diax’ || lie(e)||+ 


IAxax’|| Im(%)|]| (18) 


Next take the ensemble average or ex- 
pected value of equation 18. Letting 
Vi=E(\le(2)||) and 4. =E\||drax’ ||) 
E(||n()||)and using condition 13(A): 


Vieszi<cpe Viet on (19) 


is found, a first-order difference equation. 
Upon successively iterating equation 19, 
let 


k 


bim= TI 4j=bmbm41- - «bk 
j=m 
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then: 
k 
Vier <0xo Vor >, beigio% 


7=0 


(20) 


where by%41=1. From equation 13(B) 
as k—> © forany finite m, bym =Osothat the 
first term on the right in equation 20 goes 
to zero as k—>o. To show that the 
second term also goes to zero as k>™, 
break it into two partial sums: 


k m 
> bn, i410 = Ss bk tqaoit 
t=0 1=0 


k 
a bx,tt104 (21) 


t=m+1 


for any finite m, it follows from equation 
13(B) that as kR—> ©, each term in the first 
sum of equation 21 goes to zero. Further, 
from 13(B) all partial products of 
by are uniformly bounded by some finite 
positive constant. Since from equations 
13(C) and 13(D) 


ao 


yee 


k=0 


it is possible to choose an m in equation 21 
so that: 


foo} 
> br i-1io1<e 


t=m+1 


for any positive «. Therefore, it has been 
shown that in the limit as ko, V; con- 
verges to Zero. 

Note that in control systems one is 
generally interested in designing systems 
which are asymptotically-stable-in-the- 
large (i.e., for any initial state x(0) the 
norm of the solution x(k) tends to the 
equilibrium point ask). In this case 
however, the best solution achieved is 
that the expected value of the norm, E 
(|'x(k) —x" ||) +0ask—> ©. Roughly speak- 
ing. this means that x(k) generally con- 
verges to x’ but it is not an absolute cer- 
tainty. While this limitation is not 
desirable, it seems to be the best that can 
be achieved for the generality of the pres- 
ent case. 

To illustrate how this result is applied 
to the design of a particular system, 


consider the following first-order ex- 
ample. 

xR 
Fig. 5. The system 
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Example 1 


For the dynamic process of Fig. 4, itis 
desired to determine an input seque: 
m(0), m(1), which will bring — 
arbitrary initial state x(0) to the desir 
state x”. The process consists of in 
integrator preceded by a time-varyin 
gain element g(t). The only a pri 
information available to the designer is 
that these variations are bounded by the 
positive constants a; and a» such that ax 
<2(th< a2. : 

The differential equation describing tha 
process is: 


dx s. 
i tee (22 q 


Since the input is a piecewise constan 
signal (defined by equation 1), the 
ence equation relating the state varia’ 

x, and the input m at sampling instants i: 
x(k+1)=x(k)+dxm(k) (23% 


where 


(k+1) 7 
dy= Hf g(r)dr 
k 


vi 


Consequently, a1T<dy<aeT. 

The observation of the state variabl) 
4(k) is a linear combination of the act hs 
state variable x(k) and a random element 
or noise, 2(k). The only informati on 
available about this noise is that its & 
pected value or mean is zero, while 
variance is bounded by a positive c 
stant. That is E[n(k)]=0 while H¢ 
(k)?)< for all k. | 

From this information it is possibh 
to generate an input sequence m(0), m( Lt 

.., Which insures convergence in thi 
sense described by simply multiply nu 
the difference between the desired state i 
and the observation y(k) by the ti 
varying gain a,=A/ 4% where A>O, an 
using the result as a control signal. ! 
wise choice of A speeds the convergene 

To see that this simple strategy work 
write the difference equation of the 
plete system of Fig. 5. 


(x(k-+-1)—x")= ( — Aan) ae 7 


TAWTTAD*t 1 


n the first-order system the state vector 
as only one component. If it is desired 
) obtain convergence in the mean square, 
2can be used rather than the norm x 
or this example. If the system is to con- 
erge in the mean square: 


im E((x(k)—x")2)>0 


hen it follows from equations 13(A)—(D) 
hat, first: 


A 
1——— d; ieee (25A) 


Tits 


yhere yi; is a sequence of positive numbers 
uch that 
TT ux=0 (25B) 
=0 


A necessary and sufficient condition?? 
hat the infinite product: 


& A 
II Se S43 = 
(1 a ax) 0 


s that the infinite sum 


Ybviously this condition is satisfied since 


Ady<a2 TA 
ind 
A 1+k 


Second, it is also necessary that 


A 
2 © 
2 ((a 4) *) zn) )<= (280) 
Qe finite. By assumption E (n(k)*) is 
inite and d,A<a2TA which is finite. It 
ollows that equation 25(C) is less than 


| © 


| it 
al eS 
3 Du atn< 


- C is a finite positive constant, since 
he infinite sum of equation 26 is kown to 
ye finite. 

- Thus in this system with the gain, g(#), 
varying in an unknown but bounded 
ashion, and with the feedback measure- 
nents obscured by noise, it is possible 
o generate a control or input sequence 
n(0), m(1), ..-, which takes an initial 
tage, x(0), to the desired state x’ in the 
tochastic sense (i.e., E(x(k)—x’)*~0 as 
2—> ©) without the steady-state variance 
f error usually associated with noise in a 
ystem, 

Note that to satisfy equation 25(A) and 
B) the time-varying gain cannot tend to 
ero too rapidly, but in order to satisfy 
15(C) its square must tend to zero fast 


(26) 
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enough that its infinite sum is finite. A 
sequence which satisfies these two condi- 
tions is classified as type 1/2. 


COMPARISON 


As ‘a comparison of this design method 
with that of conventional sampling sys- 
tems, consider the previous example with 
T=1 second, g(#)=10; E(n(kT)?) =o, 
and the noise, 2(kT), ‘sampled white.’’!* 

If this system is designed in the con- 
ventional way for “‘finite settling time” in 
the absence of noise, the controller is a 
constant gain, a(k)=0.1. Inthe presence 
of noise, the variance of the system error 
for all k is E(x(k) —x")?= 0? 

In comparison, if the method of this 
paper is used and the controller gain a(k) 
is made equal to 0.1/(1+), then the 
variance of system error as a function of k 
is: 


o2 
oo 
E(x(k) —x") ite 
Thus for all k>1 the variance of the 
latter system error is less than one- 
half that of the conventional sampling 
system and, further, it tends to zero with 
large k. 


PRACTICAL CONSIDERATIONS 


First, since a(k) +0 as k> ©, it would 
seem that such a system would only be 
useful as a one-shot device. To get 
around this difficulty and permit con- 
tinuous performance, it is necessary to 
add an element to the controller which 
starts the sequence a(k) over again when 
a change in the reference state occurs. If 
the reference state, «7, changes infre- 
quently, that is, at a rate which is much 
slower than the relative convergence rate 
of the system, then the performance is the 
same as that previously described. Ifthe 
input changes are rapid, then the present 
system is not adequate for the task. 

A second and more serious problem con- 
cerns the effect of a disturbance at the in- 
put of the integrator. With such a dis- 
turbance it is not possible to achieve 
convergence in the sense of 


lim E(x(k)—x")?—-0 
ko 


nor could stich convergence be obtained 
by any other scheme as long as the 
control effort is restricted to manip- 
ulating the input, m/(?). 

To illustrate the effect of such a dis- 
turbance assume that in the previous 
example a disturbance q(t) is added to the 
input of the integrator The equation 
governing the dynamic element now takes 
the form: 


a&=d(t)m*(t)+q(t) 
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so that the difference equation relating 
input and output at sampling instants is: 


x(k-+1)=«(k)+d(k)m*(k)+q'(k) 


where 


(K+1)7 
d(k) = oS du) 


(k+1) 7 
g'(k)= a Rode 
kv 


Using the controller of the previous sec- 
tion, the system equation now takes the 
form 


e(k+1)=(1—a(k)d(k))e(k) — 
a(k)d(k)n(k)+q'(k) (27) 


This equation without the disturbance is 
equation 24. 

From equation 27 it can be seen that 
for a constant disturbance g(t)=Q, 
(q'(k)=QT) the system is such that the 
deviation e=x—x" grows without bound. 
The expression for this deviation due to 
the disturbance alone (1(k) =e(0) =0) is: 


k 
ek+1)= >) fring’) 


7=0 


where fi,j+1= [1—a(j+)dG+))]...[a- 
a(k)d(k)]. For a(k) of the form A/a+% 
the infinite sum: 


lim yh j= © 


k— © 


does not exist. 

If the disturbance, however, is random, 
independent of the observation noise and 
the state of the dynamic process, has 
mean E(q'(k))=0, and has a variance 
E(q'(k)?) which is finite; then the effect is 
quite different. Letting U;,=E(e(R)?), 


o,=Ela(k)d(k)(n(k))], and Q(k)=E 
(q'(k)?) the following is obtained: 
Viezi<un Vit ox + Ox 
where p,y<(1—a(k)d(k))?2. Successively 
iterating from k=O, find: 
k 
Viizi<bk,o Vor ye bx, g109+ 
=0 
/ k 
> bx, 54104) 
j=0 


where b;,;, as previously defined, is the 
product wjuj+i .-- Mee 

From previous results it is known that 
that the first two terms on the right of 
equation 28 tend to zero as k becomes 


large. The third term: 

k k 
2S br, 11 On<C >) bk, 41S 
j=0 j=0 
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Table I. Transient Response 


x(K) 

K eK nk A=1 =1/4 =1/8 =1/16 =1/32 
0000 000.000....+000.000..... +020,000...+020.000...-+020.000...+020.000... +020.000 
oe caer ...+005.600..... +020.000,..+020.000...+020.000...+020.000... +020.000 
00002 ++006.162....+006.920.....—184.256.,. —031.064...—005.532...+008.185...+007.233 
00003 +009.569....—006.600..... +116.834,,, —012.465...—006.066...+005.908. . . +004.508 
00004 +009.984....—004.051..... — 234.792... +002.738...—001.016...+006.266...+004.925 
00005 +011.038....+004.957..... +100.319.,.+003.558...+000.565...+006.123...+004.788 
00006 +007.541....—001.986...-.. —132.090... —001.141... —000.958...+004.520...+003.444 
00007 +008.460....—001.419..... +036.438.,, —000.158,.. —000.495...+004.662...+003.329 
00008 +002.193....—000.822..... —005.888...+000.318... —000. 206... +004.525..,+003.185 
00009 +007.079....+001.004..... —004.048, .. +000.352...—000.171...+004.543...+003.144 
00010 +003 .025....+004.612..... —001.654,,. +000.085... —000. 253... +004.240...+002.940 
00011 +014.123....—001.698..... —002.549.. , —000.269...—000.418...+004.067...+002.798 
00012 +003 .027....+003.099..... +002.905... +000.362...—000.078...+003.765...-+002.709 
00013 +013.308....+002.469..... +001.390...+000.143...—000.173...+003.685...+002.618 
00014 +011.929....+007.207..... —002.561,,, —000.524... —000.467...+003.386...+002.292 
00015 +013.674....—001.439..... —006.520,.. —001.948. ;,—001.185...+003.014...+001.786 
00016 +007.618....+001.268..... +000.736...—001.176...—000.886...-+003.182...+001.766 
00017 +008.093....—006.611..... —000.218.,. —001.187... —000.908...+002.963...-+001.676 
00018 +013.308....+006.405...,. +003.033.., —000. 259... —000.461...+003.098...+001.823 
00019 +014.335....—003.320..... —003.945.., —001.395... —001.010...+002.715...+001.443 
00020 +006.795....+003.327..... +-001.537... —000.505... —000.602...+002.720...+001.531 
00021 +012.860....—000.055..... —000.115...—000.745...—000.717...+002.552...+001.428 
00022 +015.716....—006.001..... —000.010, ., —000.622... —000.658...+002.524...+001.376 
00023 +013.888....+006.038..... +004.284...+000.560... —000.064...+002.482...+001.582 
00024 +010.177....+003.307..... —001.949, ., —000.435...—000.514...+002.287...+001.294 
00025 +010.352....—004.780..... —002.525...—000.740... —000.662...+0C2.153...-+-001.172 
00026 +014.999....—005.483..... +000.500... —000.168...—000.381...+002.111...+001.266 
00027 +000.628....+001.337..... +003.375...+000.646...+000.041...+002.066...+001.418 
00028 +010.096....+006.403..... +003.265...+000.634...+000.037...+002.053...+000.414 
00029 +010.699....+001.017..... —000.221.,. +000.000... —000. 252... +001.973...+001.238 
00030 +000.607....—005.761..... —000.514.,, —000.093. .. —000.287...+001.812...+001.186 
00031 +008.674....—005.834..... —000.387... —000.063... —000.272...+001.818...+001.191 
00032 +006.511....—003.290..... +001.353...+000.348...—000.058...+001.869...+001.273 
00033 +014.695....+003.883..... +001.747...+000.498...+000.026...+001.935...+001.298 
00034 +010.031....+004.248..... —000.759..,+000.010... —000.191...+001.810...+001.154 
00035 =F OU22 777.00 = 005. 2810. oe —001.789.,, —000.303...—000.340...+001.708...+001.054 
00036 +008.128....+004.080..... +000.792...-+000.206... —000.084...+001.755...+001.151 
00037 +003.438....+004.985..... —000.307... —000.035...—000.197...+001.709...+001.077 
00038 +002.497....+002.969..... —000.742... —000.150.... —000. 252... +001.673...+001.042 
00039 +008.466....+001.857..... —000.888...—000.196...—000.275...+001.645...+001.025 
00040 +000.491....—000.172..... —001.099,., —000. 287... —000.318...+001.613...+000.986 
00041 +003.201....+000.023..... —001.083... —000.285... —000.317.,.+001.612...+000.986 
00042 +006.401....+001.572..... —001.000.., —000.280...—000.314...+001.587...+000.981 
00043 +006.114....—001.749..... —001.087.., —000.329... —000.338...+001.520...+000.956 
00044 +004.179....+001.869..... —000.684.., —000.255... —000.301...+001.540...+000.963 
00045 +006.860....—003.499..... —000.797...—000.294... —000.319...+001.490...+000.947 
00046 +006.121....+000.347..... —000.141,.. —000.149... —000.247...+001.513...-++000.971 
00047 +013.767....—003,.001..... —000.169... —000.156... —000.248...+001.479...+000.960 
00048 +001.020....—000.839..... +000.759...+000.075...—000.129...+001.593...+000.997 
00049 +008.793,...—002.077..... +000.761...-+000.079... —000.127...+001.599... +000.997 
00050 +000.686....+000.559..... +000.997...+000.168...—000.077...+001.611...-+001.009 


since the infinite sum of the by,4,,’s is 
finite. 


TRANSIENT BEHAVIOR 


While it has been shown that x(k) con- 
verges to the desired state «” in the mean 
square as ko, nothing has been said 
about the rapidity or lack of it in the 
convergence. From equation 20 in the 
absence of noise (i.e., 2(k)=0), it can be 
seen that V;, the variance of the system 
error, is less than: 


k 
bro= II wy 

7=0 
times the variance of the initial error. 
Therefore a fast transient response re- 
quires that b;,. tends to zero quickly with 
k. In the previous example, with 

A 2 

-~—T, 

omerrars dt 
it is apparent that this result depends on 
getting py, very small (ie. w,<1) as 
quickly as possible. This depends on g(k) 


we 
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and AT but since only AT is commandable 
it seems that the best one can do is choose 
AT so that py, is less than unity for all &. 
(Note that as ko, pz—>1.) This choice 
depends on the bounds a; and az on g(k). 
However, any particular transient response 
depends on the exact gain sequence, ¢(B), 
and the noise, ~(R), so that often another 
choice of A which leads to p,; being greater 
than unity for small &, yields better 
results. 


Fig. 6. Example 2 
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‘with 4=1/8. 


q 


In Table I, the transient perform ar 4 
of the system described, with an initial ] 
state x(0)=20, sampling period of T= 
second, and the noise and gain sequenc 
tabulated, is shown. The terms in the 
gain sequence are confined to the range, , 
0.1<g(k)<16, while the noise (fk), is uni 
formly distributed in the range from 
to +8 (i.e., E[n(k)]=0, E[n(K) ]?=4/2), | 
The response is tabulated for A=1, 1/8, | 
1/16, and 1/32. The latter two choices 
insure that y, is always less than unity, | 
but the fastest convergence is obtained 


Example 2 


Example 2 is similar to example 1 e 
cept that it is of second order rather than j 
first order (see Fig. 6). i 

The information available to the de-- 
signer is the following: 


1. The time-varying gain a<ge<6 whereas 
and 6 are positive numbers. 


2. The noise vector n(z) is such thai ¢ 
E(\In(k)||)<@ for all &. 


8. The parameter, a, is positive. 


Using the vector norm 15(C) and ifss 
consistent matrix norm 17(C), it can bes 
shown that a,,=A ;/(1+)?, where A; i 
positive constant, satisfies equatio: 
13(A)-(D), and thus insures that: 


E(||x(z) —x" ||) 0 


i 
in the limit as ko. As before, tt 7: 
transient behavior is closely related to) 
the choice of A;. 


1 


| 


Conclusions 


This paper presents a method for ; 
designing a control system when theé 
process being controlled has the following? 
properties: 


1. Parameters varying in a bounded# 


fashion. 


2. The measurements of the state variables¢ 
are obscured by additive noise. 


The controller required to insure sté 


fre = eee, ee pay 
| DYNAMIC PROCESS 


p> 
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lity in a stochastic sense is conventional 
‘cept for time-varying gain elements. 
It is hoped that the present discussion 
ill help in developing the design of con- 
ol systems in which the a priori knowl- 
lge of the description of the process is 
eager and measurement is difficult. 
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The Effect of Elevated Temperature on 
Flash- Welded Aluminum-Copper Joints 


C. R. DIXON 


ASSOCIATE MEMBER AIEE 


OTH ALUMINUM and copper have 
# high conductivity and hence are 
ccellently suited for use as electric 
mductors. Since both metals are widely 
sed, connections between them fre- 
tently have to be made. The most 
ymmon type of connection is the bolted 
int, as when an aluminum bus bar is 
jlted to a copper stud. Although this 
pe of connection is satisfactory, fre- 
1ently a more efficient and less bulky 
mnection, with better appearance, can 
> made by flash welding, as illustrated 
miig. 1. 

The quality of flash welds is dependent 
1 certain conditions during the welding 
eration. As a result of important im- 
Ovements in techniques, especially in 
e forgoing mechanism and in the die 
sign of the welding equipment, flash 
elding is now used commercially in an 
creasing number of applications in which 
mnections have to be made between 
uminum and copper. The improve- 
ents provide 1. rigid support of the 
eces at the ends during joining, 2. 
rge increase of velocity of the platen at 
e time of upset, and 3. control of time 
change from flashing to upsetting dur- 
y the flash-welding operation. These 
ree improvements make it possible to 
tain welds of high quality. Further- 
ore, the die not only rigidly supports the 
aterial but uses the energy of motion to 
ear off the upset metal. 
While it was possible that extreme 
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temperature conditions might be harmful 
to the joints, it was believed that the con- 
ditions that would exist in normal service 
would not be harmful. Some tests toeval- 
uate the effects of elevated temperatures 
were reported several years ago, using 
joints made before the present improved 
techniques were available.! In the in- 
vestigation now being described, the im- 
proved techniques have been used. From 
tests of almost 500 joints, the effects of 
heating on tensile strength, ductility, 
resistance to impact, and electrical resist- 
ance were determined. 


Welding Procedure and Materials 


A general view of the 250-kva flash 
welder that was used is shown in Fig. 2. 
A close-up of the dies, indicating the 
pinching-off action at the weld, is shown 
in Fig. 3. An oscillogram of the opera- 
tion during the controlled change of 
platen movement, when the velocity of 
the platen changes from 0.125 inch per 
second to 13.7 inches per second, is shown 
in Fig. 4, together with traces for voltage 
and current. 

Joints were prepared consisting of com- 
merically pure aluminum bar, 1/4 by 11/2 
inches, flash welded to copper bar of the 
same size. 

The conditions under which the welds 
were made are shown in Fig. 5. Before 
making any welds to be tested, the setup 
of the welding machine was checked by 
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Fig. 1. Stator of large generator containing 

flash-welded aluminum-copper joints. Ar- 

rows indicate one of 24 groups of welds; note 
bend near one weld 


. 


Fig. 2. Flash-welding machine, 250 kva 


Paper 59-1162, recommended by the AIEE Electric 
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October 11-16, 1959. Manuscript submitted 
April 8, 1959; made available for printing August 6, 
1959. 
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Fig. 3 (left). 
Pinch-off dies in 
flash - welding 


machine fe 


VOLTAGE 


Fig. 4 (igh,  (PPS#T DisTANceLT TN 
Oscillogram in- 
dicating speed Ez 
of platen during 


flash welding 


FINAL DIE OPENING 


INITIAL DIE OPENING 
Ya" 


ALUMINUM 


YT 
y 


UPSET DISTANCE 


ve N/30" EWN 


ULL 


0.394" 


z 
fe] 
0 
aa 
fo} 


FINAL 
POSITION 


INTERMEDIATE 
POSITION 


INITIAL 
POSITION 


Fig. 5. Conditions used in flash welding 1/4-inch by 11/,-inch bars 


, 
Fig. 6. Cantilever-beam impact test specir ne 


Flashing distance=7/8 inch of flash-welded aluminum-copper join 


Flashing tine =7 seconds 

Flashing velocity =0.125 inch per second 

Force time delay =0.032 second 

Upset tine =0.049 second 

Maximum upset velocity=13.7 inches per second 
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©) 
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Table I. 


Average Results of Tensile Tests 


Heating Conditions 58 : 
4 ocation Heati iti “ 
3 Tensile a Raltasel es eating Conditions Re Location : 
emperature, Time, Strength, No. at Weld mach = ensile | of Failure, Extension 
F Months ‘ es, Temperature, Time, Strength, No. at Weld in 2 Inches, 
Psi per Total No * 
. % F Hours Psi per Total No. %o* 
Group A 
Group C 
On aa. WONG. case 
oe ee pe ae afitonn ae Woria Sean ets PRA 15,400. tees TAQ, sei eereien 9.3 
tous Soom ie S67 12000 Renee 0] On ee ets 10.3 
ieee Paes eee 4505 buena: vy ne 13}; 3008 seacser 8/ Dae sheers 5.5 
ae ae Libcond oes hae ae TERED EE ane a s 8/86 ann nee 5.2 
Ne ae ieee hear eae rete tenses 6.9 6. awe 15, 400%20 ie S/MOS ER ee 13.5 
Teenie 1e woo ete ee ae I PS cera 14 200)c ora B/ Di coe sons D350 
ec ee toy bey eR eos tO SOO Wee Py Si 125500 Fees 3/105 ewe 14.2 
ip ae A gap taetae Eb pe oa ae 36a AIP OOO MEME 3/10 sake eens 14.5 
ae Rar gabe ie oe PEE ks le 10100 Ree C/O es 10.9 
ae LO Reet Peano is 9.8 TOI ae GRS00 Mice 1OVAO See ere 4.0 
Ae teeta ies faa ye Wy srt ee 13:,900 anne SMO na. yews 11.9 
Pape cd Ug ae a we ibe Rete 12h000 Nee CR ee e/TOME ER eee 8.6 
AA SON M ete tas Tt abe eee 116700550 ue A/ 3a pee 7.4 
Cie ih ao NE peta eT gee daa Sa can ; ty Me io bee ewes a fo ade enemas ee 
ahi ee Renae ec Chea BD Oe a ee ST a 600 Seer i date aun ; 
aah Ripa ia ae ae ee as Wien scerorrt 12) 100 emer 3/10 A Aa ck oe 10.0 
Bateau Hap OO ste, i Saar i a ve Re dy 12, 500i es. 1/ Sic eee 7.5 
ae MOCO eet 1/1 ok eae cem Of EEE = BY PRL GOO Renee eee de eee 10800348 rece A/G oe ee 14.9 
. t 15,500........ 0/6 BV ps, ace sb 18 800s ee es 2/10 16.0 
R70 chin. toe... 15,600 0/6 
ee ee toa a? : 2 aarene tL GOO eee 2/10 sheer 10.2 
SORE OE pa0O sete 0/4 700 «hee [12 os 10, BOO er 6/10 eee ONT 
L/S 9:400 See ey 10/1 OR 6.6 
* Includes only those that failed at weld. 
T Intermittent instead of continuous heating; total time at temperature. 
qualification tests in which sample welds Table Il. Results of Impact Tests 
were required to withstand bending 99 —— 
degrees around a 3/4-inch mandrel with- : oye Complete Fractures 
out failure. Heating Conditions oe ie ; " 
ise j ota ange 0 verage 
The joints consisted of three groups. OP ane cas : No, of Values, Value, 
Groups Mend Be were welded” ht the Time Tests No. Foot-Pounds Foot-Pounds 
same time, the only difference being that a Seer ee 
the aluminum bar used for group A had 0 ie hike Pe eters 
been annealed while that used for group B Veo cnt eek eeee (Ay re ic Gasca. Tee DST hh oe eee te 2.3 
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: : oer ton Gerth d tif aceon! Sey Wee ere Bere DHE rea I. BeSTOle sa eee 4.8 
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: Ane> ae nana Soy ules Bites 0:3-2°5E Se See 1.3 
continuously at temperatures of 212 or Gots ae Gi Sees ROA Dike: Bie mail aa aera 2.2 
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tests, electrical resistance measurements, 


and metallographic examinations. 


Tensile tests were made of specimens 
consisting of the full section of the bar. 
As a measure of ductility, the extension, 
in per cent, of a 2-inch gage length 
centered across the weld was determined. 

Impact test specimens 0.250 by 0.394 
inch as in Fig. 6 were machined without 
notches and were tested as cantilever 
beams in an Izod machine of 50-foot- 
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* Intermittent instead of continuous heating; total time at temperature. 


pound capacity. The aluminum 


end of 


the specimen was gripped in the vise with 
the joint at the edge of the jaws. The 
copper end was struck on a 0.394-inch face 
by the pendulum so that an original sur- 
face was subjected to maximum tension. 
Electrical resistance measurements were 
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made in which current was passed through 
the length of the specimen, including the 
layer of intermetallic compound. The 
potential drops were measured over 2- and 
4-inch gage lengths, using an L-and-N- 
type K-2 potentiometer. 
Metallographic examination of some 
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Table Ill. Electrical Resistance of 1/4- by 
11/o-Inch Flash-Welded Aluminum-Copper 
Joints 

: Electrical 
Heating Conditions Resistance, 
Microhms, 
Gage Length 
Temperature, 
F Time 4 Inches 2 Inches 


Groups A and B, Time in Months 


Room 
temperature: 20. «096 12 a+ ss 10:O0}eeiaetas 520) 
2 DP tis. a eee ae 10) eeiecten 5.0 
BOON versiai cree 24a scons 9.0) eee sisters 4.8 
OM OR av cierant UP re te 15 10.0 
Group C, Time in Hours 
Room 
temperature: .i.cccnioh aspect On Oven aeiscen 4.8 
450. ate. ua SLAM 3 ante CRY cs eters SB 4.8 
500 (OR eon QD Bieicts weleies 5.0 
DOO seme aces si Schacter OT Se encase 4.8 
600 Die pats O Widtaporatele tere 4.7 
700 Awe tee ears ONS Mt be chanetnn-s 4.8 


* Intermittent instead of continuous heating; total 
time at temperature. 


of the welds was made in which the 
thickness of the layer of intermetallic 
compound was determined. 


Results and Discussion 


The results of tensile tests are sum- 
marized in Table I and in Fig. 7. 

In about 40% of the tests, failure oc- 
curred in the aluminum and, therefore, 
the actual strengths of the welds were not 
determined, only the maximum stress 
that they withstood before the specimens 
failed. The average strength of all of the 
specimens was 11,900 psi (pounds per 
square inch), but for the reason just stated 
the actual average strength of the welds 
must have been even higher. 

In groups A and B (Table I and Figs. 


-=24 MONTHS 
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7(A) and (B)) there was obviously no 
significant decrease in the strength of 
the specimens as a result of heating. It 
will be noted that in both groups the 
slight decreases in strengths with increases 
in length of heating period at the highest 
temperature (370 F) are not an indication 
of loss of strength of the welds, since 
none of the failures in these tests occurred 
at welds. Since very few of the specimens 
in groups A and B failed at the welds, the 
higher strengths in group B reflect the 
higher strength of the aluminum bar in 
those specimens. 


In group C (Table I and Fig. 7(C)), the 
percentage of failures at the welds was 
larger than in groups A and B. This is 
true regardless of whether or not the 
joints were heated. Also, heating at the 
various conditions caused decreases in 
strengths of the specimens. Decreases of 
this kind were expected because such 
heating would anneal the aluminum 
which, in this group of specimens as 
mentioned—previously, was in a strain- 
hardened temper. When the decreases 
that occurred were accompanied by 
definite increases in the proportion of 
failures at the welds, and when the 
strengths became less than that of 
thoroughly annealed aluminum, then 
there was distinct evidence that the 
heating was detrimental to the welds. 
For the heating conditions investigated, 


Fig. 8. Etched 

cross sections of 

joints after heat- 
ing, 500X 


A—Groups A 
and B 
B—Group C 
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the percentage of failures at the weld 
not increase significantly until the speci- 
mens had been heated 120 hours at 450 
F, 48 hours at 500 F or 1/4 hour at 700 F. 
The average tensile strength did not 
decrease to less than 10,000 psi until the 
specimens had been heated 72 hours at 
500 F or 1/4 hour at 700 F. In general, 
the scatter or spread of strengths was 
greater for the exposed specimens than 
for those that were not heated, but t. 
lowest individual strengths encounte 
for exposures of 48 hours or more at 500 
F and for all times at higher temperatures 
were considerably below 10,000 psi. 

In general, the extension values ob- 
tained in the tensile tests are in agreement 
with the foregoing observations. 

The results of the impact tests are 
summarized in Table II. Values are 
shown only for those tests in which com- 
plete fracture occurred, because it is only 
under such conditions that the results 
have quantitative meaning. 

Complete fracture occurred in only 
about one-fourth of the tests, and in 
those cases it was at the weld. Generally 
the percentage of complete fractures 
tended to decrease with increase in tem 
perature. Although the average impact 
values were generally lower for the speci- 
mens that had been heated than for the 
specimens that had not been heate 
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fractured at the welds was so small, and 
the number of specimens in which the 
welds withstood the impact blow was so 
large, that the values themselves are not 
significant in evaluating the effects of 
heating. 

The measurements of electrical resist- 
ance at room temperature after heating 
for the longest period of time at each 
temperature are listed in Table III. The 
data show no trend toward an increase in 
resistance with increase in temperature or 
time of heating. Furthermore, the resist- 
ance of a 2-inch gage length was almost 
exactly half that of a 4-inch gage length. 
If the thickness of the layer of inter- 
metallic compound had been increased 
by the heating, the resistances would have 
increased and the resistance for a 2-inch 


gage length would have been more than 
half of those for a 4-inch gage length. 
This would also be the case if any dis- 
continuities, such as separation at the 
intermetallic layer, had been caused by 
heating. 

Photomicrographs of welds subjected 
to each of the temperatures for the longest 
periods are shown in Fig. 8 There is 
little if any significant increase in thick- 
ness of the interfacial layer with increase 
in temperature or length of heating period. 
The thickness of this layer generally was 
0.00015 inch or less. 


Conclusions 


Improved techniques have been de- 
veloped by which flash-welded joints be- 


Discussion 


Thomas B. Correy (Hanford Atomic Prod- 
ucts Operation, General Electric Company, 
Richland, Wash.): The subject matter is 
very well prepared and the duration of the 
tests long enough to provide accurate vital 
information on the joining of aluminum to 
copper by the flash-welding process. This 
information is very vital as portions of the 
electrical industry are moving rapidly into 
the use of aluminum for windings in motors, 
zenerators, and transformers. - 

_ There is one portion of the tensile test 


tween aluminum and copper can now 
be made commercially. The average 
strengths of the welds are at least 10,000 
psi when heated as high as 300 F for 2 
years, 370 F for 1 year, 450 F for 144 hours, 
500 F for 36 hours, 600 F for 2 hours, or 
700 F for 5 minutes. The strengths of in- 
dividual welds, however, may drop below 
10,000 psi when joints are heated 48 hours 
or more at 500 F, or when heated for 
shorter times above that temperature. 

There was no evidence of embrittle- 
ment at any of the heating conditions 
used. 
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data that the authors neglected to discuss. 
What causes the high weld failure rate for 
the 212 F test? Other alloys of aluminum 
have displayed brittle failure of flash- 
welded joints at a critical temperature some- 
what higher than this. This condition 
should be explained, as windings are subject 
to temperatures of this order of magnitude 
and under mechanical stress. 


C. R. Dixon and F. G. Nelson: The 
authors thank Mr. Correy for his compli- 
mentary remarks and admit that he has 
asked a very pertinent question concerning 
the data presented. 


Efforts were made to determine the reason 
for the relatively high number of failures in 
the welds of group A that were subjected to 
a temperature of 212 F. The fractured 
specimens were examined and both the 
fractured surfaces and the metallurgical 
structure appeared normal. The only con- 
clusion the authors can reach is that this 
was simply the result of random selection of 
specimens. Experience with similar flash- 
welded joints in current-carrying circuits in 
Alcoa plants where they have been in use at 
temperatures near 212 F has given us con- 
fidence in the behavior of flash-welded 
joints at this temperature. 


Transient Response and the Stabilization 


of Feedback Amplifiers 


J. H. MULLIGAN, JR. 


MEMBER AIEE 


NY VACUUM-tube or transistor 
amplifier is continuously subjected 
o random current and voltage disturb- 
mces of varying peak amplitude and 
vaveshape. Thermal noise is a common 
xatuple of such excitation. The im- 
ortance of this interfering effect, as far 
S the circuit designer is concerned, de- 
ends to a large extent upon the relative 
magnitudes of the desired signals for 
rhich the amplifier is designed as com- 
red to the strength of the response 
roduced by the system to the random 
xcitation. 
In a passive network or a nonfeedback 
mplifier, the transient response to an 
mpulse or step function consists of con- 
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stants and/or exponentially damped 
terms, and, as a consequence, one may 
predict accurately the response of any 
applied signal be it desired or undesired. 
In a feedback amplifier, on the other 
hand, possibilities exist, in general, for 
the production of terms in the transient 
response whose amplitudes continue to in- 
crease with time until such values are 
reached that the nonlinear input-output 
characteristics of the vacuum tubes or 
transistors limit further growth. At such 
times, it is possible for the response to 
bear little relation to the excitation which 
initiated it. Because of the continual ex- 
citation by thermal noise pulses and simi- 
lar internally generated signals, an ampli- 
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fier with no external signal applied can 
produce an appreciable output with no ap- 
parent input because of the presence in its 
transient response of terms which increase 
exponentially with time. 

Amplifiers and other dynamic systems 
can accordingly be classified as stable or 
unstable, respectively, depending on the 
nature of their transient response. In 
this paper a stable system is considered 
to be one in which any disturbance which 
decays with time and ultimately dies out 
produces a response which decays with 
time and ultimately dies out. The 
principal concern here is with the process 
of stabilizing an unstable feedback ampli- 
fier. Stated in other terms, the problem 
considered is one of determining what 
modifications are needed in a feedback 
amplifier design in order to change the 


Paper 59-1151, recommended by the AIEE Feed- 
back Control Systems Committee and approved 
by the AIEE Technical Operations Department for 
presentation at the AIEE Fall General Meeting, 
Chicago, Ill., October 11-16, 1959. Manuscript 
submitted March 23, 1959; made available for 
printing July 31, 1959. 


J. H. Mutrican, Jr., is with New York University, 
New York, N. ¥. 
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transient response so that it contains no 
terms whose amplitudes increase indefi- 
nitely with time. In terms of the 
complex frequency plane, the stabiliza- 
tion problem consists of insuring that all 
roots of the characteristic equation of 
the amplifier lie in the interior of the 
left half plane. 

The stabilization problem for feedback 
amplifiers is not a new one by any meanis. 
The question has been considered at 
length in terms of Nyquist polar dia- 
grams as well as in terms of plots of 
the gain and phase characteristics of the 
return ratio, or loop gain, as functions of 
frequency. H. W. Bode has given an 
elegant solution to the stabilization prob- 
lem in terms of an ‘“‘ideal gain character- 
istic.” This loop gain function calls for 
a constant gain up to a certain frequency, 
and a constant phase shift equal to 180 
degrees minus a prescribed ‘‘phase mar- 
gin” beyond, until the gain has dropped a 
prescribed amount (called the “gain mar- 
gin”) below unity. Design control is 
relaxed above the frequency at which 


Jw / 


(A) 


x 
a 


= 
vA 
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Fig. 1. Asymptotes approached by loci of 
closed loop poles as mid-band open loop 
gain is increased indefinitely 


A—For an amplifier with three more poles 
than zeros in T(s) 

B—For an amplifier with four more poles 
than zeros in T(s) 
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this occurs. The characteristic is “ideal”’ 
in the sense that it achieves the maximum 
amount of feedback over a prescribed 
frequency range that can be attained with 
the given tubes or transistors in an 
absolutely stable amplifier whose phase 
shift does not exceed a fixed amount in 
the frequency interval in which design 
control is maintained. 

Duerdoth? has shown, however, that if 
one relaxes the Bode condition of constant 
phase shift in the region just outside the 
pass-band, the loop gain attainable over 
the useful frequency band can be in- 
creased and adequate protection against 
oscillation which might result from com- 
ponent variation can still be provided. 
Other investigators have considered the 
stabilization problem, also from the fre- 
quency response viewpoint, with various 
special design requirements in mind 
such as the one of obtaining a maximal 
flatness closed-loop gain response. 

The two quantities, gain margin and 
phase margin, are included in all the 
approaches to the stabilization problem 
based on the frequency response view- 
point. Some success has been attained 
in relating frequency response data to cer- 
tain aspects of the transient response.** 
Gain margins and phase margins are still 
established to a large extent, however, 
on a rule-of-thumb basis in the formula- 
tion of design requirements rather than 
being amenable to a direct analytical de- 
termination from a knowledge of the 
transient performance desired from the 
amplifier to be designed. 

It is recalled that the stabilization prob- 
lem arises in the first place because the 
transient response is not satisfactory, viz. 
not all of the roots of the characteristic 
equation lie in the left half plane. It is 
profitable, therefore, to consider the 
stabilization of feedback amplifiers 
directly in terms of the transient response 
desired. That is to say, it is of value to 
study the problem without recourse to 
frequency response data and, in particular, 
to think in terms of a performance 
criterion for stabilization different from a 
gain margin plus a phase margin. A 
similar approach has been utilized in 
connection with the design of servo- 
mechanisms, but the results obtained 
cannot be applied directly to the general 
feedback amplifier problem because of a 
fundamental difference in the elements 
which find principal application in the two 
classes of systems. 

In servomechanisms, the time con- 
stants, or frequency response charac- 
teristics, associated with the mechanical 
elements employed represent a funda- 
mental limitation to the speed of system 
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“these extra constraints into account is am 


response. The limitations of vacuum 
tubes and transistors which arise from 
parasitic capacitances and the variation of 
parameters with frequency are of negligi 
ble importance when these elements are 
employed in servomechanism systems, 
This occurs because the time constants 
associated with these devices are so much 
less than those associated with the re= 
sponse of the necessary mechanical ele 
ments that their limitations are virtually 
nonexistent by comparison. On 
other hand, the so-called asymptoti¢e 
characteristics of tubes and transistors 
(their limiting performance at high fre= 
quencies) impose serious constraints om 
pole and zero locations in the complex 
plane that may be realized in feedback 
or nonfeedback amplifiers. Taking 


important feature of a design procedur 
for the feedback amplifier problem. 

The principal purpose of this paper is to } 
describe an approach to the stabilization | 
of feedback amplifiers which is based on 
the direct control of the transient re 
sponse to a step function input. 
minimum rate at which the overshoots al 
succeeding maxima of the step function 
response are attenuated is taken as | 
design criterion for stabilization and 
direct determination of element values s 
from the specified attenuation is shown im1 
illustrative examples. 


Stabilization Philosophy Based on 
Transient Response 


Roor Locrt AND Dominant RESPONSE 


In the stabilization philosophy basedi 
on the direct control of transient response,: 
the requirements calling for a given phase¢ 
margin and a preassigned gain margin al 
replaced by either a statement of 
minimum rate at which the overshoots at, 
the succeeding maxima of the step-fune+ 
tion response are to be attenuated of 
alternatively, a specification of the maxi 
mum per-cent overshoot that will be pet 
mitted in the step-function response. Fi 
either one of these two time-responses 
design criteria to have practical usefull 
ness, one must have reason to believe tk 
the step-function response characteristies 
of common feedback amplifiers are sut 
ciently similar so that the proposec 
criteria are both meaningful and appl i 
able. I 

Two factors considered together indi 
cate that the transient response approa 
to the stabilization problem should ( 
valuable in the design of a large class 0: 
vacuum-tube and transistor feedback 
amplifiers. The first factor is concernee 
with the location of the poles of tt 


January 19 


closed-loop transfer function of a feed- 
back amplifier. Root locus techniques 
introduced by Evans’ predict an asympto- 
tic movement of the closed-loop poles 
along radial lines having equal angular 
displacement and a center located in the 
left half plane as the mid-band return 
ratio (or loop gain) is increased without 
limit. The detailed form of the loci 
depends on the specific positions of the 
poles and zeros of the return ratio func- 
tion T7(s), but the asymptotic behavior 
for large values of T(0) has the general 
form depicted in Fig. 1. The movement 
of the poles away from one another with 
increased J(0) is suggested from the 
figure. 
This behavior suggests the second 
factor of importance, namely the applica- 
bility of the dominant-term approxima- 
tion to the step function response intro- 
duced previously by the author. In the 
teference cited, it was shown that under 
suitable conditions of separation among 
the poles in the complex frequency plane, 
the normalized time response can be well 
approximated at the first maximum and 
beyond by a constant term plus a single 
exponentially damped sinusoid. In gen- 
eral, although not always, the pair of 
complex poles located nearest to the 
imaginary axis in the complex frequency 
plane will produce the dominant term in 
the time response. The approximation 
to the actual time response given by the 
dominant term theory is improved as the 
‘separation among poles increases. By 
consideration of the root loci asymptotes 
obtained from the open-loop transfer 
functions of common vacuum-tube and 
transistor feedback amplifiers and the 
“corresponding pole movements which are 
implied, one is led to the conclusion that 
the dominant term theory should have 
wide application in the approximation of 
the transient response of such ampli- 
fiers. A design criterion for stabiliza- 
tion based on the form of time response ob- 
tained using the dominant-term approxi- 
mation should, therefore, have consider- 
able utility. 


‘UNDERLYING PRINCIPLES 


For a dynamic system having a transfer 
function consisting of a single pair of 
‘complex poles as depicted in Fig. 2, 
the first maximum in the time response 
to a step function excitation occurs at a 
‘value tmax expressed by 


/Pitmax = 7 (1) 


and the deviation (y) from unity at the 
first maximum of the normalized time 
response is® 

fae ™ coh (2) 
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The quantities 6, and y¥, are shown in 
Fig. 2. For a pole-zero configuration to 
which the dominant term theory is 
applicable (detailed conditions relating 
to the degree of approximation involved 
are given in reference 6) but which is 
otherwise arbitrary, the extreme values 
of the time response, local maxima and 
minima, occur at times given approxi- 
mately by 


Bi=hr—ry (3) 


and the corresponding deviations from 
unity in the normalized response are 
approximately given by equation 4. (See 
equations 23 and 40 of reference 6 for the 
approximations associated with equations 
3) and! 4) 


a= (1PM ped cot Pe cot vy (4) 


where w is the number of real zeros in the 
right half plane and h=6, b-1, b-2, ..., b 
being the integer (positive, negative, or 
zero) for which br —), has its smallest non- 
negative value. MM; is the coefficient of 
the term sin (6¢+)i+y1) in the nor- 
malized time response. It is equal to the 
quotient of the product of length fac- 
tors due to zeros divided by the prod- 
uct of length factors due to poles. All 
poles and zeros in the pattern except the 
pole at —ai—j$; are considered; the fac- 
tor for any element, pole or zero, is equal 
to the ratio of the distance in the complex 
plane from the element to —aitjfi 
divided by the distance from the origin to 
the element. Each directed distance from 
a pole or zero to —a: +j$,; may be 
viewed as a complex number. )i is 
found by summing the angles of the com- 
plex numbers associated with the directed 
distance from each pole and zero to — ay 
+761, a plus sign being used with angles 
associated with zeros and a minus sign 
being employed for the angles associ- 
ated with poles. The pole at —a,—j6; 
is not included in this calculation. 

By examination of equation 4, it is 
seen that the ratio of the deviations from 
unity in the normalized time response to 
two successive extreme values is 


Yh+1 
Yh 


ers cot yi (5) 


If there are no zeros in the right half 
plane and 6=1, which is common for 
simple pole-zero patterns, then the first 
maximum occurs at tmax where 

Bitmax = w—\ (6) 
and the fractional overshoot at the first 
maximum is 

m= Mie cot Us estih cot yi (7) 


The quantity Me“ °° “is a function not 
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Fig. 2. Pole pattern for a system having a 
transfer function containing two complex 
poles illustrating notation used in text 


only of the pole angle of the dominant pair _ 
of poles but also of the location of the 
other poles and zeros relative to —a1+7(1. 
It has been defined as an “‘overshoot fac- 
tor,” and graphs have been provided for 
its direct computation from pole-zero 
locations. It is noted by comparison of 
equations 1 and 6 as well as equations 2 
and 7 that in systems where the dom- 
inant-term theory applies, the effect 
of adding other poles and zeros to the 
simple system of two complex poles is but 
to change both the magnitude and the 
time of occurrence of the first maximum, 
leaving the shape of the curve essentially 
unchanged. These matters are con- 
sidered at length in the reference cited. 


STABILIZATION DESIGN CRITERION 


Equation 5 provides a logical design 
criterion for the stabilization of feedback 
amplifiers. For a system to be stable it 
is necessary that n<1, or that yi<7/2. 
Furthermore, the time taken for the 
step-function transient to be completed 
to an arbitrarily assigned degree; i.e., the 
time taken for the value of overshoot at a 
local maximum to become less than a 
stated value, is not only a measure of 
the stability of the amplifier but one which 
is acceptable from an intuitive standpoint. 
n will be specified, therefore, as a stabiliza- 
tion design criterion based on the control 
of transient response; a design philosophy 
will be outlined whose use will permit 
achieving a pair of dominant poles with 
the angle y; once the angle has been deter- 
mined from an acceptable value of yn. It 
is to be noted also, however, that equa- 
tion 7 for the overshoot at the first maxi- 
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(A) 


mum contains the expression for y as a 
factor. Specification of the overshoot at 
the first maximum thus provides an ac- 
ceptable alternative design criterion for 
stabilization although the geometry of the 
final closed-loop pole-zero pattern then 
enters the design process through the 
quantities M, and \y. In many simple 
feedback amplifier configurations (where 
the excess of poles over zeros is three or 
four, for example), the overshoot factor 
M, &“ cot y; is frequently approximately 
unity so that y is essentially equal to y1, 
the percent overshoot at the first maxi- 
mum. 

A statement of the stabilization prob- 
lem can now be made in terms of the com- 
plex frequency plane. Suppose that an 
amplifier has been designed to meet var- 
ious performance requirements and it is 
found to have two complex poles in the 
right half plane as depicted in Fig. 3(A). 
Furthermore, suppose the circuit de- 
signer desires that the step-function 
transient response should have a maxi- 
mum overshoot of a prescribed percent or 
that the damped sinusoidal dominant 
transient should decay at a certain mini- 
mum tate. In effect, the designer wishes 
to achieve the condition pictured in Fig. 
3(B), a condition in which the dominant 
pole pair (P in the second quadrant) has 
an angle ¥, determined from either the 
overshoot or attenuation requirement. 
(Note that the two are related; see 
equations 5 and 7.) The amplifier de- 
sign must be altered in such a manner 
that with the desired mid-band return 
ratio unchanged, point P’ in Fig. 3(A) 
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Fig. 3. The feedback ampli- 
fier stability problem may be 
viewed as that of shifting the 
position of the complex 
pole at P’ (and its conju- 
gate) in (A) to point P in (B) 


(B) 


moves to P in Fig. 3(B). To illustrate 
the process involved in the shift of dom- 
inant pole position, let the closed-loop 
transfer function be written in the form of 
equation 8. (This can be done only for 
a certain class of feedback amplifiers.) 


T(s) 
1+7(s) 


where 7J(s) is the return ratio for zero 
reference for one of the active elements in 
the amplifier and & is independent of s. 
The poles of G(s) are located at those 
values of s-which result in the equality 
T(s)=—1. In order to cause the root 
locus to pass through point P, it is 
necessary that at point P 


G(s)=k (8) 


| T(s)| =1 (9) . 
Angle T(s)=+(2n—1)mz, n=0,1, 2,... 
(10) 


In summary, the stabilization procedure 
based on direct control of transient re- 
sponse consists of choosing ¥; on the basis 
of overshoot at the first maximums or 
on the basis of the rate of attenuation of 
the transient, plus the subsequent im- 
position of the conditions 9 and 10 ata 
point on the radial line through the 
origin inclined y degrees to the hori- 
zontal, Fig. 38(B). As will be evident, 
additional constraints can be also intro- 
duced into the design process, if desired. 
The actual technique employed to effect 
the variation in dominant pole position de- 
pends on the specific amplifier design 
problem, Two practical techniques that 
can be employed for the purpose are the 
addition of corrective interstage networks 


Fig. 4. Gain characteristic 
of single-stage | grounded 
cathode amplifier showing ap- 
proach to asymptotic charac- 
teristic (dashed _line-slope: 
—6 db per octave). Figure of 
merit frequency f,=gn/27C. 
Increased oad _ resistance 
yields higher low-frequency 
gain, less bandwidth, but 
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the same asymptotic behavior 
at high frequencies 
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and the use of local feedback around he 
active elements. Both methods are illus- 
trated in the examples furnished. 


_ SS ee 


IMPLEMENTATION 


The statement of the stabilization prob- 
lem in the form previously mentioned is 
closely related to the problem of designing: 
a servomechanism for a prescribed tran= 
sient response, a problem for which an im= — 
portant body of design information exists. | 
The contributions of Aaron, Aseltine, Chu, f 
Russell and Weaver, and Zaborsky’™ 
are representative of the progress that has _ 
been made in this area. And yet, the — 
feedback amplifier stabilization problem _ 
differs from the former in one crucial - i 
spect which was previously mentioned, © 
When vacuum tubes and transistors are __ 
used as elements of feedback amplifiers, — 
their limiting behavior at high fre- 
quencies or “asymptotic characteristics” — 
are of paramount importance in the design _ 
process. When they are used as elements _ 
in a servomechanism system, however, the” 
limitations of the mechanical elements — 
virtually obscure their limitations. As a 
result, the addition of amplifier stages with 
suitable interstage networks to a servo- 
mechanism system provides the call | 
designer with a considerable amount of | 
flexibility in the realization of suitable 
pole-zero configurations to control tran- 
sient response. -In the low-frequency 
spectrum associated with servomechanism 
operation, the limit of amplification that _ 
may be added occurs primarily as a resul 
of the undesirable effects of overloading 
amplifier stages or the excessive amplifica: 
tion of noise. In the extended frequenc 
range in which feedback amplifiers find 
their usual application, however, the con- 
straints on the pole-zero locations im 
posed by the properties of a tube or 
transistor itself are usually important 
design factors. In general, in terms of 
the active devices now available, the 
addition of one or more stages of ampli- 
fication to an existing feedback ampli 
fier whose return ratio characteristics 
are satisfactory except for the problem 
of stabilization and transient response 
can do more to complicate the design 
problem than to simplify it because of the 
additional constraints that are imposed. 

If one measures the frequency response 
of a grounded cathode vacuum tube 


r 
Seer gprs ees = cee ee 


Fig. 5. Simple resistance-capacitance intere 
stage for illustrative example 
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amplifier for various values of load resist- 
ance, curves similar to those shown in 
Fig. 4 will result. As frequency is in- 
creased, the curves for all values of load 
resistance become asymptotic to the 
dashed line which has a slope of —6 db 
(decibels) per octave and crosses the zero 
gain level at the frequency g,,/2rC. The 
location of the dashed line, called the 
“asymptotic characteristic,” is clearly 
dependent upon the properties of the tube 
and the minimum shunt capacitance 
associated with it. Comparable behavior 
is experienced in transistor amplifiers. 
Asymptotic characteristics are of funda- 
mental importance in the stabilization pro- 
cedures based on frequency response.} 
A convenient classification based on these 
characteristics may be made of the var- 
ious techniques used to shift the root 
locus so that it passes through P in Fig. 
3(B) rather than through P’ in Fig. 3(A) 
for the same mid-band return ratio. 
The techniques may be grouped into two 
classes; viz. those that do not affect the 
asymptotic characteristic and those that 
degrade it. Those in the first class per- 
mit optimization of design with respect 
to selected parameters whereas the tech- 
niques in the second class usually permit 
simplifications in design or adjustment at 
the expense of not being able to attain 
the ultimate in performance. Simple 
examples of both methods are given in 
the next section. 


Illustrative Examples 


) In this section, three examples are con- 
sidered which illustrate the use of the 
approach to stabilization based on time 
response which has been discussed. The 
examples have been chosen primarily for 
their value in illustrating the stabilization 
design philosophy under consideration 
although all are useful in practical applica- 
tions. : 


SHUNT CAPACITOR-SHIFTED ASYMPTOTE 


_ Consider that a 3-stage feedback ampli- 
fier having a gain given by equation 8 has 
been designed with interstage networks 
having the form shown in Fig. 5, and a 
return ratio function expressed by 


oes (11) 


with 7(0)=40. The pole pattern for 
the function T(s) is shown in Fig. 6(A). 
It is found that for T(0)>8, the function 
1+-7(s) has two complex roots in the right 
half plane, so the feedback amplifier is un- 
stable. Assume that it is desired to 
stabilize the amplifier so that 7<0.2, that 
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Fig. 6. Pole pat- 
terns for illustrative 
example 


A—Original pole 
pattern of T(s) 
B—Modified pole 
pattern caused by 
addition of capaci- 
tor to one stage 
C—Desired roots of 


1+1(s)=0 
D—lllustration of 
variables used in 
formulating design 

conditions 


is, the deviation from unity at one local 
extreme value of the transient response 
is to be (at least ) five times the deviation 
at the next maximum deviation. Further- 
more, it is assumed that the stabilization 
is to be effected by the addition of a 
capacitor of value C, in parallel with only 
one of the interstage networks shown in 
Fig. 5. 

The stabilization method selected has 
the property of shifting the asymptote of 
the stage to which the capacitance is 
added to the left in Fig. 4. The new 
intersection of the asymptote for the 
single stage with the zero-db gain level 
will be at a frequency f= 2m/24(C+(Ci); 
the composite asymptote for the whole 
amplifier will also be shifted to the left 
resulting in degradation of performance as 
compared to that attainable from the 
original structure. 

The addition of capacitor C, as de- 
scribed produces the pole pattern for the 
modified return ratio function T’(s) shown 
in Fig. 6(B) where 


1 
a= CLG) (12) 
and 
T(0 
T(s)= : . ) : 
(42)(43) 
po po 
- apo®T(0) (13) 
(s+ po)*(s-++apo) 


Fig. 6(C) shows the pole pattern of G(s) 
(see equation 8), that is, the root pattern 
of 1+7(s)=0 which is derived from Fig. 
6(B) and meets the condition that P lies 
on the radial line with displacement yj 
from the negative real axis. By the use 
of equation 5 with »=0.2, ¥1 is found to 
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(a) (8) 


be 62.9 degrees. In terms of the quanti- 
ties defined in Fig. 6(D), in order to have 
the conditions 

| 7s)| =1 

and 


angle of J’(s)=—180 degrees 


satisfied as the root locus crosses the radial 
line at P, it is necessary that 


sin? yy 


sin (20—y,) sin? (0+) = T(0) 


(14). 
Atter finding @ using equation 14, the 
quantity a is determined from the ex- 
pression 


A ee oe 
~ 2T(0) cos @ sin? (6+y1) 
Knowing R, C, and a, the value of G 
necessary to effect the desired stabiliza- 


tion is computed using equation 12. 
It is of interest to record that 


a (15) 


sin 6 cos y; 


=p =< 16 

a= po (Oty) (16) 
sin @ sin WW 

= po ———~ 17 
Bi= po sinu(O daa) (17) 
and 

@ sin@cos 

= = — 18 

ag 2] 145 9 ct] (18) 


For ¥i1=62.9 degrees, and 7T(0)=40, it 
is found that a=0.0105, a:=0.242 po, B= 
0.473 po, and as=1.526 po. Fig. 6(C) is 
drawn to scale to show the correct re- 
lations among ay, f;, and as. 


SHUNT RESISTANCE CAPACITANCE 
NETWORK—ORIGINAL ASYMPTOTE 


The stabilization of the amplifier char- 
acterized by equation 11 will now be 
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C) 


Fig. 7. Stabilization by modification of interstage network 


A—Interstage network showing added stabilization elements Ri, Ci 
B—Representative gain characteristic of single-stage amplifier using 
network in (A). The slope of the inclined portions of the characteristic 
is —6 db per octave; fi=pi/Qz; see text 
C—Pole pattern of T(s) using networks of (A) in three stages. 
pole and zero shown is of third order 
D—lllustration of variables used in formulating design conditions 


undertaken with the same attenuation re- 
quirement of »=0.2 but with the added 
stipulation that the corrective method 
employed must not shift the original 
asymptote of the amplifier. 

The addition of a series combination 
R,-C; in parallel with the interstage of 
Fig. 5 yields the network of Fig. 7(A). 
The straight line approximation to the 
resulting gain characteristic of a vacuum- 
tube amplifier using the interstage is 
indicated in Fig. 7(B) by the solid line; 
the dashed portion illustrates the varia- 
tion without Ri-C;. The slope of the 
characteristic is —6 db per octave. Note 
that the original asymptote is followed 
above the frequency mfo. The form of 
constraints frequently encountered in the 
stabilization of amplifiers is also indicated 
in Fig. 7(B). Note that whereas f, may 
be selected arbitrarily, the other two 
critical frequencies are determined as soon 
as the value of m is chosen. This be- 
havior must, of course, be considered in 
the design process and represents one 
additional complication not present in the 
corresponding servomechanism transient 
response design problem. 
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C—Pole pattern of amplifier stage without feedback 
D—Pole pattern of amplifier stage with feedback; see text for values 
of pole and zero locations in terms of circuit elements 


The stabilization will be effected by the 
addition of one R;-C; network to each of 
the three interstages represented by the 
characteristic of equation 11. The modi- 
fied pole-zero pattern for T(s) is shown in 
Fig. 7(C); all poles and zeros shown are 
third order. For convenience in the ex- 
ample, m and p: have been taken the same 
for all networks. Once p; and m have 
been determined as will be discussed, R; 
and C; are given by 


R 1 
=| p1 
[2 
™mpo 
ee 
Q= 20 
Rips oe: 


The return ratio with the corrective net- 
works added is 


T'(s)= 
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Fig. 8. Stabilization by use of local feedback 


A—Common emitter transistor amplifier with local feedback 
B—Representative current gain (I2/li) characteristic of stage in (A) 
The slope of the inclined portions of the characteristic below hf is 
—6 db per octave; above f,’ the slope is —12 db per octave; fi=pi/Qrr, 
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“PP, 


(C) (0) 


see text 


or 


po®T(0) (ster)? 


Peal RON a FREES 


(21)) 


The stabilization problem consists 
determining what values to assign to prj 
and m so that the root locus passes 
through the point P at —a,+7§; located! 
on the dashed line making the angle hh: 
with the negative real axis when the re-+ 
turn ratio has the value 7(0). In the: 
preceding example, specification of | 
determined the quantity @ uniquely } 
Here it will be seen that unless another 
design condition is imposed, there is no 
just a single pair of values of p; and 1 
that satisfy the condition imposed on poir : 
P but rather a family of pairs. The choic 
of a particular combination of 1 and@ | 
will depend on what other features of t! 
transient response are of interest to 
designer. 
In order to satisfy the condition lege (s)} 
=1 at —ai+76 in Fig. 7(D), it is nee 
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sary that @,, 02, and 0; satisfy the rela- 
on 


1 (i+) sin (yi+63) = sin vi 
sin (¥i+6.) 4/T(0) 
ir the angle of T(s) to be an odd multi- 


e of 180 degrees, the three angles 
ust be related as 


(22) 


—62-+-6;= +(2n+1)60 (23) 


s stated, another condition may be 
iposed on the variables 6), 2, and 63. 
ssuming the additional condition to be 
dependent of equations 22 and 23, its 
ecification will permit a solution for the 
iree quantities. With 6;, 6, and 063 
10wn, the quantities m and p; from 
hich the necessary values of R; and C, 
e computed (see equations 19 and 20) 
ay be calculated from the relations 


sin (@:+y1) sin 63 


j= 
A/T 

(0) sin yy sin 63 26) 
iP sin 6; sin (¥1+62) 
ee ae) sin bs 29) 


he co-ordinates of the dominant pole 
re also of interest. They may be com- 
uted from the equations 


sin 6 cos yy; 


SO ae 26 
pS Sn (YF 61) 79} 
—— sin 6; sin @ 
70) (27) 
i sin 02 


If no specific condition is added to 
quations 22 and 23, one may choose 6; 
sing as a guide, for example, some 
eneral characteristics of the transient 
ssponse. Recall that the time at which 
ae first maximum occurs is inversely 
roportional to #; if ; remains fixed. 
ne might want to select a value of (1 
ased on making f; as large as possible. 
f 6, is chosen, then 6; may be determined 
t once from the relation 


_ sin y:—A sin (vi t61—60°) (28) 
Cos ¥1—A cos (¥i1+6:—60°) 

here 
~/T(0) sin (Wi +61) 

Yquation 23 may be used to determine 42 


ith 6; and 63 known. 

‘By consideration of equation 27 plus 
he condition 23, in view of the require- 
1ent that @;>6>6:, which follows from 
ig. 7(D), it is found that 4 cannot 
xceed 60 degrees and that f; attains its 
iaximum value for a given T(0) as 4 
pproaches this figure. To provide an 
idication of the relative values involved 
1 this stabilization method, 4 was selected 
355 degrees. 0; and #2 were found to be 
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115.0 degrees and 110.0 degrees, respec- 
tively, which then gave values of m=3.28, 
Py =0.397 po, at 1.384 Po, and Bi1=2.70po. 
The values of R, and C, necessary to pro- 
duce this performance can be found using 
equations 19 and 20 when R and p are 
known. 


Loca, FEEDBACK—ORIGINAL ASYMPTOTE 


The common emitter transistor ampli- 
fier circuit shown in Fig. 8(A) which has 
been discussed by Abraham!? and 
Blecher™14 provides an example of the 
way in which local feedback can be used 
to achieve pole-zero patterns suitable for 
stabilization. The straight line approxi- 
mation to the current gain J,/J; is shown 
in Fig. 8(B). If R, is much greater than 
the base resistance 7,’ of the transistor, 
then the operation with feedback is along 
the original asymptote beyond the fre- 
quency f,’. Without feedback, the am- 
plifier has the pole pattern shown in Fig. 
8(C); with the elements R.-C, added, the 
pattern of Fig. 8(D) results. Here again 


a constraint on pole-zero locations is - 


noted. By choice of the product R2C2, 
the rea] zero (p2=1/R2C2) can be located 
arbitrarily. The addition of the network 
R2C, adds a pole at —p3 and shifts the 
locations of the poles at —p» and —p; to 
—po’ and —p,’. The values of po’, pi’, 
and p3 depend upon the choice of R. and 
Cz. Blecher!4 has given the following 
approximate values for po and pi, (see 
reference 12 for details of the approxima- 
tions): 


. 1—a+6 
 Ltamts 1 (30) 
®g We 
pi=@qt+w(1+aom-+é) (31) 


If p: is selected to be much less than pp’ 


(as given next) then the approximate _ 


locations of the poles with local feedback 
are given by 


Pea Ne ye 
Po l+tam+y 1 (32) 

———+— 

Wa We 
pr! =@g+o(1+aom+y) (33) 
_1-a+6 1 (34) 


Ta aty GR: 
In all of these equations 


Hi oN Te AeA 
ni : i (Ritre)Ce 
( 


te Ri ~ Retr,” 
35) 


and C., 1%’, Te Ye, and dp are the usual 
transistor parameters. m is the phase 
shift in radians by which the phase of a 
exceeds the phase shift of an ordinary R-C 
network at the frequency w, where the 
amplitude of a is 0.707 a. A measure- 
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ment technique for the determination of 
m has been discussed by Thomas and 
Moll. 

From the similarity of the straight line 
approximations of Fig. 7(B) and Fig. 8(B) 
and the corresponding pole-zero patterns, 
it is clear that one may proceed to stabilize 
a transistor feedback amplifier using a 
transient response criterion in essentially 
the same fashion as in the previous ex- 
ample. (Pederson and Ghausi® have 
used the root locus method to design a 
transistor feedback amplifier having 
a prescribed closed-loop amplitude- 
frequency response _ characteristic.) 
There are two complications which may 
arise, however. It is seen from equations 
32, 33, and 35 that po’ and p,’ depend on 
R, through the factor y and therefore, the 
locations of po’ and p,’ relative to po and 
p; are not as simply expressed as in the 
previous example. In addition, if the 
effect of the excess phase shift which is 
represented approximetly by a factor 
e~”/a in the transfer functon is large 
enough, the root locus should be modified 
as considered by Chu.” It should be 
noted that both of these possible com- 
plications arise because of the nature of 
the device and the particular circuit em- 
ployed; the factors arise similarly in a 


(B) 


Fig. 9. Effect of parameter variations 


A—Dominant pole at s;= —a,+j and shift 
in pole location (As;) as a result of parameter 
change 
B—An expanded portion of (A) illustrating 
the geometrical relations associated with the 
change in dominant pole location 
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stabilization design procedure based on 
frequency response as well as in one based 
on transient response. 


Effect of Parameter Variations 


Changes in the active as well as passive 
elements comprising a feedback ampli- 
fier can cause a shift in the location of the 
open loop, and hence closed loop, pole, and 
zero locations. It is of interest to consider 
briefly what effect these variations have 
on the transient response of the amplifier. 
Fig. 9(A) shows the variation of one 
dominant pole position from s; to s+ As). 
Such a change might be caused by a 
change in magnitude of mid-band return 
ratio, for example, in which event the 
broad segment shown would be part of a 
root locus. In general, a change in 
dominant pole location causes both y and 
Bi to change. From Fig. 9(B) which is 
an expanded portion of Fig. 9(A), it is 
seen that if the change in dominant pole 
location is expressed as 


As; =5e4? (36) 
then 
Afi =6 sin ¢ (37) 
and 
ay.tan“\— sin (e-+41) (38) 


where fy; is the magnitude of s;. For 

small values of 6/6:, equation 38 can be 

written to a good approximation as 
one 

Ayi=— sin (e+y1) (39) 
Bo 

The effect that the changes have on the 

stabilization design parameter 7 and the 

time at which the first maximum occurs 


in the time response can be found by 
the use of equations 5 and 6. From the 


latter it is found that 
Atmax ae 1 ah AB; 
tmax Bi % Bi (40) 
1 —— = 
ae AG, 


where changes in \; have been assumed 
small enough to be neglected. By the 
use of equation 37 this becomes 


Afmax é6sin 9 6 

aa eA, singescy; (41) 
Considering equation 5, it is seen that 
n+An=e-7 cot(yitAy1) (42) 


Since cot (Yi+Ay1) can be expressed in 
the Taylor’s series. 


cot (i+ Ay1) =cot yi— Ay, csc? Yi 


(Ay1)? esc? yy cot Wit... (43) 


the fractional change in 7 can be written 
approximately as 
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An 
7] 


= —tAvn csc? v1 (44) 
where only the linear term in Ay, in the 
series has been used. Use of equation 39 
allows the change in 7 to be written asa 
function of the change in si, viz. 
en = — 1+ ¢75/Bo csc? 1 sin (ety) (45) 
” 

The changes in fmax and 7 may be re- 
lated to parameter changes by application 
of results reported in three recent papers. 
Huang" has studied the change in closed- 
loop pole locations as a result of varia- 
tions in open loop pole and zero locations 
or gain constant. Truxal and Horowitz}* 
considered the sensitivity of a pole of a 
return difference to any parameter in the 
network under consideration, and their 
work was extended by Kuo” to the 
sensitivity of a root of a polynomial with 
respect to any network parameter. 

Consider an amplifier characterized 
by equation 8. To study the effect of the 
variation in the magnitude of the mid- 
band return ratio T(0) on As; and hence 
n and tmax, use may be made of equation 
10 of Huang’s paper. In terms of the 
notation here, it is found that 


(46) 


where k-; is the residue of the closed 
loop gain function at the pole s5;. Ex- 
pression of this result in the form of equa- 
tion 36 allows evaluation of equations 41 
and 44 by substitution of 6 and ¢. Sim- 
ilar calculations may be made to study the 
effect on the transient response of other 
parameter variations but the detailed 
computation is beyond the scope of this 


paper. 
Conclusions 


By the combination of root-locus 
methods and the concept of the dominance 
of the step-function response, it is possible 
to formulate a stabilization design criter- 
ion for feedback amplifiers based on direct 
control of the transient response. The 
design criterion suggested, the damping 
or rate of attenuation of the dominant 
time term in the step-function response, 
is a simple function of the pole angle of 
the dominant pair of complex poles and 
is also related to the maximum transient 
overshoot. Illustrative examples indicate 
how one may proceed directly from the 
statement of desired performance in terms 
of the criterion to element values in the 
stabilization networks. 

The problem of optimizing the design of 
a feedback amplifier for a prescribed tran- 
sient response differs from the correspond- 
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_ 26 which is shown in Fig. 6(D). 


ing servomechanism problem because i 
the constraints imposed by the charact 
istics of the active devices employed = 
their associated coupling networks. Fi j 
ther investigation in which design methods! 
already known for achieving - pre 
scribed transient response with = | 
mechanisms are coupled with the 
sults of studies of constraints imposi 
on amplifier interstage .pole-zero con- 
figurations by the addition of sta 
bilization networks should be profitable} 
in increasing the applicability of the pro~ 
cedure suggested. A stabilization ph 
osophy for feedback amplifiers bas 
directly on control of transient respon 
can, as it is developed further, provide t 
circuit designer with far greater ins 
into the effect of design parameters 
criteria based solely on gain and phe 
margins. 


Appendix 


Derivation of Equations 14 and 15 


In Fig. 6(D), let y be the angle that tha 
directed distance from —adp) to —a 
makes with the positive real axis. 
order to satisfy the condition that the a 
of T’(s), equation 13, is equal to —18G6 
degrees, it is necessary that 


20-++ y =180 degrees 

or y=180—26 

Thus, the supplement of y has the value 
Because of the condition |T’(s)| =1 at s= 


—oi+j61, equation 13 may be reduced tc) 
the form 


T(0) 


ee 


Po apo 


l= 


The factors |s+tpo| and |s+apo| 
recognized as the magnitudes of the dir 
distances from —p) to —a,+]7@, and fr 
—ap) to —a,+jBi, respectively. By 
plication of the law of sines to the triangl 
in the figure, it is found that 


[soo] pol sin __ sin va | 
po [180—(6+y1)] sin (@+y1) 

rita B sin yy et sin ¥1 
ap) sin [180—(y+y¥1)] sin (20—W) 


Substitution of these results in the previous 
expression containing T(0) yields 
sin? yy sin Wy 
sin? (0+) sin (26—) 
from which equation 14 follows directly. 

To obtain equation 15 for a, the conditior 


above derived from equation 13 may firs 
be written as 


i] aa el ae 


~ T(0) 


=T(0) 


9 Ae ysin? ys | ebops) . 
T(0) sin? (0+) po 
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f pn denotes the magnitude of the directed 
listance from — py to —ay +761, then 


s+apo| “x | s+-apo| Po 
i) Po1 Iai) 


Application of the law of sines yields the 
squality 


st+apo| _ sind sin yy 
Po sin 20 sin (6+y;) 


i; sin ¥1 
2 cos 6sin (8-+y) 

Substitution of the expression for this ratio 
n terms of 6 and y in the equation for a 
‘esults in equation 15, viz. 
A i sin3 Wy 
2T(0) cos 6 sin® (6+ y,) 
Derivation of Equations 22 and 24 

through 28 

The magnitude condition |T’(s)| =1 


upplied to equation 21 results in the follow- 
ng equality: 


st+mpo| *| s+ or/m| 8 = 60®T(0)| s+ o| * 

An equivalent form is 

s+m po| [s-ter/m| ie | | steel 
Mm po pi/m = 6100) Remreeee Pi 


The use of the law of sines in the appropriate 
triangles of Fig. 7(D) allows the ratios of 
magnitudes to be expressed in terms of the 
angles 61, 02, 63, and y as follows: 


stmpo| _ sin ¥ sin yy 
mp sin [1s0— Tare ay ee sin (¥1+6,) 
sto/m| sins ; 
pi/m ~ sin (yit6s)’ 
Isto| sina 


passin (+02) 


Substitution of these results in the equality 
ubove changes its form to 


sin yy sin yi 
in (i+61) sin(yi+6s) 
=V(T0) 


sin re ) 


vhich may be converted directly to equa- 
ion 22. . 

By examination of Fig. 7(D), it is seen 
hat the law of sines may be used to express 
he ratio |s+p:|/|s+p:/m| in terms of 
2 and 63. The equality is 


[stoi] sins 
soi/m\ sin 62 


Jne may then start with the equality 
lerived above from the condition | 7’(s)| =1 
a the form 
_|steeil | 


jLetmel ya 
ey) |s-tei/m| 


id substitute values for the ratios in terms 
f the various angles in the figure to obtain 
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sin yy 
m —————_— = 
sin (¥1+6,) 
This gives equation 24 for m, namely 


sin (+1) sin 6; 


sin py 


sin 05 


WT(0) 


sin 6, 


m=~/T(0) 


sin 05 


Suppose 8, designates the distance from the 
origin to —a,+j6;. Then proceeding as 


previously, 
Bo a sin 02 a sin 62 
pr sin [180—(y1+62)] sin(yi+6e) 
Bo _ sin & 
mpo sin(¥1+6) 
whence 

sin 6, sin (¥1+62) 
Pi=™Moo | - 

sin(yit%) sin & 


which is equation 25. 
' The quantities a; and 6, can be expressed 
simply in terms of 6; and y as 


a1 =Bo1 Cos Pi 
6i=Bx sin yy 


Substitution of the value for Bo, in terms of 
mpo gives the forms 


sin 6; cos ¥ 


* sin (vit61) 


sin 6; sin yy sin #; sin @. 
81 = mp0 ————— = po V/ T(0) — 


sin (¥1+61) sin 02 


These are equations 26 and 27; equation 
24 for m has been used in passing to the 
second form of the expression for 6}. 

Equation 28 is derived by starting with 
equations 22 and 23, with 7 taken equal to 
zero and the plus sign chosen in the latter, 
that is, 


Qay=m 


65 a oat +63 — 60 
Equation 22 can now be written as 
sin (¥1+6s) as sin yy 
sin (¥it&it—60) ~/T(0) sin (Y1-+61) 


=A 


Clearly A is a known quantity since y 
and 7(0) are assigned, and it is assumed that 
a value has been chosen for 6;. The terms 
sin (4:+63) and sin (¥i1+6:+6;—60) may 
be expanded to 


sin (¥1+63) =sin 1 cos @3;-++cos 1 sin 43 
and 


sin (¥i+6i+03—60) =sin (ata— 


+cos (Wi +6,— 
The previous equation, 
sin (vit) =A sin (vi +6:+63—60) 


written in terms of the expansions just 
provided becomes 


A cos (¥itA— 
—A sin (¥itA— 


This may be rewritten in the form of 
equation 28. 


60) cos 63 
60) sin 63 


60)] sin 05 
60)] cos 63 


[cos yi— 
an at [sin YW 
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Proposed Recommended Practices for 
Medium-Voltage Motor Controllers 
for Rubber and Plastics Industries 


WILLIAM S. WATKINS 


MEMBER AIEE 


HE RUBBER and Plastics Sub- 

committee of the General Industry 
Applications Committee is presenting for 
discussion the following proposed Recom- 
mended Practices, in the hope that com- 
ments from the wide circulation so pro- 
vided will be helpful in attaining maxi- 
mum usefulness from the specifications. 
Membership of the Working Group as- 
signed to this project consists of engineers 
from both large and small rubber com- 
panies, electrical manufacturers, ma- 
chinery builders, and consulting engineer- 
ing firms. The requirements listed are a 
composite of the desires of the persons 
who apply controls to the large rubber 
and plastics processing machines, in- 
fluenced to an appropriate degree by the 
manufacturers. Discussions resulting 
from this presentation are necessary to 
assure the widest possible acceptance of 
the proposal. 

It has been a basic consideration in the 
deliberations of the Working Group that 
new standards should depart from exist- 
ing standards only where absolutely neces- 
sary, and it is hoped that these proposed 
Recommended Practices might possibly 
serve as a basis for standards acceptable 
to the entire processing industry, with 
deviations only where peculiar conditions 
make some industries differ greatly from 
others. Comments will be welcomed on 
this general aspect as well as on the spe- 
cific suitability of the recommendations. 

The following is to be proposed to the 
AIEE Standards Committee as a ‘‘“Recom- 
mended Practice”’ as described in Division 
III, Section I of the AIEE Standards 
Manual. It is not intended to be an 
AIEE Standard, and the recommenda- 
tions are not mandatory or restrictive. 


Foreword 


The advantages of standardization in 
this field have been considered at sessions 
of the Rubber and Plastics Subcommittee 
since 1948. At the 1956 conference in 
Akron, Ohio, it was voted that a Working 
Group should be appointed to draft 
standards for the industries, and that 
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this group should direct its efforts first 
toward the problem of the medium-volt- 
age motor controller. Progress reports 
were made at the 1957 and 1958 con- 
ferences, and in 1958 the subcommittee 
voted unanimously to support the Recom- 
mended Practices proposed by the Work- 
ing Group. 

Throughout the period required for the 
development of the Recommended Prac- 
tices it has been the policy of the Work- 
ing Group to invite participation by all 
interested engineers, and comments have 
been received from many who were not 
actually members of the group. A liaison 
committee representing the General En- 
gineering Committee of the National 
Electrical Manufacturers Association 
worked closely with the AIEE group, and 
is proposing the incorporation of parts of 
these Recommended Practices as Na- 
tional Electrical Manufacturers Associa- 
tion (NEMA) standards. The Electrical 
Engineering Committee of the Technical 
Association of the Pulp and Paper In- 
dustry (TAPPI) has followed the progress 
of this project, and has proposed for its 
industry a set of Recommended Practices 
almost identical to these. 

It has been the intent of the Working 
Group to make this publication as useful 
as possible at the earliest possible date. 
Itis assumed that the Rubber and Plastics 
Subcommittee will make certain that the 
very latest and best thinking is incorpo- 
rated into these Recommended Practices 
from time to time, in order to encourage 
rather than hinder progress. 


Section 1. General 


1.1 Purpose The purpose of these 
Recommended Practices is to define and 
recommend specifications for medium- 
voltage motor controllers for application 
in the rubber and plastics industries, in 
order to promote: 


(a). Safety to personnel and equipment, 
including the reduction of fire and accident 
hazards. 


(b). Maximum production with minimum 
unscheduled shutdowns. 
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(c). Reduced maintenance and increase 
life of equipment. 7 


(d). Clarification of needs and condi 
to reduce special engineering and chance < 
error in specifications. 


(e). Over-all economy. 


The contents of this publication are ir 
tended to bring to the attention of 
gineers, management, and equipment 
pliers the important features necessary 
to meet the specific requirements 0 
the rubber and plastics industries. 


1.2 Scopz The provisions of thes 
Recommended Practices apply to € 
construction and application of controllers 
for motors in the medium-voltage clas 
sification (601 to 5,000 volts.) 

Although many of the specifications 
herein have been influenced by the condil 
tions peculiar to the processing areas 0 
these industries, it is probable thax 
they may be applied to all purchases 0 
controllers for a given company in orde 
to promote uniformity. They are im 
tended as minimum requirements, am 
may be supplemented where special ne ed 
exist. 


1.8 Use or RECOMMENDED PRACTICES 
It is urged that users and manufact - 
co-operate and mutually agree to folloy 
these recommended practices to insure c 
use of proven apparatus and methods fo« 
economical and safe machine operation | 
1.4 APPLICABLE STANDARDS It is as 
sumed that apparatus will comply it 
the National Electrical Code and NE i 


standards insofar as they are applicable. 


Section 2. Enclosure 


2.1 Description Enclosure shall 
general-purpose NEMA 1. High-voltag 
compartment shall be segregated. Mate 
rial which will support combustion shag 
be kept to a minimum. 


2.2 Dimensions Basic enclosure shag 
have a height of 90 inches exclusive 
mounting sills. Preferred depth is 3% 
inches; maximum depth is 32 inches. 


2.3 PowrR AND ConTRoL LEADS Spad 
for conduit or armored cable entrance 
shall be provided at top and bottom. 


Paper 59-1112, recommended by the AIEE r 
Industry Applications Committee and approved k 
the AIEE Technical Operations Department f 
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printing July 15, 1959. 
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in a ventilated portion of the enclosure, 
or externally mounted. 


Section 3. Power Busses 


3.1 Location Busses, if specified, shall 
be on top of the control enclosure at the 
front. All manufacturers shall locate the 
busses in the same position so controllers 
of different manufacturers can be mounted 
adjacent to each other and the busses 
can be easily connected between con- 
trollers. 


3.2 ENcLosurE Bus compartment shall 
be isolated from the controller interior. 


3.3 SPLICES Bus-bar connections shall 
be silver plated. 

Section 4. Isolating Device 

4.1 Description The isolating device 
shall be a 3-pole gang-operated isolating 
switch. With compartment door open, 
the blades shall be visible when open, or 
else disconnecting-type fuses shall be 


furnished. Operating handle of this 
switch shall be outside of compartment. 


4.2 PADLOCKING Provision shall be in- 
cluded to accommodate three padlocks 
for locking the switch in the open posi- 
tion. 


Section 5. Interrupting Rating 


5.1 INTERRUPTING RaTING The inter- 
rupting rating shall be at least 150,000 
kva at 2,300 volts and 250,000 kva at 
4,600 volts. 


5.2 DESCRIPTION Power fuses; if used, 
shall be of the current-limiting type. 


Section 6. Contactors 


6.1 Description Contactors shall be 

of the air-break type and not mechanically 

latched in the closed position. They shall 

be either removable or readily acces- 
sible. 


Section 7. Accessibility 


7.1 AcCESSIBLE FROM Front All func- 
tioning parts of the controller shall be 
readily accessible for maintenance or re- 
placement from front of the controller. 


7.2 Low-VoLTAGE PANEL Low-voltage 
panel shall either be front wired, hinged, 
or otherwise accessible for maintenance 
and inspection of all wiring. 

7.3 TERMINAL Boarps All terminals 
for outgoing low-voltage conductors to be 
at least 12 inches from floor and readily 
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accessible for connection and identifica- 
tion. Sufficient space shall be provided 
for routing of customer’s control wiring, 
segregated from high-voltage leads, to 
such terminals boards. On contactors, 
terminal boards for coil leads and con- 
trol wiring shall be readily accessible. 


Section 8. Interlock Requirements 


8.1 ISOLATING SWITCH AND COMPART- 
MENT Door Isolating switch must be 
open before any high-voltage compart- 
ment door can be opened and cannot be 
closed before all such compartment doors 
have been closed. 


8.2 ISOLATING SWITCH AND CONTACTORS 
It shall not be possible to open or close the 
isolating switch while any of the line 
contacts are closed, or closing. 


8.3 Contactors The F, R, and DB 
contactors shall be mechanically inter- 
locked. The DB contactor shall be 
preferably interlocked in most direct 
manner with the F contactor. 


8.4 PROVISION FOR TESTING Provision 
shall be made so that controller can be 
operated for testing, but only with main 
isolating switch open. If a “‘Test- 
Normal” switch is specified, it shall be 
arranged to nullify control stations re- 
mote from the controller when testing and 
to nullify test push buttons at the con- 
troller when in ‘“‘Normal position, except 
that all “Stop” push buttons, whether for 
“Normal” or “Test” operation, shall be 
connected in series, so as to be effective 
at all times. The Test switch shall also 
transfer the control circuit from the nor- 
mal source to a test power source to be 
furnished by user. Test push buttons 
shall be located inside the controller. 


8.5 TypEsorINTERLOcKS Mechanical- 
type interlocks are preferred over key- 
type interlocks. Some means shall be 
provided for gaining entry to the en- 
closure in case a contactor should weld 
closed. 


Section 9. Protective Devices 
and Control Circuits 


9,1 Protective Devices Control shall 
include control devices such as under- 
voltage relay, overload relays, field 
application where required, etc., which are 
recognized as necessary for adequate 
protection to personnel and equipment. 


9.2 ExciTATION Farture A field-loss 
relay, power-factor relay, or other effec- 
tive means shall be provided to insure the 
shutdown of synchronous motor in the 
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event of excitation failure. This device 
shall operate on loss of d-c excitation volt- 
age or current, and shall prevent restart- 
ing until it has been manually reset. The 
resetting means shall be clearly marked 
as to function. 


9.3 NuMBER OF EXTERNAL WIRES 
Control circuit shall be designed so that 
a minimum number of wires to external 
devices are required. 


9.4 A-C Conrrot Circuit. When a-c 
control is required, it shall be supplied by 
a control transformer, 220 volts secondary, 
on each controller. It shall be supplied 
from the load side of the main dis- 
connect through its own current-limiting 
fuses. A-c control shall also be provided 
with main disconnecting means and over- 
current protection on secondary side. 
Provision shall be made for grounding 
one side of secondary of control trans- 
former and where ground bus is specified 
this connection shall be made to the 
ground bus. 


9.5 D-C Contrrot Circuir When d-e 
control is required it shall be supplied 
through a disconnecting switch and fault 
current protective means furnished as part 
of the controller. When d-c excitation 
is required the controller shall include 
means for disconnecting, short-circuit 
protection, and adequate field discharge 
protection. Adequate field discharge pro- 
tection is understood to include a dis- 
charge means permanently connected 
across the load side of the circuit protec- 
tive device, in addition to any other 
resistors which may be connected to the 
field circuit on occasion by discharge clips 
or normally closed contacts. 


9.6 EmerceNncy Stop If emergency 
braking is required, emergency stop 
switches shall break both sides of the 
control circuit (American Standard safety 
code for rubber mills and calenders 
A2.1.6). The time required between 
safety switch opening and braking con- 
tactor closing shall be the minimum possi- 
ble. 

All ‘‘Stop’”’ push buttons, as well as all 
“Emergency Stop” switches, shall cause 
a braked stop. Means shall be provided 
to ensure completion of the normal brak- 
ing cycle in all cases before restarting. 


9.7. Conpucrors All control conduc- 
tors shall be stranded. 


9.8 UNDERVOLTAGE PROTECTION In- 
stantaneous undervoltage protection 
shall be furnished unless time-delay is 
specified. 


9.9 FusING OF POTENTIAL TRANS- 
FORMERS Potential transformers, if fur- 
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nished, shall be fused primary and 
secondary. Primary fuses shall be of the 
current-limiting type. 


Section 10. Name Plates 


10.1 DerscripTION Permanent and legi- 
ble name plates shall be provided for all 
devices, with designations per NEMA 
Standards 1C1-3.01. 

10.2. Power Fuse DESIGNATION Name- 
plate showing catalog number of power 
circuit fuses used shall be mounted on 
inside of fuse compartment door. 


Section 11. Wiring Diagram 


11.1 Location or Contracts In Con- 
TROL Circuit On schematic diagram, 
all contacts shall be on left-hand side of 
coils, except overload contacts and emer- 
gency stop switches which break both 
sides of line. 


11.2 GENERAL REQUIREMENTS Wiring 
diagram shall include schematic and panel 
diagram. Each line of schematic diagram 
shall be numbered on left-hand side, and 
location of each control circuit contact 
on a device designated on the right-hand 
side adjacent to the coil. The line num- 
bers of normally closed contacts should 
be underlined. 


Discussion 


E. H. Peters (Westinghouse Electric Corpo- 
ration, Chicago, Ill.) and W. F. Gardner 
(Westinghouse Electric Corporation, Akron, 
Ohio): In our opinion the committee 
accomplished what they set out to do, that 
is, to provide a specification that would give 
a standard acceptable to both users and 
industry. We believe most users were able 
to have included in the specifications the 
features which they desired. The features 
where users did not agree usually repre- 
sented the result of different company prac- 
tices and were recognized as such. In those 
cases, each user will specify the modifica- 
tions he requires. Most suppliers, we be- 
lieve, feel-the specification is not restrictive 
to prevent the use of individual design 
initiative. 

There seem to be two items however in 
which compromise solutions were accepted 
which were not entirely satisfactory to sup- 
pliers or users. These were: 


1. The present bus location allows only 6 
inches of space at the back of the cabinet to 
bring out motor leads. This is certainly 
the minimum acceptable. Since it appears 


that bus location will ultimately become a> 


NEMA standard perhaps a better solution 
of this problem can be found. 


2. Various methods of protection have 
been offered by suppliers to shut down the 
motor ia the event of loss of field. Nothing, 
however, was available to protect the ma- 
chine if the field circuit was open and the 
operator attempted to start. It was agreed 


that this was the operator’s usual reaction 
he could not find what shut the machit 
down. A compromise was reached whereby 
the field-loss relay would operate a man 
reset device thereby warning the opera 
of the field loss. 


Since the writing of these specifications ¢ 
circuit has been developed which actu 
samples the continuity of motor field 
starting resistor circuit before the main coi 1- 
tactors can be picked up. This eliminates 
the necessity of having a manually r 
field-loss relay and also protects the mach 
from incorrect wiring at the time of start up ) 
and the loss of fields due to raised brushe: 
As this circuit receives further field test 
ing it should be considered as an im- 
proved feature to be included in the speci- 
fications. 


+ 
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William S. Watkins: Oral comments and | 
the written discussion received seem to) 
verify that the proposal is generally accept- - 
able, with the reservation that a few points 3 
should be subjected to a little more scrutiny. 
Questions were raised concerning th 
grounding of one side of the control trans- 
former, the location of the supply busway, 
and the provision for protection agains 
lack of field continuity. These are certainly 
very. penetrating questions, and will 
studied by the Working Group before the 
final draft is submitted to the Standards 
Committee. We shall be grateful for any 
additional comments which may be sub 
mitted, on these and other items, to assis 
the group in making its decisions. 


Use of a Mathematical Error Criterion in 
the Design of Adaptive Control Systems 


C. W. MERRIAM, III 


ASSOCIATE MEMBER AIEE 


Synopsis: Mathematical error criteria are 
examined in terms of the goals of an 
adaptive control system. For dynamic 
processes which contain pure-time delay, 
a modification of these error criteria is 
postulated on the basis of the time- domain 
concept of control developed here. 

Also, the mathematical methods used in 
optimization are examined in terms of the 
feedback concept. In particular, the opti- 
mum configuration of the control system 
is discussed and illustrated for dynamic 
processes with and without pure-time delay. 


HE GENERAL topic of adaptive 
control systems presently is of great 
interest to engineers who traditionally 
have employed the concepts and methods 
of feedback control. In this regard, much 
of the impetus stems from the observa- 
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tion that, even though the human lacks 
many attributes required of purely 
physical systems such as speed of response, 
the human does possess desirable char- 
acteristics which are as yet unattainable 
in a purely physical form. Many of 
these desirable human characteristics arise 
from subjective judgment and the ability 
to utilize a priori information in situations 
identifiable by the human as having been 
encountered previously. 

In an effort to emulate the subjective 
characteristics sometimes attributed to 
the human, researchers have postulated 
classes of systems such as self-adjusting 
and self-organizing which broadly could 
be classified as adaptive. Unfortunately, 
very little is understood regarding human 
behavior. Hence, systems designed to 
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_ approximate human characteristics are} 


restricted from a philosophical standpoint 
by the validity of the model of the human 
adopted, even though the response char 
acteristics of the resulting systems may 
be very acceptable from some objectiy 
viewpoint. 

In order to circumvent such philoso 
phical arguments, this paper is predicate 
on the use of a mathematical index of 
performance for the synthesis of a class of 
adaptive control systems. The author 
regards this class of. adaptive control sys- 
tems as particularly useful in practice be + 
cause adaptation is accomplished in am 
optimum fashion merely by gain changes. . 
Furthermore these gains can be com 
puted readily so that real-time computa- 


Paper 59-1158, recommended by the AIEE Feed- 
back Control Systems Committee and approve 
by the AIEE Technical Operations Department fi 
Presentation at the AIEE Fall General Meeting 
Chicago, Ill., October 11-16, 1959. Manus ip 
submitted April 8, 1959; made available fo 
printing August 13, 1959. 


C. W. Merriam, III, is with Massachusetts In- - 
stitute of Technology, Cambridge, Mass. 


This work was supported in part by the Inter 
national Business Machines Company (IBM) 
under IBM Purchase Order No. L-R19014, 
under the Massachusetts Institute of Technolog 
DSR Project No. 7793. 


JANUARY 196 


~ 


tions are feasible and could be em- 
ployed to make these adaptive controllers 
applicable in a variety of situations 


Selection of an Error Criterion 


Generally speaking, performance indices 
may be put into two categories. The 
first category is defined here as the shap- 
ing of transient response characteristic 
without regard to the nature of the 
particular response desired of the system, 
For instance, a shaping criterion may be 
the specification that the closed-loop sys- 
tem should approximate a linear, second- 
order system with a given rise time, 
setting time, or possibly a given over- 
shoot. Unfortunately, many systems 
contain time varying and nonlinear com- 
ponents which are not readily amenable 
to these simple conceptual interpreta- 
tions of the second-order system. The 
second category is defined here as the 
optimum approximation of desired re- 
sponse signals where errors in the approxi- 
mation are weighted according to an 
appropriate performance criterion, called 
an error criterion when used in this sense. 
Here, then, an optimum occurs when the 
weighted error is minimized, thereby 
specifying the transient response char- 
acteristics of the resulting system in addi- 
tion. For this paper, only performance 
indices of the second category are dis- 
cussed in order to avoid the inevitable 
limitation of attempting to specify 
‘appropriate criteria that are based on 
linear concepts for the design of adaptive 
systems which are by definition nonlinear 
and time varying. 
_ Having adopted the method of design- 
‘ing an adaptive system by the minimiza- 
tion of an error criterion, the specific 
class of design problems which reflect 
the goals of an adaptive control system 
‘must be defined. Here an adaptive con- 
trol system is intended to be a feedback 
‘system which is altered continuously in 
order to maintain optimum system re- 
‘sponse. Controller alterations are neces- 
sary when changes occur in the estimated 
characteristics of the controlled dynamic 
process and of the response desired of the 
system. Also, alterations are necessary 
when the error criterion is changed. It 
should be mentioned here that the scope 
of this paper is restricted, for the sake 
of brevity, by neglecting the errors which 
may occur in the estimation of both the 
characteristics of the dynamic process and 
of the desired response. Inclusion of such 
errors is a study in itself and suitable re- 
sults have been obtained only when the 
errors occur additively in the control and 
response signals. 
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A natural starting point for the selec- 
tion of an error criterion might be the use 
of a least-squares criterion which is 
traditional in approximation problems 
arising in many fields including numerical 
analysis. In particular, a valid error 
criterion is the integral 


ig a [e)—g(a)}*do (1) 


where Q(c) is the estimated desired sys- 
tem response signal, q(c) is the actual sys- 
tem response signal, and o is a dummy 
time variable defined such that the value 
o=t is present or real time. The 
optimum system then would be defined as 
that system which minimizes the integral 
I. However, because practical com- 
ponents have limitations, a dynamic 
constraint must often be placed on the 
class of systems which are acceptable. A 
mathematically convenient way to insure 
the avoidance of saturating the control 
signal m(c) is the addition of a second 
term to the integral in equation 1, thereby, 
obtaining 


I= f {X(o)1Q(2) ao)? +-m4(0) }de (2) 
For the present, the assumption is made 
that the response signal g(c) and control 
signal m(c) are related unilaterally, as 
indicated in Fig. 1, by the linear ordinary 
differential equation 


U u-1 
Diaulo)q(e) = youlo)m(e) (3) 
u=0 u=0 

The superscript (u~) indicates the uth 
derivative of the function. Generally, the 
multiplier \(c) in equation 2 is treated as 
an independent parameter such that 
d(c) =0, and chosen so that m?(c) S$ 9?(c) 
where SIW(c) is the magnitude of the 
control signal where saturation occurs. 
This treatment of \ as a Lagrange multi- 
plier is predicated, of course, on the proper 
engineering selection of the saturation 
level SW(c).1 Another interpretation of 
the criterion given in equation 2, however, 
is that the multiplier \(c) can be deter- 
mined directly from engineering consider- 
ations. A good example of this interpre- 
tation arises when the first term in equa- 
tion 2 is representative of economic 
penalties arising from response errors and 
the second term in equation 2 is con- 
sidered as the ‘‘cost”’ of control. For the 
purposes of this paper, no generality is 
sacrificed by assuming that the multiplier 
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\(c) is determined directly from engi- 
neering considerations. 


The error criteria presented thus far 
have no particular reference to adaptive 
control and are utilized conventionally, 
with the proper mathematical restrictions, 
in the design of linear time-invariant con- 
trols which of course are the antithesis 
of adaptive controls. 


In order to postulate modifications 
to these criteria that are appropriate 
for application to adaptive controls, 
an analogy to the human faced with the 
problem of control is convenient. In 
words, the human attempts to select 
optimally the present value of the control 
signal m(t). This selection is based on 
the existing conditions in the dynamic 
process, on the dynamic characteristics 
of the process, and on the response desired 
of the dynamic process in the future. 
Note that consideration of the future is 
necessary when the magnitude of the con- 
trol system m(c) is constrained mathe- 
matically as in equation 2 because the ex- 
isting conditions of the dynamic process 
cannot be changed instantaneously. Be- 
cause of the conditions in the dynamic 
process, the dynamic characteristics of the 
process, and the desired response change 
with time, the optimum selection of the 
control signal changes with time. In this 
sense then, it is said that the human 
controller used in the analogy is adap- 
tive. 


The recognition that the existing condi- 
tions in the dynamic process are an in- 


‘tegral part of adaptive control is of para- 


mount importance to the selction of an 
appropriate error criterion. In particular, 
there is no apparent reason for weighting 
errors over the interval of past time o<t¢ 
because, having occurred previously, no 
control can be exerted on them. If the 
assumption is made that the existing con- 
ditions in the dynamic process can be 
measured, as is desirous in a feedback 
control system, the errors that occur 
in the past can be neglected. Measure- 
ment of the existing conditions in the 
process is necessary in order to specify 
the effects of the past history of the 
process on the present and future re- 
sponse of the process. For processes 
which can be represented by an ordinary 
differential equation of finite order, ele- 
mentary theory of such equations states 
that the effects of past history are speci- 
fied completely by the present values of a 
finite number of state variables, usually 
called initial conditions. Now with the 
assumption that the state variables are 
measured, the error criterion used for 
adaptive control system design in this 
paper is 
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Fig. 2. Weighting intervals for dynamic 
4 process with pure-time delay of duration T 


P t+r7 
a f {X(o)[0(e)—a(a) ?-+- mo) }do 
t 
(4) 


Note that the errors occuring in the 
interval of furture time o>t-++7 also have 
been neglected in equation 4. The 
omission of these future errors is necessary 
in many cases because adequate prediction 


or extrapolation of the desired response 


signal Q(c) may not be available. Also 
from a dynamic standpoint, no appre- 
ciable error is introduced into the selec- 
tion of the optimum present value of the 
coritrol signal m(t) if the interval 7 is 
chosen to be large in comparison to the 
time in which substantial transients can 
occur in the process. However, no partic- 
ular restrictions are placed on the interval 
7 which is selected properly for the en- 
gineering problem at hand. For example, 
this interval may be chosen r=o or 
7=T,—t, where T, is a constant as might 
be appropriate for control which ter- 
minates at time f= T,. 

Based on the heuristic assumption of 
the availability of a finite number of 
measurements which define the state of 
the dynamic process, the error criterion 
given in equation 4 may be appropriate 
for the adaptive control of a dynamic 
process which is described by an ordinary 
differential equation of finite order such 
as the linear one given in equation 3. 
However, many dynamic processes of 
interest involve pure-time delay due to 
distributed parameter effects where the 
measurement of the present values of a 
finite number of variables no longer repre- 
sent completely the effects of past history 
on the present and future response of the 
process. A case in point is a dynamic 
process which is described by the differ- 
ential equation 


U ul 
Dp aulo)g(o+T) = 2, bale)mer(o) (5) 
u=0 u=0 


A comparison of equations 3 and 5 in- 
dicates that, for the same control signal 
m(a), the response signal of equation 5 is 
delayed by an interval of time T from that 
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of equation 3. In addition to cases where 
equation 5 actually represents the dy- 
namic process, an equation which contains 
pure-time delay but of low order often can 
be used asa good approximation to equa- 
tion 3 when the order Uislarge. Such an 
approximation gives rise to a definite sim- 
plification in the optimum controller. 

For dynamic processes with pure-time 
delay, appropriate changes in the error 
criterion given in equation 4 are facilitated 
by the sketches of the control and response 
signals given in Fig. 2. A pure-time 
delay T means that the segment of the 
controlsignal ontheintervalt+7—TSo3 
i++ is arbitrary in the sense that this 
segment does not affect the process re- 
sponse on the interval tSoSt+7. Fur- 
thermore, the pure-time delay means that 
the control signal on the intervali<o< 
t-++7 does not affect the process response on 
the interval tSoSt+T7. Because the 
segment of the control signal on the in- 
terval t}+7—T SoSt-+7 is arbitrary and 
because the segment of the response 
signal on the interval tSoSi-+T is pre- 
determined, a modified error criterion is 
postulated to be 


t+r 
ae { Aa) [Q(e) alo) *de+ 
t+7 
ttr—T 
{ m*a)do (6) 
t 


With a change in variables, this modified 
criterion can be written as 


t+r* 
Pi f [Not T)IOe+T)— 
t 
UotT)}-+-m%e)}do (7) 


where 7r’=7r—T. This error criterion, 
then, weights only the portions of the 
signals that are meaningful, as deter- 
mined from the time-domain concept 
developed here for adaptive control. 


Determination of the Optimum 
Adaptive Controller 


Even though an error criterion has been 
chosen which appears to be applicable to 
some adaptive control problems, useful 
results will be obtained only if the 
optimum controller can be specified 
explicitly. Consideration of the mathe- 
matical methods that could be used in the 
determination of the optimum system can 
lead to involved discussions of the relative 
analytical and computational merits of 
the various methods. In order to avoid 
these involvements, heuristic arguments 
are introduced which lead naturally to 
the explicit determination of both the 
transient characteristics of the optimum 
system and the optimum configuration of 
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‘is made that the multiplier \(c) and the 


_ g(t), the time ¢ where this process state 


the system components. In particular, 
the error criterion appropriate for the 
design of adaptive feedback controls ha 
been selected by recognizing the role of 
the conditions existing in the dynamic 
process (called state of the process) and 
then assuming that this state could be 
measured. An effort to preserve a thread — 
of unity dictates that these considerations 
should be reflected by the mathematical _ 
methods used in the explicit optimization, — 
In order to emphasize concepts and not 
generality, the concepts are identified here _ 
by discussing the simplest possible dy 
namic process which is given by i 


g(a) =b o)m(o) (8) 


The error e associated with the dy- 
namic process described by equation 8 is __ 
given by equation 4. If the assumption 


desired response signal Q(c) are given, this _ 
error is a function of the present state of 
the dynamic process which now is merely — 


variable is measured, and whatever con- 
trol signal m(c) that is inserted into the _ 
error criterion. If a dummy variable u is 

defined as the time where the state of the _ 
dynamic process is measured, the error | 
given in equation 4 can be expressed func- ~ 
tionally as 


Hotel mole ope | 
(Na)lQe) = aa)}-+-mXe)}de (9) | 


However, when equation 9 is minimized, _ 
the control signal m(c) is no longer - 
arbitrary but is specified as a function of — 
the remaining independent variable g(u). | 
Symbolically, the minimum error E can {| 
be written as 


E=min {e[q(u), m(o); uJ} 
m(a) 
pSoSti+r7 


1 
(10) | 

i 
5 
where the minimization is performed | 
with respect to the control signal m(c) 
over the interval »SoSi4++r. For mini 
mum error, the control signal is given 
functionally. as _ } 


m(o)= Felatu)] | 


(11), 
where the dummy variable a is treated as 
a parameter in the function F. There- 
fore equation 10 is rewritten as 


E=elqu), Felg(u)]; ul], (12) 


and the minimum error is seen to be a 
function only of the measured state of the | 
dynamic process g(u) and the time of 
measurement yw. Finally then, the mini 
mum error function is defined for the 
dynamic process described by equation 8 
as 


JANnuARY 196( 


[g(u); wn] = min | [" bertec)- 


Be 
m(o) 


MSoSi+r 


so) I+ m¥(e)}de | (13) 


The reason for defining the minimum 
ror function E[9() ;u] is that the neces- 
ry key step is the use of the functional 
{uation given in equation 11 which gives 
e optimum control signal. Specifically, 
juation 11 is a control law for a feed- 
ick controller when w= because the 
ytimum control signal m/(Z) is expressed 
terms of the measured response signal 
t). Therefore, the optimum control 
gnal will be found directly when the 
inimum error function is found with- 
it the necessity of converting an 
timum transfer function into a feed- 
ick system, a procedure associated with 
e usual calculus of variations. This 
nversion, of course, is predicted on the 
sumption of linearity, and hence 
olates the desire for adaptability. 
ith the use of Bellman’s “principle of 
timality,” the condition for minimum 
ror can be shown to be 


in { (1) [Q(u) —9(u) Pm u)+ 
be 
dE [q(u); 4] 
Ou 


dE [g(u); #] \ 


+bo(u)m(u) aC) 


=0 (14) 
ere H[g(t+7); t+7]=0 as can be seen 
mm equation 13 with u=i+7.%3 The 
thor has omitted the derivation of 
uation 14 because no additional con- 
ots pertinent to the adaptive control 
oblem per se are required for the 
rivation. In other words, equation 14 
ites that the sum of the terms in the 
aces vanishes when the value of the 
trol signal m(u), treated here as a 
ameter, is adjusted so that this sum is 
The sum in the braces of equation 14 
ninimum when 

sf Ma) 1a) ala) ba) 
(4) 

«AE (gu); u] 


+ bo(u)m(u) X 
Op 


2Flate}inlt 0 15 
dq(u) fae 


ich is satisfied when 


bow) JE [g(u); 2] 
2 dg(u) 
stitution of the value of m(u) given 


squation 16 into equation 14 gives the 
dition required of the minimum error 


j= (16) 
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function for the dynamic process speci- 
fied by equation 8 as 


Mu) Ou) —a(u)p+- wid _ 


On 
— Sb(u) AE [g(u);u] as 
= dg(u) \ eae tee 


As noted previously, the feedback control 
law is given directly in terms of the mini- 
mum error function as expressed in equa- 
tion 16 when p=t 

Having obtained the condition that 
specifies the minimum error function 
in terms of a partial differential equation, 
this function is sought in explicit form. 
As would be the case for an unfamiliar 
ordinary differential equation, a power 
series solution could be assumed. Then 
the coefficients in the series could be found 
by direct substitution. 

The solution of equation 17 is assumed 
to be of the form 


Elg(u); w]=K(u)+Ko(u)g(u)+Koo()q2(u) 
(18) 


where the K’s are the parameters to be 
determined. The series given in equa- 
tion 18 is truncated at the squared term 
because higher order terms can be shown 
to be zero by the procedure that follows 
when applied to the more general series. 
Now remembering that both g(u) and pu 
are treated as independent variables in 
the definition of the minimum error func- 
tion, the partial derivatives needed for 
equation 17 are 


EIR) - Korn) + Kowal) + 
Koo(u)gr(u) (19) 
and 
dE lg); 4) _ Ko(u)+2Koo(u)q(u) (20) 
og) 


When equations 19 and 20 are substituted 
into equation 17, equation 17 can be re- 
written by collecting terms according to 
their power in g(u) such that 
b 2 

[ KowAWwew ae Kew) |+ 
gu) [Ko(u)—2r(u) Qu) — 
bo?(u)Ko(m)K oo(u) + 
gu) [Koo (u) +A(u) — 

bo%(u)Koo%(u)J=0 (21) 


Because three independent parameters K, 
Ko, and Ko appear in the assumed form 
of the minimum error function, three in- 
dependent conditions are applied to equa- 
tion 21. In particular, these parameters 
are chosen so that the three brackets in 
equation 21 vanish and, therefore, are 
given by the three ordinary first-order 
differential equations 
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K(y) = —nwQru) KsXu) (22) 
Ko (uw) =2d(4) O(n) +80%( pw) Ko(u) Kool) 

(23) 
Koo™(u) = — dw) +b02(u)Ko0%(s) (24) 


These parameters then are specified com- 
pletely because K(t+7r)=Ko(t+7)=Koo 
(t+7)=0, a condition which arises from 
Elq(t+r); t+r]=0 for all g(é+7). 
Finally, the control law of the optimum 
controller is given (when »=f) from equa- 
tion 16 as 


bo( u) 
2, 


m( wn) = — Ko(u)—bo(u)Koo(u)g(u) (25) 


However, before a detailed discussion of 
the properties of the optimum controller 
is embarked upon, the preceeding develop- 
ment is re-examined for the simplest case 
of pure-time delay in the dynamic process 
as given by 


g(o-+T) =bo(o)m(c) (26) 


For the error criterion given in equation 7 
which applies for pure-time delay, the 
corresponding minimum error function 
can be defined as 


t+r’ 
Er [qu+T); un] = min | f {Mo+T)X 
7 


m(o) 
uSoSt+7’ 


(Ole aco PyP+mao) 
(27) 


such that E,[¢(t+7): t-+7r’]=0. Here 
the state of the dynamic process, as 
measured at time wv in conjunction with an 
appropriate computation, that specifies 
the effect of the past on the controllable 
segment y+TSoSi+7 of the response 
signal is given by g(u+T). 

Corresponding to this minimum error 
function, the condition similar to equa- 
tion 14 is 


Ee {nwt T)(Q(u+T)—gu tT) P+ 


m(1) 
dEr[q(u+T); wy 
Ou 
dEr[q(u+T);u) 
dq(u+T) 


m*(u)-++ 


bo( u)m( 2) \ =0 (28) 
If the minimum error function is assumed 
to be of the form 


Eplqu+T); uJ=K(u)+Ko(u)g(u+T)+ 
Koo(u)g{utT) (29) 


the derivation from equation 15 to equa- 
tion 24 can be repeated for the pure-time 
delay case to give the following equa- 
tions which specify the parameters K, 
Ko, and Koo: 
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SOLUTION OF 
DIFFERENTIAL 
EQUATION 


[FEEDBACK 
PORTION 


LINEAR FIRST ORDER 

DYNAMIC PROCESS. 

WITH PURE-TIME 
DELAY T 


q(t) 


Fig. 3. Block diagram of the optimum controller for a first-order dynamic process with pure- 
time delay T. Not indicated is that the parameter Ky(t) also is the solution of a differential 
equation 


KO(u)=—MutT)Q(u+T)+ 
ee) ca NDaKSO) 
4 
Ko(4) =2X(u+T)Qe+T)+ 
bo*(m)Ko(u)Koo(u) (31) 


Koo(u)=—MutT)+bo%(u)Koor% (mu) (32) 


where K(t+7’) =Ko(t+7’) =Koolt-+1’) = 
0. Finally, the control law for the pure- 
time delay case (when y=#) which corre- 
sponds to equation 25 is 


bo 
wi) ee Kalu) bol) Koo(u)a(w+T) 


(33) 


Properties of the Optimum 
Adaptive Controller 


Having derived the control law for the 
optimum adaptive controller, a detailed 
examination of the results indicates some 
very important properties of the optimum 
controller from a feedback control stand- 
point. Because the case with a pure- 
time delay of duration T degenerates to 
the case without time delay by allowing 
T—0, as can be seen from equation 30 to 
equation 32 and equation 22 to equation 
24, the discussion generally is directed 
to the case with the pure-time delay. 
From equation 33 then, the control law 
for the optimum controller is 


m(t) =~" Ket) bl KodaL+T) (34) 


Furthermore, for the dynamic process 
given in equation 26, the response of the 
process is 

t—r 
a(t) = f bu()m(é)de (35) 
Therefore, the measured variable g(t+T) 


that appears in the optimum control law 
can be written as 


gt+T) =9(t)+Ir(t) (36) 
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where 


t 

In(t)= i by(e)m( Ede (37) 
Cen 

Finally, the optimum control law when 

written in terms of the measured response 

signal is 


m(t) = [ — we Ko(t)—bo(t)Koo(t)Lr(t) — 
bo(t) Koo(t q(t) | 


which can be depicted as shown in Fig. 
3. In general then, the director and feed- 
back portions of the adaptive controller 
are the result of continually repeated 
computations of the parameters Ko(t) and 
Koo(t) by the solving of two ordinary 
differential equations over a time interval 
7’. The remaining portion of the con- 
troller is the continuous measurement of 
the integral I,(t) which is required 
by the presence of puretime delay. 

Now with reference to Fig. 3 and to the 
steps used in the derivation of the pa- 
rameters Ko(t) and Koo(t) which appear in 
the block diagram, the important proper- 
ties of this optimally adaptive controller 
can be listed as follows. 


(38) 


1. The controller is optimum for all initial 
conditions g(t) which may occur because 
the parameters are chosen so that equation 
21 is satisfied for all finite g(t) by making 
each bracket in that equation vanish. 


2. The controller is optimum for all future 
states of the dynamic process, as given by 
g(u) at the interval t<pSt-+7, from the 


bo(t) 
See hS 


EQUIVALENT LINEAR 
COMPENSATION FOR 
FEEDBACK TERM 


Fig. 4. 
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Block diagram of equivalent linear compensation which is optimum only for zero init 
conditions and additive load disturbances 


same reasoning used to establish th 
previous property. Therefore the contr 
is optimum for all additive load disturba; 
(shown dashed in Fig. 3) that canno 
measured and possess the property 
their future is independent of their p 
and past. 


8. The feedback portion of the opti 
controller, given by Koo(t), is indepen 
of the desired response Q(c) as can be 
from equation 32. 


4, The output of the director portion o 
the optimum controller, given by Kg) 
is linear with respect to additive component 
in the desired response signal Q(c). T 
property can be seen from equation 
and results because the parameter K, 
is merely a time varying multiplier, 
is not dependent on Q(c). 


of an optimum configuration. Beca 
the feedback portion of the optimum ec 
trol system is linear, the feedback loop, 
instance, could be replaced by an equiv 
alent linear compensation as indicate 
in Fig. 4. The system shown in Fi 
has the same response signal as the sys 
tem shown in Fig. 3 when the i 
conditions and load disturbances — 
neglected. However, the configura 
shown in Fig. 3 gives minimum erfc 
due to both initial conditions and add 
tive load disturbances of the class defin 
previously, and hence is termed # 
“optimum configuration.” In othe 
words, deviation from the optimum cé 
figuration in general causes increases 
error. 

The second two properties of 
optimum control system give rise 
urally to the suggestion that the controlld 
may have important properties for dé 
sired response signals that can be repré 
sented by asum of components. In pa 
ticular, here the assumption is made tha 
the desired response signal is 


N 
Qo) =>) fro, #)On(t) 
n=0 


where the signa] Q,(#) is a componer 
which can be extracted from Q(t) by | 
physically realizable device. The nece# 
sity for a physically realizable device | 
stressed here because the segment of tlt} 


LINEAR FIRST ORDER 
DYNAMIC PROCESS 
WITH PURE-TIME 

DEEAY Sa, 
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Fig. 5. 


Block diagram of the optimum linearly-adaptive controller that occurs when the desired 


response is a sum of separable components 


lesired response signal that is required 
for the solution of equation 31 is on an 
nterval of future time t+7<oST-++r. 
As an example in this class of signals, the 
lesired response signal may be approxi- 
nated with accuracy by a Taylor series 
sich that Q,(f)=Q (4), and hence the 
‘unction f, is f,(¢,t)=(o—t)"/n! In this 
sxample, the component extraction is 
iccomplished by successive differentiation, 
Now because superposition applies to 
squation 31, the director output can be 
written in terms of the integral 


t+r’ 
cn= f hp(r’, t+7’—w)O(ut+T)dp 
t 
(40) 


Phe impulse response function h,(r’,£) is 
lefined as the signal Ko(¢) at ¢=7’ caused 
yy a unit impulse at ¢=£ where the 
lummy variable (is defined as ¢=f+7’— 
, for use in equation 31. For the class of 
lesired response signals given by equation 


| 


9, the director output signal becomes 


N 


a(t) = > nl 4)On( 1) 


n=0 


(41) 


vhere the no-energy storage gain xk,(t) 


+ 


> 


| t+7! 
=| h(t’, t+7’—p)fnl(utT, t)du 
_ (42) 


‘herefore these gains are the solution of 
1e differential equation 


eu) =2MutT flu tT, t)+ 


bo?(u )kn(u)Koo(u) (43) 


ig. 5 shows that the optimum controller 
misists of only time varying gains, for 
esired response signals of the form of 
juation 39, and hence the optimum 
mtrol system is ‘“‘inearly-adaptive” to 
le desired response signal. 


onclusions 


The goals of this paper have been to 
‘monstate, via the simplest problem, 
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how the selection of an appropriate error 
criterion and the use of a particular 
method of optimization apply to the 
design of a class of adaptive controllers 
that enjoy the attributes of feedback. In 
particular, the design problem is restricted 
to a linear but time-varying first-order 
dynamic process that may contain a pure- 
time delay and to an error criterion of 
quadratic form. For these mathematical 
restrictions, the optimum controller is 
shown to be independent of all finite initial 
conditions and additive load disturbances 
of the class defined previously. Further- 
more, the parameters which appear in 
the optimum controller are specified at 
each instant of real time ¢ as the solu- 
tions of two ordinary first-order differ- 
ential equations. Finally, for these 
mathematical restrictions and a class of 
desired response signals which are a sum 
of separable components, the optimum 
control system is linear but in general 
time varying by virtue of the presence 
of time varying gains. 

For the purposes of application to en- 
gineering design problems, a wide variety 
of transient characteristics can be ob- 
tained by the proper selection of the 
weighting of response errors, as given by 
(a) and + which are identified with the 
problem statement. Furthermore, these 
linearly-adaptive controllers are partic- 
ularly practical because the differential 
equations can be solved by either analog 
or digital computers at a rate high enough 
for many applications and because the 
time-varying gains are readily obtained 
componentry. 

Fortunately the properties described 
here can be extended to more general 
problems but with varying degrees of 
complication, depending upon the mathe- 
matical restrictions imposed. Some im- 
portant cases are: 


1. For a Uth order linear dynamic process 
and a quadratic error criterion, the feed- 
back portion of the control system is 
specified by U parameters which occur in 
U feedback loops. However, the director 
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is still given by one parameter. The con- 
troller parameters are specified from the 
solution of 2U+U!/2!(U—2)! simultaneous 
first order differential equations. The 
system is optimum for all initial conditions 
and all additive load disturbances of the 
restricted class defined previously. For 
a desired response signal of the separable 
class given in equation 39, the optimum 
system is linearly-adaptive because the 
director is specified by time varying gains. 


2. For the restrictions of case 1 but allow- 
ing the desired response signal to have 
random components, minimum mean-square 
error in the control and response signals 
(the errors being caused by errors that 
occur in the prediction of the desired 
response signal over the interval of future 
time where response errors are weighted 
in the error criterion) gives rise to Wiener 
prediction of the desired response signal. 
The optimum mean-square prediction of 
the response signal has the separable form 
of equation 39 for linear lumped parameter 
Wiener predictors, and hence the system 
is linearly-adaptive as the director is again 
given by time-varying gains. Here each 
component signal Qn(t) is measured with a 
Wiener filter.45 


8. For certain types of nonlinear dynamic 
processes of Uth order such as the case 
where the control signal is limited in range 
due to saturation but where the process 
is otherwise linear, a quadratic form of 
the error criterion gives rise to an optimum 
control system that has U feedback loops 
and is specified by 1+U parameters which 
are computed from 2U+U!/2!(U—2)! 
simultaneous ordinary first-order differential 
equations. However, the system is optimum 
only for the particular initial condition, 
additive load disturbance, and member of 
the ensemble of possible desired response 
signals for which the parameters are com- 
puted. Hence, the optimum controller 
is nonlinear for all classes of desired response 
signals. Also because an iterative pro- 
cedure is required to select the proper 
solutions for the parameters, application to 
problems of various time scales generally 
is more limited. 


4. For nonquadratic forms of the error 
criterion, optimization by continual com- 
putations is possible but very lengthy when 
load disturbances and the like are included. 
Hence, without the use of ‘‘quasi-optimum”’ 
techniques now being investigated, this 
procedure seems to have avery limited appli- 
cation to problems such as may arise in the 
chemical processing industry. 


Nomenclature 


au(t), bu(t)=parameters of the linear 
dynamic process 

e=error criterion 

fn(o, )=function associated with the ex- 
trapolation of a component of the 
desired response signal, Qn(t) 

Ef{q(u); «.] =minimum error function for 
first-order dynamic process 

hr(r’, t+7’—p)=impulse response of the 
director portion of the adaptive 
controller 

T7(¢) =integral of the control signal over an 
interval equal to the duration of the 
time delay 
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K(u), Ko(u), Koo(u)=parameters of the 
minimum error function 

kn(t)=no energy storage gain computed 
from the director equations 

m(t)=control signal of the dynamic process 

n=dummy index of summation 

q(t) =response signal of the dynamic process 

Q(t) =desired process response signal 

Qn(t)=component of the desired response 
signal 

t=present time 

T=duration of pure-time delay 

u=dummy index of summation 

U=order of the dynamic process 


¢, », &, c7=dummy time variables 

(oc) = weighting factor 

7=interval where process response errors 
are weighted 

7'=interval where process response errors 
are weighted for case with a pure- 
time delay of duration T 

Superscript (uw) =wuth derivative of function 
with respect to a time variable 
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A Method for the Symbolic 
Representation and Analysis 
of Linear Periodic Feedback 


Systems 
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NONMEMBER AIEE 


INEAR FEEDBACK systems with 

periodic sampling, finite pulsing, 
finite pulse clamping and similar varia- 
tions have been a subject of increasing in- 
terest in recent years. Applications in 
such important areas as digital control 
and time-division multiplexing have moti- 
vated continued research and develop- 
ment. This is particularly true for cer- 
tain types of systems where the theory is 
extensive and well developed. Unfor- 
tunately, there are many types of systems 
which have received little or no atten- 
tion. 

It is the purpose of this paper to present 
methods of symbolism and analysis which 
handle an extensive class of new problems 
and present an improved treatment of 
many problems previously considered. 

The sampled-data system is the most 
studied and well-known system type. 
Here the periodic variation appears as 
instantaneous periodic sampling of sig- 
nals. Mathematically, this sampling is 
represented by multiplying signals by a 
periodic impulse train. The literature is 
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extensive and includes multirate and 
cyclic-rate systems.1—> The most im- 
portant tools of analysis are the Z-trans- 
form and modified Z-transform. 

Farmanfarma has considered finite 
pulsed systems where the periodic varia- 
tion is signal multiplication by a train of 
periodic pulses with finite width and 
amplitude.*-§ The P-transform is de- 
fined and used in his analysis. Analysis 
of closed-loop systems is considerably 
more complicated than that of open-loop 
systems. Approximate methods, based 
on sampled-data models have been pro- 
posed by Kranc,* Murphy and Kennedy, !° 
and Tou.’ 

Another type of periodic variation is the 
operation of finite pulse clamping illus- 
trated in Fig. 1, where Fig. 1(A) shows the 
signal input e(¢) and Fig. 1(B) shows the 
finite pulse-clamped signal e,(t). Mathe- 
matically, 


ec(t) =e(t), nT<t << nT +h 
=e(nT+h), nT+h<tK(m+1)T (1) 


where 7 is the fundamental period of 
variation and » ranges over all integers. 
Analysis techniques for systems with 
finite pulse-clamped error signals have 
been developed. 

A periodic variation which includes 
finite pulsing as a special case is the piece- 
wise constant variation of parameters. 
Such variation can be in gains and/or time 
constants of control elements. An ex- 
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ample of a parameter with a 2-interval 
variation is the gain: 


K(t)=Ki, nT<t<nT+h 
=Ko, nT +h<t<(n+1)T 


where IT is the fundamental periods 
Finite pulsing obviously occurs wher 
K,=0. Unforced systems of this type ra 
conveniently treated by the ma 
method of Pipes.!2 The sinusoidal 
sponse of electric networks with piecew 
constant variation of parameters 
treated by Bennett!® and extended 
Desoer.!4 A still more complete the 
of such systems has been developed by 
author.! 

All of these variations can be includ le 
in a single system. Fig. 2 shows an 1 
ample of such a system where the errog 
is finite pulse clamped, modified by 
digital computer with clamper, and fee 
into a plant (p=d/dt) with periodic sa i 
variation. The finite pulse-clamped er 
é, is defined by equation 1 and the v 
iable gain K by equation 2. The digi 
computer and clamper are describedil 
the equation: 


e(t) 
nie Tea (n+1)T 
(A) 
ec lt) 
nT nT+t, (nt t)T 
(B) ; 
Fig. 1. 


Operation of finite pulse clampini 


* A—Continuous signal 


B—Finite pulse-clamped signal 


January 196 


Fig. 2 (above). Example feedback system 


Fig. 3 (right). Basic symbolic elements 


A—Multiplication by a constant 
B—Integration 
C—Summation 


3 
eu(t) =>) aveclte+(n —i—1)T] — 
i=0 
2 
> bjew lta +H(n—s)T] 
j=l 
nT<t<(n+1)T, 0<i<h<T (3) 


representing instantaneous sampling and 
clamping. 

A typical problem in analysis would be 
to determine the step response of this 
system. 

The methods of symbolism and analysis 
presented in this paper treat systems with 
any combination of the described periodic 
variations. The formulation is based ona 
state vector that completely defines the 
system and input behavior at all times. 
his state vector is defined by a series of 
constant coefficient differential equations 
ind transition equations. The equations 
ire readily obtained, from a block diagram 
onsisting of basic symbolic elements. 
State vectors have been used with success 
n other applications by Kalman and 
3ertram,16 Bashkow,!’ and _ others. 
The block diagram methods are in some 
vays similar to those of Bertram. 16 
“Solution of the equations is ac- 
omplished by matrix methods. The Z- 
ransformation is used to obtain the solu- 
ion at the fundamental time intervals nT. 
“he continuous solution in any funda- 
aental period n7<t< (n+1)T is also cb- 
ained. The methcds are illustrated with 
xamples. 
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ry c=r, tro 


System Description 


All the periodic operations already de- 
scribed are easily represented in block dia- 
gram form by five basic cperations: multi- 
plication by a constant, integration, sum- 
mation, switching, and sampling. When 
every system component is described by 
symbols representing the basic operations, 
the mathematical representation in terms 
of a state vector readily follows. 


INVARIANT COMPONENTS 


Consider first components described by 
transfer functions with constant coeffi- 
cients. In this case switching or sam- 
pling operations are not necessary 
and the component can be represented by 
the block diagram symbols of Fig. 3. 
The decomposition which results is by 
no means unique. 

To illustrate several decompositions, 
consider the transfer function: 


c  p+3p+2 —_ (p+1)(p+2) a 


A direct decomposition is shown in Fig. 4. 
The correctness of this block diagram is 
made apparent by writing c as: 


C=(p 4438p 2+2p-4)¢ 
where 


1 
1+4.5p-+2p-2" 


c= 


Fig. 4 (left). Direct 


decomposition 


Fig. 5 (right). Partial 
fraction decomposi- 
tion 
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The state vector is defined by the com- 
ponents 1, y2, and y3, equal in number to 
the system order. The differential equa- 
tions for the state variables are readily 
obtained by inspection. For example, the 
time rate of change of 3 equals the sum 
of inputs to the 3 integrator, or: 


Y3= —4.5y3—2y +r 


Similarly, #2=ys, and y=. 

The desired output c(f) is given by a 
linear combination of the state variables. 
Thus: 


c(t) =291 +3y2+y3 


By writing the transfer function 4 as 
the partial fraction expansion 


Colin S/T iemSie 
rp pros p+4 
the block diagram of Fig. 5 results. The 


state variables are again the integrator 
outputs defined by the equations: 


y=r 
Yyo= —0.5y +r 
Ys=—Aystr 


The output c is given by: 


3 3 
Se ta ae 3 


Still another decomposition is obtained 
by cascading elements of the form 1/(p+ 
a) and (p+b)/(p+c). One such form for 
transfer function 4 is shown in Fig. 6. 
In this case the state variables are defined 
by: 


ti =(1—0.5)y2+(2 —4) y3-+r 
Y2= —0.5y2-+(2—4)ys-+r 
Y3= —4y3-+r 


and c=4. 

These and other possible decomposi- 
tions illustrate the plurality of the sym- 
bolic representations. The appropriate 
decomposition and corresponding state 
vector are determined by a number of 
factors. If a transfer function is of high 
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Fig. 6. 


decomposition 


pt2 ptl 
p+4 


order and wunfactored, the direct de- 
composition method is most convenient. 
The partial fraction representation has a 
computational advantage in that the 
differential equation for each state vari- 
able is independent of the other state 
variables. Often it is desirable from the 
standpoint of synthesis and compensa- 
tion to have the state variables correspond 
directly to physical quantities. In con- 
trol systems, this can frequently be done 
by using the cascade representation. 

In many cases the application of 
physical laws leads directly to a state 
vector. One example occurs in electrical 
network analysis when dependent vari- 
ables are selected as the voltages across 
capacitors and the currents through in- 
ductors.!7 Another example is the linear- 
ized equations for an aircraft which are a 
set of first-order differential equations. 
In these cases, the state variables repre- 
sent physical quantities and transfer 
function derivation is superfluous. 


SWITCHING AND SAMPLING 


Before describing the basic switching 
and sampling operations, the interval 
number and sampling number of a sys- 
tem will be defined. The interval num- 
ber NV is the number of intervals of time 
invariant behavior in the fundamental 
period T. These intervals of invariance 
are specified by 0<t—n7'Sh, h<t—nT Ste, 
..+) fyi<t—nTSty=T. The sampling 
number M is the number of instantaneous 
samples in the fundamental period 7. 
Since sampling is a time variability, the 
sampling instants separate time invariant 
behavior and must occur at one or more 
of the values n7, nT+h, ..., nT +ty_1. 
Obviously, MSN. Note that the time 
origin has been selected so that t=nT 
separates intervals of time invariability. 

To illustrate the meaning of V and 17 
more fully, consider several examples. 
For a conventional sampled-data system 
with sampling at t=nT, N=M=1. For 
a cyclic-rate sampled-data system with 
five sampling instants in each fundamental 
period, N=M=5. A finite pulsed sys- 
tem with one pulse per period gives N=2 
and M=0. For the finite pulse-clamping 
operation given by equation 1, N=2, 
M=1. As will be seen, the mixed sys- 
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tem of Fig. 2 can have several NV, M 
combinations depending on the formula- 
tion chosen. It is sometimes useful to 
think of time invariant systems as a 
special case where N=1, M=0. 

The (i—1)—7z switching operation, 
shown schematically in Fig. 7 by a bar 
switch, is defined by: 


c=0, 0<t—nTSti_1 
=r, tia<t—nTSti (5) 
=0, ti<i—nTST 


Although WN switching operators exist, 


they may not all be used. An example 


of this is shown in Figs. 8(A) and (B) 
where the pulsed error: 


ep(t) =e(t), 0<t—nTSh 
=0, h<t—nTST 


is obtained in two different ways. De- 
pending on the application, one formula- 
tion may be preferable to another. 

The switching operations describe any 
piecewise constant parameter variation. 
The only other necessary operation is that 
of sampling. The sampling operator 
considered here differs from the usual 
impulse train multiplication. The new 
method of representation is illustrated in 
Fig. 9(A) for a 3-sample system where 
sampling occurs at t=nT, nT+h, and 


nIT-+t:. The sampling operation, which _ 


always occurs in conjunction with integra- 
tion is represented by arrow switches, as 
opposed to the bar switches, feeding the 
lower side of an integrator. The integra- 
tor equations in Fig. 9(A) are: 


. 


Wn 

yi(nT+) =r (nT) (6) 
n(nT +h +) = (nT +t) 

y(nT +t +) =y(nT +h) 


The first equation is the integrator differ- 
ential equation; the last three equations 
are the reset or transition equations that 
specify the integrator initial condition at 
t=nT+,nT+44+, andnT+h+. Foran 
M sample system each integrator would 
have M sample switches associated with 
it. To simplify the block diagrams, the 
sample switches will not be shown if they 
connect an integrator output to its lower 
side. This is reasonable since such 
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Cascade 


a 
r (i-I)-i - c 


Fig. 7. Symbolic switching elements 


(B) 


(B) 
Fig.9. Symbolic sampling elements 


A—Complete form 
B—Simplified form 


tor variable. Fig. 9(B) shows this s 
plification for the system of Fig. 9 
Other examples are illustrated in Fig 
3, 4, 5, and 6 for invariant systems whe 
the integrator outputs are obviously com 
tinuous. | 
To illustrate the use of the sampli: 
operator consider several examples. 
10(A) shows the usual way of represent= 
ing linear interpolation between data 
points. Here: . 


foe} 


l= ye r(nT)i(t—nT) 


dian IT] +o nD) —rl(n— 107} 
(t—nT), 0<t—nTS 
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(A) 


Hor te 


Fig.. 10. Linear interpolation device 


A—Conventional sampled-data system representation 


B—New representation 


‘he new description, using the basic 
yinbolism, is shown in Fig. 10(B). The 
ariable y3 is the sampled and clamped 
(t); y2is the sampled and clamped signal 
lelayed by the period T; 4, is 1/T 
r(nt)—r[(n— 1)T]} for 0<i—nT<T; and 
herefore y,; equals the desired c(#) if 
1(nT) =r[(n—1)T], which is the case if 
he system is initially at rest (say at ‘=0). 
‘he state vector formed by 1, yo, and ys 
ompletely describes the device. The 
ariables are governed by the differential 
quations: 


mit 
ni TT! Te 
2=0 
3=0 


nd the reset or transition equations: 


(nT +) =9(nT) 
(nT +) =y3(nT) 
(nT +)=r(nT) 


A somewhat more general example of a 
ampled-data system is the digital com- 
ter and clamper shown in the usual 
otation in Fig. 11(A) and in the new 
otation in Fig. 11(B). The sampled and 
amped r is given by the ys integrator 
hile the digital computer program is 
ccomplished in the remainder of the 
lock diagram. Note that the digital 
ymputer transfer function is the same as 
juation 4 with p~ replaced by Ads 


Fig. 11. 


DIGITAL COMPUTER CLAMPER 


E E 3 
@ Pi ge enoe | 


1+ 45e7? + 262 


(B) 


Digital computer and clamper 


A—Conventional sampled-data system representation 
B—New representation 


For this reason, the diagram is analogous 
to the direct decomposition of Fig. 4. 
The only difference is the replacement of 
integrator inputs by reset operations. 
Other forms of decomposition are of course 
possible. Fig. 12 illustates the cascade 
decomposition analogous to Fig.6. Other 
decompositions are also possible; for 
example, the sampling and clamping ac- 
complished in yy, could take place following 
the computer representation instead of 
preceding it. The equations for the state 
variables of Fig. 11(B) or Fig. 12 are 
easily written. For the Fig. 12 repre- 
sentation, the differential equations are: 


yi=0 
y2=0 
Yy3=0 
ys=0 
and the reset or transition equations are: 


y(nT +) =(1—0.5)90o(n TP) + 
(2—4)ya(nT) +ya(nT) 


y(n T+) = —0.59e(nT)+(2—4) (nT) + 
ya(nT) 


yan T+) = —Ayx(nT) +y4(nT) 
ya(nT +) =r(nT) 


These transition equations have the same 
coefficients as the differential equations 
for the system of Fig. 6. 


Fig. 12. Alternative representation or digital computer and clamper 
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To represent the finite pulse-clamping 
operation defined in equation 1, both the 
switching and sampling operations are 
necessary. This is obvious from Fig. 13 
where the 0-1 and the 1-2 interval equa- 
tions for é¢ are: 


ec(t) =e(t), 0<t—nTSt 
Vay it — nt 


with y,=0 and 
y(n T+) =y(nT) 
yi(nT +h +) =e(nT +h) 


Time delay is a dynamic characteristic 
that can be represented when it occurs in 
a path containing sampling. As an ex- 
ample, suppose that a sampler and a 
clamper are followed by a time delay of 
2T-+h, where 0<4<7. The symbolic 
representation is shown in Fig. 14. Here 
ys is the sampled and clamped r where it 
is assumed sampling occurs at t=nT. 
The yy. and +3 integrators provide a delay 
of 2T while the remaining delay #, occurs 
in the y, integrator. 

This completes the symbolic description 
of components necessary to represent 
more complex systems such as the one in 
Fig. 2. As described earlier, this system 


O-| 


Fig. 13. Symbolic representation of finite 
pulse clamping 
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Let Let bel at 


is a 3-interval 3-sample problem. The 
three intervals of the fundamental period 
are 0 to , tf) to fr, and fzto T. The sam- 
pling occurs in the error pulse clamper at 
nT+h, and in the digital computer at 
nT +t,andnT. However, the sampling at 
nT +t. could equally well occur at (n+1)T 
since the digital computer has constant 
input for nT+4<i<(n+1)T. This re- 
duces the problem to a 2-interval 2-sample 
problem. One representation of the sim- 
plified system is shown in Fig. 15. Since 
there are seven state variables, two in- 
tervals, and two samples times, fourteen 
constant coefficient differential equations 
and fourteen transition equations must be 
written. The differential equations in 
interval 0-1 are: 


ii=Y2 
Y2= —A4y2+K,y lasy3+( a2 —ded0)Vs+ 


(a1 —bido)ys+aoye] (7) 


Ys =91=9s=Yo=Y1 =0 
and in interval 1-2 are: 
=r 


Yo= —asyo+Ke[asy3+(a2—b2d0)ys+ 
(ai —biao)ys+aoye] (8) 


Ys=Ya =Ys=Ys=Yi=0 


The transition equations at f=nT and 
t=nT-+ih are: 


y(nT+)= (nT), ni(nT+h+) 


=y:(nT +t) 
y(nT+)=y(nT), yo(nT+h+) 

=y(nT+h) 
ya(nT+)=y(nT), yx(nT+4+) 

= ya(nT+h) 
ys(nT +) =y(nT), ya(nT+h+) 

=yi(nT +t) 
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Fig. 14. Representation of a 
time delay 


yn T+) =yo(nT) —biys(nT) —boys(nT), 
ynT +h +) =yo(nT +h) 
y(nT+)=y(nT), yo(nT+h+) 
=y6(nT +h) 


y(nT+)=y(nT), yo(nT+h+) 
=a(nT+h)—u(nT+h) (9) 


It is worthy to note that the 0-1 switch in 
the error pulse clamper.is superfluous in 
this system since the sampler following 
operates at t=nT only. 


InpuT DESCRIPTION 


Up to now, input variables have been 
unspecified in functional form. For 
analysis, it will be useful to think of input 
quantities as additional state variables 
described by differential equations and, 
possibly, transition equations. For a 


deterministic input such as a step func- 


tion, ramp function, general polynomial 
in ft, exponential, sinusoid, or certain pe- 
riodic functions, the formulation of the 


input state vector offers no particular 


difficulty. Fortunately, such inputs 
occur in many important response and 
synthesis problems. Methods for obtain- 
ing the input state variables will now be 
discussed. 

Polynomial inputs are easily generated 
by the series of integrators shown in 
Fig. 16(A). Here: 


21 =X2 
Le =X3 


in-1=Xn 


With the general set of initial conditions 
x1(0) x:(0), ...; %p-1(0), %,(0) any func- 
tion of the type 
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X=r=rotnttrett...+rn_it” 1, t>0 


can be generated. Special cases are the 
step and ramp functions. Exponenti 
functions are generated by the system 
represented in Fig. 16(B). Here: 


%1 =X 


t=r=et t>0 


Response to a cosine wave is obtained by 
setting a=jw and taking the real part 
the response. 


system in Fig. 16(C). Here: 
x1 =O, 

Xo = —Wx, 

and with the initial conditions x(0) 2 1¢ 
x2(0): 
7=%x1(0) cos wt-+x2(0) sin wt 


Other functions that are similar or com. 

binations of the above are readily ob- 

tained. 
More general inputs are obtained using 

sampling and/or switching. As one 

ample consider the symbolic diagram 

Fig. 17 defining a l-interval 1-samy 

system. The differential equations ares 

ti =Xe2 

%2=0 

a3=0 

the transition equations are: 

x(nT +) =xa(nT) 

wa(nT +) =x2(nT) 

x3(nT +) =x3(nT) 

and the initial conditions at t=0 are: 


x,(0) =) 


iN 
x2(0) ~T 


Fig. 15. The symbolic reg 
sentation of feedback sysi 
example 
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Xn Xn-| X2 


(C) 
Fig. 16. 


A—Polynomial 


¢3(0) =0 
For this system: 


—nT 


rT 0<t—nTXT, t>0 


t 
1=r= 


This is the equation for a sawtooth wave 
of unit amplitude and period T. Other 
periodic inputs, such as a square wave or 
parabolic wave, are obtainable through 
similar methods. These more general 
periodic inputs are limited in that their 
period or an integral multiple of it must 
squal the system fundamental period T. 
[t is also possible to generate aperiodic 
functions of a more general class than de- 
fined. 


SYSTEM EQUATIONS IN VECTOR ForM 


_ By defining the input state vector in 
she described manner, it is now possible 
0 state concisely equations governing 
system response. Assume that the sys- 
em vector y has k components 7, v2, ..., 
yx, and that the input vector x has m com- 
jonents xX, %2, ..., Xm. Furthermore, 
issume that the input and system has V 
nvariant intervals and M sampling in- 
tants in the fundamental period T. 
f w is defined as the vector with the m-+-k 
omponents 1, X2, ..-, Xam V1) V2, «+ -3 Viv 
he system is described by the N vector 
lifferential equations: 


y= Aw, 0<t—nT<h, 


r= Aw, ti<t—nT<t (12) 


1=Ayw, ty-1,<f—nTS ie 
nd the N vector transition equations: 


(nT +)=Ayw(nT) 


(nT +h+)=Aiw(nT+h) (13) 


0+ ty 1+) =Ay_sw(nT-+ty-1) 


here A, and A; are (m+k)x(m-+k) 
iatrices. NN—M of the matrices A; are 
qual to the identity matrix J while the 
smaining M matrices A;are not. Equa- 
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B—Exponent 


si = Lf 


(B) 


Input representation 


C—Sinusoid 


tions 12 and 13 and an initial condition on 
w at some time completely specifies the 
system response. 

The matrices A; and A, are easily ob- 
tained from the input and system state 
variable differential and transition equa- 
tions. Consider the system in Fig. 15 
forced by the exponential of Fig. 16(B). 
The differential and transition equations 
are given by 7, 8, 9, 10, and 11, From 
these the four necessary 8X8 matrices 
are: 


my 


x3 


Fig. 17. Sawtooth wave representation 


From this example, it is apparent that the 
matrices can be written by inspection of 
the system and input symbolic dia- 
grams. A particular response problem is 
specified by an initial condition on w. As 
an example, suppose that the system is 
initially at rest and the input »,=.*’ is 
applied at ‘=0. Then 


x(0) 
yn(0) 
ya(0) 


1 

0 

0 
_|y3(0)} 0 
w(0)=1,,(0)|=|0 
ys(0)} 0 

ye(0)} 0 

yx(0)] (0 


In this example many of the matrix 
components are zero. Frequently, but 
not always, this is the case. However, 


dy Ye 3 ya 45 V6 V1 
a 0 0 0 0 0 0 Ol] a 
OmO i 0 0 0 0 O}] wh 
ORO ae kas Ky(a2—beao) Ki(ai—bia0) Kiao O 49 
fea oe dele 28 0 0 0 Ol] gs 
OO 0 0 0 0 0 O|] Ys 
0. 10 0) 0 0 0 0) Ol] Ys 
0 0 0 0 0 0 0 Ol] Ye 
OO 0 0 6) 0 0 Ol| yr 
ie 1D) 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 
O 0 ~as Kea; K2(a2—b2a9) Ke(ai—byap) Koay 0 
eae ow Moraes 0 0 0 ay 
SP INO) Odden 0 0 0 Gro 
0 O 0 0 0 0 0 0 
0 O 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 (14) 
iL 0) Os 1), OF 200 
Oe AO) ORO) OFEO a0 “ 
Om Ot Open O Ome OMG) the z, 7 components of the A and A 
ee | Ouse OOun Owned: OmOn.O matrices for 7=1 to m and j7=m-+1 to 
208 OOO ORO Or KG, m+k are always zero, since the out- 
OG 0). 0 Os ae Ot aD) put components y; cannot influence the 
ODO ee Oy) 0 DS ee input components x; This is seen by 
CMe Ne ae partitioning equations 12 and 13: 
16-0) 010), Ole AG ' 
Oy eC Oma 0) OM ra EO ole a tay (15) 
Do Oer ier Urortd 90, 0 Yl MGs Sail ly 
Dake don ae eta eee x(nT+ti) 
se Oy erties Chas en ee yinT+ti+) (IGs Sill ly(nT +4) 
gt Nr i=0 to N-1, h=0 
O) AO Oe Oe Oe eG, 
De ok Om OSD eee The mxm matrices F, and F, determine 


Above and to the right side of A; are the 
variables corresponding to the respec- 
tive columns and rows of the matrix. 
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the input; the kxk matrices S; and 5S; 
define the system dynamics; the kxm 
matrices G; and G; are gain factors in- 
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dicating the effect of the input on the 
system; and 0 is an mxk null matrix. 

When the input cannot be expressed in 
components of an input state vector, 
separate system equations are desirable. 
From equation 15. 


y=Siy+Gix, +=1 to N 


y(nT+tit+) =Siy(nT+ti)+ (16) 


Gx(nT+ti), i=0to N-1 


where x is now a scalar input. 


System Response 


Basic TECHNIQUES 


In the previous section an extensive 
class of periodic system response problems 
have been concisely formulated in the 2V 
differential and transition equations 12 
and 13. The solution of these equations 
will now be obtained. 

The basic procedure is to work from 
interval to interval piecing the solution 
together. Start at =nT where the solu- 
tion, yet unknown, is w(m7T). Applica- 
tion of the first transition equation gives: 


w(nT +) =Aow(nT) (17) 


This serves as the initial condition on the 
first differential equation of 12 that de- 
fines the solution for 0<t—nTSt. Thus 
the vector equation dw/dt=Aiw must be 
solved with the initial condition w(nT+). 
This is conveniently accomplished by the 
Laplace transform. First define the new 
time scale r=t—nT translating t=nT 
into r=0. The problem is now stated: 


d 
= iW, w(r)| ro =w(nT+) 


(18) 
Using the notion w(s)=L[w(r)] to in- 
dicate the Laplace transform of w(7) with 
respect to 7, the transform of equation 18 
is: 


sw(s)—w(nT+)=A,w(s) (19) 


Solving for w and using the inverse La- 
place transform gives: 


w(r)=L[(sI—A1) ] w(nT+) (20) 


The matrix function L[(sJ—A,)™] 
deserves special notation: define the 
matrix time function: 


e417 = L-4[(sI—Ay)—] (21) 


This function and methods for simplifying 
its computation are discussed in the 
Appendix. The solution for 0<t—nT< 
t,, is now completed by substituting for 
7 in equation 21, using equations 20 and 
17. The result is: 


w(t) = 414-7) Aow(nT), 0<t—nTSt (22) 
A similar procedure is used in the 


second interval. 


518 


First: 


w(nT+h+)=Aiw(nT+h) (23) 


where w(nT-+h) is obtained by evaluat- 
ing equation 22 at t=nT-+h. Defining 
another new time scale r=t—(nT+h), 
the second equation of 12 becomes: 


oY = Aw, w(r)|p-=0=w(nT+ht+) 
- 


(24) 
Use of the Laplace transform, substi- 
tution for r, and use of equation 23 
yields: 


w(t) = e420"? 4) Aw(nT +h), 


h<t—nT ts (25) 


where 


427 = 1-1 [(sT —As)—] (26) 


Substituting in equation 25 for w(nT+h) 
from equation 22 gives: 


w(t) = 42"? ) FAN Apw(nT), 


h<t—nT<t (27) 


The solution for the remaining NV-2 inter- 
vals of 0<t—nT<T is obtained in a 
similar manner. 

The solution derived is expressed more 
concisely by defining the matrix time 
function: 


W(7r)= e174), 0<7 Sh 


= Aira) G j_ie4t-16 beat -2) 


Ao, tin<rSt; (28) 


Ss Aucrwa zy 4. ae 
ty_1<t<ty =T 


where of course 


e417 =L-1[(sT—Aj)-] (29) 


If M<N, W(r) is simpler in form since 
N—M of the A; equal the identity matrix. 
The solution w(t) is now easily written 
as: 


w(t) =W(t—nT)w(nT), 0<t—nTST (30) 


This is the equation for the solution 
interior to any fundamental interval. 

The first step in obtaining the solution 
at multiples of T is to evaluate equation 
30 for t=(n+1)T giving the vector differ- 
ence equation: 


wl(n+1)T] =W(T)w(nT) (31) 


Since this equation is valid for all 1, start 
with x =0 and the known initial condition 
w(0). 
31, it is found that: 


F Xo=Wo i Xjzwyer ie @ F y= W4 
a a 
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Fig. 18. Example of input and 
the system 


After applications of equation 


w(nT) = W"w(0) : | (32) 


where the notation W=W(T) has beet 
used. The problem of solving for w(n 
is now reduced to obtaining the mth powel 
of W. This is accomplished by obtain. 
ing w*(z), the Z-transform of w 
Using equation 32, the Z-transform cap 
of written: 


o 


w*(z)= 2, w(nT)z "= | owe w 
n=0 


n=0 j 
j (3) 


where it is understood that W°=J. But 
the bracketed infinite matrix series is 
recognized as the matrix function [[—z7 
W]738 Thus: 


w*(2) = [I-21 W] w(0) (34) | 


is the closed form of the Z-transform 
Application of the inverse Z-transfo 
to equation 34 gives the desired valu 
w(nT). Alternatively, the compone: 
of equation 34, ratios of polynomials it 
z—1, can be divided out and the coefficient 
of z ” equated to the components of 
w(nT). 

As an illustration of the method, con- 
sider the response of a first-order sy: 
to a suddenly applied sawtooth wa +. 
The transfer function and input are de - 
fined by 7 | 


i 


il 
" = p41 
a 


and 
r=0, $<0 


Ht 
=7t—nT), 0<t-—nT<T 


Initially the system is at rest so c(0) 
Fig. 18 shows the symbolic representati 
of the input, identical to that of F 
17, and the system. By inspection o 
diagram, the two required matrices: 


OM Wor a 
0 0. 04 20 
A Oe 
@ 0.0 “Se 
On 0. 1 =o 
a5 NO cll OMA) 
A=ll) 9 1 0 
0 0: sO rat 


are obtained. Since N=M=1, postl 
multiplying e“!’, which is evaluated im 
the Appendix, by Ay gives the desired: 


January If 


0 T 1 0 
0 1 0 0 
W(7)=||0 0 1 @) 
0 


1 
ale —¢ %) (ea) a 


(36) 


Evaluating equation 36 for r=T, w*(z) 
is readily obtained from equation 34 
using the initial condition: 


\xi(0)} {0 

w(0) = |%200)| = fy (37) 
x3(0)| |O 
y1(0) 0 


Because of the zero components in w(0), 
only the second columns of (I—z—!1W) — 
need be computed. Multiplication of 
this second column by 1/T then gives 


w*(z)=/1—271 
0 


<a ae Gk =1 
[1-0 € ) | 


(1—271)(1—e74"%z-1) 


(38) 


Evaluating the inverse Z-transform of 
each component at t=mnT yields the de- 
sired solution: 


u(nT—T) 
= (nT) 
0 


1 1 Me 
wnt S ae a) 


(39) 


w(nT)= 


where the step function u(t) is zero for 
<0 and unity for t>0. The first three 
components, x:(nT), x2(nT), and x3(nT), 
obviously agree with specified input 
state vector. System response is given 
by the fourth component, wi(nT) = yi (nT) 
=c(nT). From equations 30 and 39 the 
response w,4(¢)=c(t) for t>0 is: 


t—-nT 1 1 
- if -2+| 4+ 


1 1 a pes 
O<t—nT<T (40) 


Note that the input and output values 
vo(nT) and y,(nT) were needed to obtain 
equation 40. 


DETAILED SOLUTION FoR N=M=2 


The general method just presented has 
the advantage of notational simplicity. 
A more detailed form of the solution with 
ome computational advantage can be 
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obtained using the partitioned equations 
15. Unfortunately, equations are ex- 
cessively long and burdensome to derive 
if NV is large. For this reason only the 
N=M=2 case will be considered here. 
The solution for higher N and M would 
proceed in a similar manner. Actually 
many problems fall into N= M=2 class. 

To obtain the desired solution, it is 
necessary to express e“*” and W(r) in 
partitioned form. From equations 29 


and 15: 
frat] (sI = F;) 0 + 
—G; (sI—S;) 
(sf — Si) G(s] — F,)7? 


-1->| (sf — Fj)! 
|@ 


(sI—S;)~" 


This is expressed more simply as: 


Fs 
Agr e * 0 


= ie Gir) eo'T (42) 
by defining 

a =f — Fy] 

er ENE Ss) 7] 
Gir)=LUGI= 57) Gdsl = Fs), (43) 


wherez=1and2. Substituting equation 
42 and the partitioned transition matrices 
of 15, equation 28 then gives: 


Xia 20. 


Sampled-data sys- 
tem example 


Fig. 19. 
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where 


x*(z) =(I—271X) —1x(0) (48) - 


The forced part of the solution 47 is the 
first term; the part of the solution due to 
an initial y(0) is the second term, ob- 
viously zero for a system initially at rest. 
This equation for y*(z) is correct in form 
for any N and M. Higher N and M@ 
only result in increased complexity of 
the equations analogous to equation 45. 

After y(nT) is obtained from equation 
47 by the inverse Z-transform or compo- 
nent division, equations 30 and 44 can be 
used to write: 


y(t)= Y(t—nT)y(uT)+G(t—nT)x(nT), 
O<t-—nTST (49) 


Note that the input vector at t=mT is re- 
quired. 

The complete solution described by 
equations 47, 48, and 49 is simple in form. 
For complicated systems, determination 
of X(7), V(r), G(7), and the Z-transforms 
may be lengthy, but the work is straight- 
forward and systematic. To illustrate 
the method and allow comparison with 
other methods, when other methods 
apply, several examples will now be dis- 
cussed. 


Examples 


EXAMPLE I 


m>)=| oo 
Ges) Fig. 19 shows the symbolic representa- 
where tion for a sampled-data feedback system 
Fire where the sampled error is clamped and 
Sn fed into the transfer function G(p) =K/- 
Ser Viet, har? p(t+a). This is an N=M=1 system 
Ven=ae Se and the results for the N= M=2 system 
Sal ee no e apply by taking 4=T and 5,=J. The 
Se ae a system matrices are: 
G(r) =Gi(r) yt 7G, 0<7rSh (45) ey 
= [Gor — th) Py 8207-9) G] 4 A+ SS 0m vas (50) 
2) & (Gi(t) Pot! Gi], a<7 ST OR OF 0 
The solution for i=nT is obtained by ? i OG 
the Z-transform as before. By defining So=|/9 1 0 
X=X(T), VV), anditG=¢@); =e oO 
equation 34 becomes 
was =x*(z)|__|"i=2 4X) ~ 0 ae x(0)| 
y*(2) —z 1G (I—2'Y) y(0)| 
Si@iewes) 0 x(0) (46) 
e-([—2-1Y)“1G(I—2-1X)-1_ (I—2-1¥)—]] |y(0) 
From this 
yigQa7 (at) Gx (zs Vey) (47) 


Now 
ie. “al K 1 3 
1 -(1-e°%) =| r—~(1-e o 
a a a 
Saas K 
“lO verte 6 SC en47) 
a 
0 0) 1 
(51) 
and thus 


V=V(T)= 8" = 


41-4] rha—eor) [Mareen 
a a a 


aes (bs6%*) ee 0 
a 
—il ) 0 
(52) 


Since 4=T7, equation 45 shows that G= 
G(T) =Gi(T)+9Go for Fy=I. But G= 
0 and 


0 
Go =|0 (53) 
1 
Thus: 
ar ae) | 
Ge a a 
Fae) oe 
a 


1 


In this case G is the same for any input, 
so for all r*(z)=x,*(z), y*(z)=s7(I— 
z1Y)“Gx*(z) where it is assumed that 
system is initially at rest. Computation 
of the component y,*=c*(z) gives: 


Weave 
a? 


a result easily checked with the conven- 
tional Z-transform theory of sampled- 
data systems. In the matrix method, 
manipulation is somewhat more compli- 
cated but not excessively so. The solu- 
tion between samples, conventionally 
handled by the modified Z-transform, is 
given by equation 49. 


EXAMPLE 2 


Next consider a finite pulsed system 
analyzed by Farmanfarma.® In this 
system the plant input is e=r—c for 0<t— 
n<0.6 and zero for 0.6<t—n<l. The 
plant transfer function is G(p)=6/- 
p(p+5). Fig. 20 shows the symbolic dia- 

am for the system and input when r=x, 
=¢"', Since in this case N=2 and M=0, 
= 5,=h= Fh =I and G.=G,=0. By 
inspection: 


0 1 0 
-— ’ Gq= 
we | 6 a f 
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{(aT—1+-¢-*7)g-14- [1—(eT +1) "Jz? }r*(2) 


K 
1-[1-Ater-y+(1 -*) a al +(1 
a a? a? 


(56) 


From equations 10 and 11, desired input 
is obtained when Fi\=/,=a. After ob- 
taining <4!” and «4? and computing Y= 
4104.42 it is possible to find. 


clamped error for i<i—n<1, where the | 
plant has the transfer function G() 
2/p. The initial conditions (0) = 
and 4,(0)=42(0)=0 specify a step-re 
sponse problem. 


By inspection: 


1+0.014427} 0.117524 
(I—z71Y)-1=||1—0.4172-1+ 0.00672 2 1—0.4172-1!+0.00672-2 (57) 
( ) ( ) 
Only y:*(z)=c*(z) is of interest so the 
second row is not computed. = ie | ee ; | 
If stability is the only question, only alk Oye Olt ‘mee | 


the denominator of each component, equal 
to the det([—z-Y), need be computed. 
In this case the system is stable since both 
the z roots are within the unit circle. 
Bertram and Kalman in a discussion of 
Farmanfarma’s paper’ discussed this 
method of stability determination. 

To continue with the response problem, 
G is obtained from equation 45, which in 
this case is the simpler form: 


G(r) = Sur )G\(t1) 
where 


1 
Gi(r) =1-| (1-5), A 
. S-@ 
a 


Carrying out the computation for G= 
G(1), 


(55) 


Kare al 
CAP eG 


In this case, G depends on the input in- 
dicating the greater complexity of finite 
pulsed systems as compared with sam- 
pled-data systems. 


Assuming the system is initially at rest, 


nz) =%(2) = 


[—0.1175a —0.482+(1+0.173a)e°%)} 2-14 [0.0067-+ (0.01444 0.01842) e°%]2-2 
(:+ 1) (: ae 1)¢ 1—0.4172—1+-0,00672—2)(1 — €?z-1) 


is obtained from equation 47. Setting 
a=0 and dividing out the polynomial 
gives c(m) values that check with Farman- 
farma’s Fig. 10.8 


EXAMPLE 3 


As a final example consider the finite 
pulse-clamped system shown in Fig. 21. 
Take T=1 so that the plant receives the 
actual error for 0<t—n<t, and the t, 


fh ak 
G2= ‘h a(t 


i F,=0, o= F,=1 


After «417 and <4” are obtained, 


is readily found: Then: 


—0.1175a—0.432+(1+0.173a)<°"* 
0.0144a —0.1104+0.1353ae"” 


(t=28 Y= 


Stability is determined by the component — 
denominators. 
stable for all 4 except 4 =0, where neutra a 
stability exists. l 


G=G(1)= 20 G+ 20-4) SG (t,) (63 


where by equation 43 
hee oll Nolin 
Gao Fae nee! EY (64 
| o =| lol” 
5 


Carrying out the indicated operations: 


«7424, —1)_ OF 
Spee hi 1 


(61 q 


= A2l-h) 4, 4114, = 


(58), 


1 


es Oe eee 0 
1 — e “(24 = 1)z71 


ene gee 


1— ¢74(2t, —1)z-3 


(62) i 


In this case the system i 


By equations 45 and 60, 


(59) 


. 
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Fig. 20 (above). Finite pulsed system example 


Fig. 21 (right). Finite-pulse clamped-system example 


_|1-(24-1)e™ 


—2 
eet 


G (65) 
Substituting in equation 47 from 62 and 
65, the component y;*(z)=c*(z) is given 
by: 


y1*(2)=6*(z) 
a9 1). 2ti16— 
ee 
[1 —(24—1)e-7*42-1](1—271) 
This result reduces to the sampled-data 
case when #,=0 and the continuous case 
When #,=1. Applications of the final 
value theorem shows that c(~)=1 as 
expected. The system has dead-beat 
response for 4;=1/2. More complicated 
examples of finite pulse-clamped systems 
are analyzed in a similar way. 


Conclusions 


This paper presents methods of sym- 
bolic representation and analysis applica- 
ble to an extensive class of periodic linear 
systems. The symbolic representations 
are easily obtained and lead directly to a 
concise mathematical formulation in 
terms of a state vector representing both 
the input and system variables. System 
response at multiples of the fundamental 
period, obtained by Z-transform methods, 
is presented in a concise vector matrix 
notation. The usual Z-transform meth- 
ods for stability prediction and final value 
determination apply. Response interior 


to the fundamental periods is readily ob- 
| 


tained using time matrices and the solu- 
tion at multiples of the fundamental 
period. 


Appendix 


The matrix time function 


e“7=L-[(sI—A)=}] (67) 
results naturally from the vector differential 
equation and initial condition 


dw 

— =Aw, w(0) (68) 
dr 
This is obvious from the Laplace transform 
of equation 68 which gives: 


w(s)=(sI—A)7!w(0) 


The computation of «47 by equation 67 
is perfectly straightforward but may be- 
come lengthy if the matrix order Q is high. 
One difficulty is the rapidly increasing com- 
plexity of matrix inversion with increasing 
Q; another problem is that the (s[—A)7! 
components, in general Q—1 order poly- 
nomials in s divided by Q order polynomials 
in s, rapidly increase in number and com- 
plexity with increasing Q. However, there 
are frequently many zero entries in the A 
matrix. Asa result, matrix inversion is less 
complex than expected. Also, (s[—A)7! 
typically has many components that are 
zero or simple in form. 

In most cases the computation of «47 
is greatly simplified by relating the com- 
ponents of «47 to the symbolic diagram. 
To see this, write: 


w(7T)= e“7w(0) 


(69) 


(70) 


Fig. 22. Symbolic diagram method for determining (sl—A)~' components 
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obtained by applying the inverse Laplace 
transform to equation 69 and using equa- 
tion 67. Assume that the jth component 
of w(0) is one and that all other com- 
ponents of w(0) are zero. Then by equa- 
tion 70, the ith component of w(r) is the 
i, 7 component of «47. In terms of the 
symbolic diagram, the i, 7 component of «47 
is the 7th integrator output for unit initial 
condition on the jth integrator and zero 
initial condition on all other integrators. 
This interpretation of «47 immediately 
gives all the components of «47 which are 
zero and frequently allows simple evalua- 
tion of the remaining nonzero components, 

To illustrate, consider the system in Fig. 
18. Since «47 describes the system be- 
tween sample intervals, neglect the sample 
switch. Consider first-unit initial value on 
w;. By inspection of Fig. 18 2, 1 com- 
ponents, forming the first column of «47, are 
1, 0, 0, and 1—«47. For unit initial value 
on ws, the 7, 2 components forming the 
second column of «47 are 7, 1, 0, and 
t—1/a (1—e727). The other columns are 
obtained similarly. Thus: 


1 - Oso 
0 1 060 
AT=|| 0 0 rh HO 


1 
1 ==  eOher 
a 


(71) 


In more complicated systems, any com- 
ponent of (sJ—A)7! can be obtained from 
the symbolic block diagram using the same 
basic idea. Thus the 7, 7 component to 
(s[—A)7— is the transfer function relating 
the ith integrator output to an artificial 
input summed in directly at the jth inte- 
grator output. This is made clear in Fig. 
22 for the system of Fig. 4. Here the 7, 2 
components of (s[—A)7! are the transfer 
functions relating yy; to the artificial input 
ua. For example, the 3, 2 component of 
(s[—A)-! is the transfer function: 


—2s 
s?+4.5s+2 


relating y3 to ue. 

Another method, particularly useful in 
approximation, is to use the infinite series 
representation of «47. By substitution into 
equations 70 and 68, it is easily shown that 
the infinite matrix series: 


2 3 
AaI+Art At + Att. oe (72) 


2! 
is valid. When 7 is small, two or three 
terms of this series yield a good approxima- 
tion to the desired function. 
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Discussion 


E. I. Jury (University of California, Ber- 
keley, Calif.): The author is to be com- 
mended for the general analysis of a large 
class of periodic feedback systems in a uni- 
fied symbolic representation. This form of 
representation is very useful in interpret- 
ing the steps of the mathematical formula- 
tion and is, in some cases, useful in the 
simulation studies of these systems. Among 
the important classes this method describes 
is the case of periodically varying param- 
eters. This includes the category of gain, 
time constants, pulse duration or the sam- 
pling period, and periodic variations. This 
category is among the topics of recent in- 
vestigation in this field and this paper ap- 
pears timely and illuminating. 

The analytical solution of the problem is 
generally based on two steps: 1. the for- 
mulation of the difference equations which 
describe the systems, and 2. the stability 
study and solutions of these equations for 
certain periodic or aperiodic inputs or dis- 
turbances. For the class of systems men- 
tioned, the difference equations are gener- 
ally linear with periodic coefficients and, for 
simpler cases, with constant coefficients. 

To obtain the difference equations for 
these systems, the author has made use of 
the state vector! concept; however, at this 
point it might be well to mention that one 
can also arrive at this step by simple mani- 
pulation of the p-transform and Z-trans- 
form methods or by writing the difference 
equations in time domain if the transfer 
function is given (or can be easily obtained) 


SAMPLER 
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INPUT 


Toe Tt 
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us 


So 


in terms of differential equations.” For the 
solution of these difference equations, there 
also exist several methods, among them the 


Z-transform’ method and the matrix form,‘ | 


or a combination of both, as used by the 
author. The choice among the several 
methods of formulation and solution de- 
pends on the problem and on ease and con- 
venience of arriving at the required results. 
However, the labor involved is more or less 
equal among the several methods. 

I have recently proposed in a paper 
written with T. Nishimura the analysis of 
finite pulsed feedback systems with perio- 
dically varying sampling rate and pulse 
width. Fig. 23 illustrates the basic con- 
cepts involved in this problem. Although 
this case was not treated by the author, the 
method of the paper is applicable, for it falls 
under the general category (N, M) with 
M=O for this case. Our method of ap- 
proach, based on the f-transform and Z- 
transform methods known for the conven- 
tional cases, is quite different from the 
method of the paper, indicating an alter- 
nate approach to analysis of the general 
class of (NV, M) systems. It might be indi- 
cated that for the simpler cases of linear 
sampled-data systems, the basic Z-trans- 
form or p-transform methods are easily ap- 
plicable without having to use the general 
method of the paper. However, it is for 
larger values of (N, ) that this method be- 
comes more effective and useful. 

Furthermore, it is worthwhile to mention 
that the class of systems having piecewise 
constant-varying sampling rate’ shown in 
Fig. 24, can also be solved by minor ex- 
tension of this paper's method. Further 
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Fig. 24. Piecewise constant rate finite pulse system, settling into a 
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C. A. Desoer. Wescon Convention Record, Insti 
tute of Radio Engineers, pt. 2, 1958, pp. 34-41. 


15. GENERAL SYNTHESIS FOR COMPUTER CONTRO 
oF SINGLE-Loop AND MuttTILoop LINBAR SYSTED f 
(AN OPTIMAL SAMPLING SysTEoM), R. E. Kalman, 
E. Bertram. AIEE Transactions, pt. I1 (App ; 
cations and Industry), vol. 77, 1958 (Jan. 1959 ° 

section), pp. 602-09. 


16. THe EFFecT OF QUANTIZATION IN SAMPLED: 
FEEDBACK Systems, J. E Bertram. Ibid., Sept 
1958, pp. 177-82. 


17. Tue A-Marrix, New Network DEsc 
tion, T. R. Bashkow. Transactions, Professional 
Group on Circuit Theory, Institute of Radio En 

gineers, vol. PGCT-4, no. 3, Sept. 1957, pp. 117— 
19. 


18. Tur Turory oF Marrices (book), C 
MacDuffee. Chelsea Publishing Company, New 
York, N. Y., 1946. : 


work on investigating the various sampli 
schemes as well as the synthesis proced’ | 
that could be tackled with this method is 
indeed warranted. | 
In conclusion, this paper representsa 
useful contribution to the growing area of 
the field and the symbolic method intr 
duced will undoubtedly enhance the met 
ods and techniques available for the for 
mulation and analysis of the general class of — 
linear periodic feedback systems. 
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Julius T. Tou (Purdue University, Lafayette 
Ind.): Dr. Gilbert is to be commended for 
his valuable contribution to the literature ol 
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sampled-data controlsystems. The method 
presented by the author is systematic and 
straightforward and appears to be a better 
technique for analyzing finite pulsed feed- 
back control systems by use of Z-trans- 
forms. However, it appears that the new 
symbolic representation by the author does 
not simplify the problem. On the other 
hand, the conventional symbolic representa- 
tion is probably easier and simpler to use. 
The continuous-data part of the system and 
the continuous input signals can be repre- 
sented by the conventional analog-com- 
puter simulation diagrams. The pulsed- 
data part of the system can be described by 
the conventional symbolic representation 
given in reference 3 of the paper, with each 
ideal sampler followed by a zero-order hold. 
When a sampled-data system is so repre- 
sented, the state and the transition equa- 
tions, like equations 8 and 9 of the paper, 
can readily be obtained. 

It would be clearer if f=0 is added to 
equation 5 which defines the switching opera- 
tion analytically. According to the defini- 
tion of equation 5, Fig. 8(B) can represent 
a number of switching operations depending 
upon the value of f, and it is equivalent to 
Fig. 8(A) only if =T. 

In general, system analysis and synthesis 
may be carried out by two major approaches, 
One approach involves the determination of 
the transfer characteristics of the system 
components and the over-all transfer char- 


acteristic. This approach is usually effected 
by a block diagram representation and may 
be referred to as the block diagram ap- 
proach. The other approach is based upon 
the characterization of a system by a num- 
ber of simple first-order differential equa- 
tions describing the state variables, with the 
initial conditions given by the transition 
equations. Each component of a system 
is decomposed into the basic mathematical 
elements describing it. This approach is 
usually effected by a state variable diagram 
and may be referred to as the state diagram 
approach. 

The author has written a concise and 
lucid paper on the state diagram approach 
of the analysis of linear periodic feedback 
systems, 


Edward O. Gilbert: The discussions by 
Professors Jury and Tou are indeed appre- 
ciated. Their discussions and _ recent 
papers,!)? published or submitted after sub- 
mission of the author’s paper, indicate high 
interest in more general time-variant opera- 
tions. 

Professor Jury is correct in pointing out 
the usefulness of the representation in sys- 
tem simulation. There is a 1-to-1 corre- 
spondence between the symbolic diagram 
and differential analyzer setup, including 
discrete components. Using this analogy, 
the author has successfully simulated digital 


computer components by approximating the 
sampling operation described in the paper. 
The method of the paper does not lead to 
difference equations with periodic coefficients 
as does the method of reference 2. The 
reduction of the periodic difference equa- 
tions to constant coefficient difference equa- 
tions?) is inherent in the computation of 
the matrix W(T). The p-transform and Z- 
transform methods for writing difference 
equations are certainly acceptable, but are 
more difficult to generalize to the extensive 
class considered in this paper. This, of 
course, does not invalidate the usefulness 
of such approaches, which for certain sys- 
tems, primarily low (N, MM) systems, 
may be more desirable. The same may be 
said for the various techniques of solving 
the resulting difference equations. 

Professor Tou’s statement that the sym- 
bolic representation does not simplify the 
problem and is not necessary to readily de- 
rive the state and transition equations is 
only true for the simplest of systems. For 
example, the finite pulse-clamping operation 
is not easily described by conventional 
representations. The correction in regard 
to Fig. 8(B) is appreciated. 
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ROBERT STAFFIN 


NONMEMBER AIEE 


HERE IS an immense body of litera- 
ture on the general subject of feedback 
control theory. The greatest portion of 
this literature is devoted to the analysis 
and synthesis of single-loop or simple 
‘multiloop linear or piecewise-linear feed- 
back systems. In most of this work, 
there is a common fundamental assump- 
tion, and that is that the designer has, 
‘or can obtain, reasonably complete 
knowledge of the properties of the device 
‘or process which is to be controlled. This 
‘knowledge generally consists of a fairly 
accurate characterization of the process or 
‘device under one set of environmental 
conditions, along with information in- 
dicating the manner and the limits within 
which the properties of the process vary 
with time and with different external con- 
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ditions. It is the ability of closed-loop 
control to render the complete system 
relatively insensitive to inaccuracies in 
the characterization and to variations in 
the properties of the process to be con- 
trolled that has resulted in the phe- 
nonomenal growth of the field. 


In this introductory era of supersonic 
flight, guided missiles, space travel, and 
complex industrial processes, the control 
engineer is frequently confronted with the 
problem of designing control systems for 
processes where little significant informa- 
tion is known about the process, where 
the properties of the process vary over an 
extraordinarily large range, and where the 


characteristics of the input signals change » 


markedly with time. It is the purpose of 
this paper to present an approach to the 


r(t) 


Fig. 1. General single-loop 
feedback system 
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design of feedback control systems which 
will enable the designer to cope with such 
situations when they arise. 


Adaptive Systems 


A block diagram of a single-loop feed- 
back system is shown in Fig. 1. The com- 
pensator can be a passive or an active 
network, linear or nonlinear, a digital con- 
troller, or an analog computer. If the 
characteristics of the process and of the 
input signal are known, there are numer- 
ous procedures for designing the com- 
pensator so that some desired perform- 
ance is obtained. Deviations from this 
desired performance due to changes in 
the process and/or the input signal often 
can be made acceptably small by in- 
creasing the loop gain. If, however, the 
parameter variations are extremely large, 
the gain required to achieve the specified 
system performance may become so high 
as to be unobtainable because of noise or 
saturation limitations. As an alternative 
to increasing the gain, the transfer char- 
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Fig. 2. Executive-controlled adaptive system 


acteristic of the compensator can be 
altered. (The term ‘‘transfer character- 
istic” is used instead of transfer function 
so that linearity is not implied. If the 
compensator is linear, the terms are 
synonymous.) This type of system in 
which the transfer characteristic of the 
controller is adjusted to compensate for 
variations in the characteristics of the 
signal and/or the process is called an 
“adaptive system.” 

In the process-adaptive system)? in 
which the compensator is designed to ad- 
just for variations in the process, the ob- 
ject is essentially to maintain a relatively 
constant loop transmittance. In the 


signal-adaptive system,* however, the 
object is to maintain some specified over- 
all performance in spite of large variations 
in input-signal characteristics. This latter 
type of adaptability therefore requires 
that the compensator vary the loop trans- 
mittance as the properties of the input 
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signal change. This fundamental differ- 
ence in the function of the compensator 
for process-adaptive and signal-adaptive 
systems is primarily responsible for the 
fact that in the past, process adaptability 
and signal adaptability have been treated 
as separate design problems. 

There is, however, an approach to the 
design of adaptive systems which enables 
the designer to develop a system which 
can be made simultanteously signal- 
adaptive and process-adaptive. The re- 
sulting systems which also can be con- 
structed as either process-adaptive or 
signal-adaptive are called ‘“‘executive- 
controlled adaptive systems.’’4> 


Executive-Controlled Adaptive 
Systems 


In an executive-controlled system, the 
compensator is a computer which is 
divided into three basic sections, each with 


c(t) 


Fig. 3. Function 

diagram of execu- 

tive-controller and 
actuator 
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puter is often sufficient for handling 


a sharply defined responsibility. An} 
operations diagram for. such a system, | 
which may include either an analog, a | 
digital, or a hybrid analog-digital come + 
puter, is shown in Fig. 2. The plant ob + 
server is responsible for the measureme 
of the process characteristics and for the 
detection of changes in significant pa= 
rameters; the executive-controller is 
sponsible for supplying the requir 
performance information: and the actua- 
tor is charged with the computation ¢ 
generation of the control signal m( 
Although the actual details of each co 
puter section are dependent upon t 
complexity of the control problem, the f 
lowing is a general description of the opera 
tion of an executive-controlled system. — 
The actuator, which may range in| 
complexity from an elaborate digital im + 
stallation to a simple passive network, 
is designed so that its transfer characte 
istic is a function both of the significa: 
process characteristics as determined 
the plant observer and of the performan 
requirements as contained in the exec 
tive controller. For processes which vary 
markedly in an extreme and unpredictable 
manner, the required plant observer may * 
involve a reasonably large computationa 
facility. However, as in the examp 
which are presented later, a simple co 


number of practical control proble: 
which are commonly encountered. Ft 
processes wherein the variations are 
lated to environmental conditions, 
plant observer reduces to a set of simp 
environmental measuring instrumen 
and, in the limit, for a system which 
to be solely signal adaptive, the plant — 
observer stage is omitted completely. 
The executive-controller is responsibl 
for supplying the actuator with perfo: 
ance information. In one of the exampl 
presented later, the executive-controll 
appears in the form of a set of potenti 
meter settings. In another, it is a passi 
network. The actual form of the con 
troller is strongly dependent upon 
actuator which is used. As an example,” 
the actuator of Fig. 3 is adjusted t 
approximately cancel the poles and zeros” 
of the process. For this case, the exectt 
tive-controller is a model of the desire 
forward-path transmittance. Althougt 
in general, the executive-controller ca 
be called upon to operate on almost anj 
performance criteria, for the purpose 0 
this paper, the executive-controller 1 
used exclusively to achieve a desi 
forward-path transmittance. 
Assuming that the actuator is capab! 
of forcing the forward path to behave a 
required by the executive-controller, it i 
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apparent that in order to design a signal- 
adaptive system, it is necessary to vary 
the parameters of the executive-controller 
in accordance with the input-signal char- 
acteristics. In the system of Fig. 3, 
this implies that the characteristics of the 
model are changed as the properties of the 
input signal vary. For signal-adaptive 
systems, all signal measuring equipment 
is included in the executive-controller. 
Since the problems associated with the 
measurement of process characteristics 
are extremely challenging, and because 
at present, systems which adjust to ex- 
treme process variations are of primary 
interest, the emphasis in the illustrative 
examples is on process-adaptive execu- 
tive-controlled systems. 


Process Measurement 


If the complete executive-controlled 
system is to adjust automatically to ex- 
treme and unpredictable variations in 
the process characteristics, one section of 
the computer must be devoted to the 
continuous measurement and computa- 
tion of the significant process parameters. 
The problems associated with this so- 
called plant-observer stage are enormous. 
Fundamentally, they fall into two cate- 
gories: difficulties due to stored energy 
in the system, and erratic results caused by 
measurement noise. 

Measurements are made by the plant 

observer over a finite interval of time. 
During this interval, the output of the 
process to be measured is not only a func- 
tion of the input during the interval of 
measurement, but is also a function of the 
input for all time prior to the measure- 
ment interval. The measurement tech- 
nique must be capable of taking into 
account this stored energy which is due 
to inputs prior to the measurement 
interval. 
_ Measurement noise is the term applied 
to errors which arise either as a result of 
noise within the process itself or from in- 
accuracies in the measuring equipment. 
[t is apparent that a measured output due 
0 noise in the process with no correspond- 
ng input signal would yield nonsensical 
nformation about the process. Effects 
fue to measurement noise can be mini- 
nized by artifically maintaining high 
ignal levels or by making measurements 
mly when the signals rise above a pre- 
letermined threshold value. 

The two basic approaches to the solu- 
ion of these difficulties involve systems 
vhich employ test signals as opposed to 
ystems which compute the significant 
wocess characteristics from measure- 
nents made on the signals present during 
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ordinary operating conditions. Systems 
which utilize test signals offer two ad- 
vantages. First, the effects of stored 
energy due to prior inputs are filtered out. 
Second, the magnitude of the test signal 
can be maintained at a level high enough 
to eliminate most of the errors due to 
measurement noise. The major dis- 
advantage associated with test-signal sys- 
tems is, of course, the continual dis- 
turbance of the system by the test-signal 
input. 

Systems that compute on the basis of 
signals which exist during ordinary opera- 
tion are free from this disturbing feature. 
However, in order to insure the reliability 
of the measured data, measurements must 
be made only when the signals are above 
some threshold level. An unfortunate 
consequence of this threshold arrangement 
is that after periods of low signal levels, 
the executive-controlled system operates 
with stale process information. If the 
occasional lack of immediate information 
proves more disturbing than test-signal 
inputs, then the systems which employ test 
signals are preferable. 

Regardless of which approach is chosen, 
the complexity of the plant-observer stage 
is dependent upon the number of process 
parameters which are required in order 
to appropriately adjust the actuator. For 
this reason, attempts to solve the process 
measurement problem in general usually 
result in enormous computer require- 
ments. Fortunately, for many given 
practical control situations, the measure- 
ment problem can be greatly simplified. 
The following examples illustrate this 
point as well as a number of the general 
chraacteristics of executive-controlled 
adaptive systems. 


Particular Solution to the 
General Problem 


The design of the computer for an 
executive-controlled system depends quite 
markedly on the choice of characteriza- 
tion for the process and for the perform- 
ance specification. This characterization 
may be in terms of a set of difference 
equations, by pole-zero location, in terms 
of an impulse response, or by a frequency 
spectrum. A number of computer 
designs based upon these characterizations 
are discussed in references 1, 2, 4, and 5. 

One interesting approach results from 
choosing a set of linear differential equa- 
tions to describe the process and the re- 
quired performance specification. As- 
suming a linear process, the process input 
m(t) and the process output c(t) can be 
related by a differential equation of the 
form: 


Doarptctt)= >> dypm(t) (1) 


k=0 j=0 


where p=d/dt and the a, and b; are con- 
stants. The performance specification 
which, in this case, is the desired forward- 
path transmittance, can also be expressed 
in terms of a differential equation: 


n 


dD) ant e(t)= >> Bsple(2) (2) 
7=0 


k=0 


where c(é) is now the desired process out- 
put for a given input r(é), and e(é) is the 
closed-loop error signal r(#)—c(t). 

If equation 2 is subtracted from equa- 
tion 1 and the resultant equation solved 
for the actuator output m/(é), the transfer 
equation for the actuator is obtained as: 


n 


1 a a® 
m(t) “UL — ann) eC E) +050 | = 


n gi 
Do ey mle) (3) 
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For the case when }=0, the equation can 
be solved for dm(t)/dt where m(t) is given 
to within an additive constant by: 


me It 
m(t) =f D | era e(t)+ 
k 


=0 


d® - di 
Bx °F «| ->) bj FF m(t)> dt (4) 


j=2 


For b)=b:=0, two integrations are re- 
quired, and so on. 

If equations 3 and 4 are normalized for 
convenience (—l<a, b, a, B<1), one 
possible computer circuit for generating 
m(t) utilizing d-c operational amplifiers 
and single-pole-double-throw switches or 
relays is shown in Fig. 4(A). The mag- 
nitudes of the ax, 6;, a, and by are set on 
the potentiometers and the required alge- 
braic signs are obtained by selecting the 
the proper switch position. _It is inter- 
esting to note that in this method of 
realization, the executive-controller and 
the actuator are essentially fused to- 
gether, the executive-controller taking 
form as a set of potentiometer settings. 

Of extreme importance, however, is the 
fact that as long as the a; and b; correctly 
characterize the process the forward loop 
is constrained to perform in the manner 
described by specification equation 2. 
Thus, if a signal-adaptive system is 
desired, it is only necessary to vary the 
a and B potentiometers in a predetermined 
manner as the characteristics of the input- 
signal change. For a process-adaptive 
system, the a and b potentiometers are 
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adjusted in accordance with information 
obtained from a plant observer. 

The plant observer for the actuator- 
of Fig. 4(A) is required to supply the co- 
efficients of the process differential equa- 
tion. If the process input m/() and out- 
put c(¢) and all m derivatives of m/(#) and 
c(t) are sampled at 2(m+1) instants of 
time, then process equation 1 can be used 
to generate a set of linear simultaneous 
equations. The a; and b, are obtained 
from the solution of this set of equations. 
A block diagram of the plant observer 
which operates in this manner is shown in 
Fig. 4(B). The differentiators can be 
constructed from analog components, 
utilizing either operational amplifiers or 
delay-line differentiators. For the simul- 
taneous equation solver, a digital com- 
puter would be more appropriate. The 
outputs from the equation solver are 
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Fig. 4. Differential equation 
approach 


A—Circuit diagram 
B—Plant observer 


transformed into potentiometer settings 
through a positioning servomechanism. 
As indicated earlier, the total installa- 
tion represented by Figs. 4(A) and (B) 
is quite large, especially for a process 
which must be represented by a high-order 
differential equation. In addition, the 
utilization of a large number of differentia- 
tors in an analog computer is usually to be 
avoided. Fortunately, when the problem 
is restricted, the instrumentation can be 
greatly simplified. It is apparent, for 
example, that for linear systems, the 
transfer characteristic of the actuator can 
be writen as Gg(s)/G(s) where G(s) is the 
process transfer function and G,(s) is the 
desired forward-path transmittance. For 
simple special cases, the computer can 
therefore be replaced by a network real- 
ization of Gg(s)/G(s), even when G(s) or 
G(s) are to be varied during operation. 
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For systems, however, in which the pa 
rameter variations are extreme, the actu 
ator must be realized, either partially 
totally as shown in Figs. 4(A) and (B)P 
(For a more detailed analysis of this and 
other approaches, see reference 5.) 

Fortunately, the solution for a partie: — 
ular problem is usually much simpler 
than that for the general problem just dis= 
cussed. This simplification is demon 
strated in the next section. 


Executive-Control for Lightly 
Damped Varying Process 


A common problem which is en- 
countered in the design of practical con- . 
trol systems is one which involves process- 
transfer functions with one complex pole - 
pair close to the real frequency axis. AF © 
though the transfer function may con : 
tain additional poles and zeros as, for ex= + 
ample, in Fig. 5(A), the behavior of 
process when included in a closed loop 
dominated by the poles adjacent to 
jw axis. In particular, with a relati 
small loop gain, the system tends to 
come unstable. 

If the process is fixed, the usual ap 
proach to improving the closed-loop ope 
tion is to add a compensating netwo 
with zeros in close proximity to the pol 
as for example, at position a in Fig. 5( 
If, however, thée-process poles vary in am i 
unpredictable manner over a large region | 
as illustrated in Fig. 5(B), it is extreme 
difficult, and sometimes impossible, 
stabilize the system with fixed compens 
tion without introducing undesirable 4 
effects into the over-all operation of the 
closed-loop system. ‘ 

By applying the principles of executi 
control, it is not only possible to stabil 
the system, but it is also possible to mai 
tain an approximately nonvarying, 
sirable, closed-loop transfer function 
spite of large variations in the position 
the offending pole-pair. In addition, 
this problem, the executive-controller a 
the actuator are realizable as passive ni 
works. This passive realization res 
in a relatively simple executive-controlled 
system. 4 

In the actuator-controller of Fig. 3, th 
actuator transfer function is constructed” 
to be 1/G(s), the inverse of the process= 
transfer function; and the executive-com 
troller, which is responsible for achievit 
the specified operation, is a model of tt 
desired forward-path transfer characte 
istic. For the problem under discussio 
this approach is modified so that tl 
actuator cancels only the effects due 
the dominating pole-pair. Thus, if # 
process transfer function is: 


j 


t 


| 


t 
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Fig. 5.  S-plane 
diagram of pole- 
Pair variation 


N(s) _ N(s) 
D(s) Di(s)[s?+2fans ton?) 


E05) = 


(5) 


the actuator transfer function is con- 
structed to be: 


[s2+2ten +en?] 


Das) 


(6) 


where the poles of G,(s) are added to make 
Ga(s) realizable with a linear passive 
1etwork. 

Since the dominant pole-pair changes 
osition in the s-plane, it is necessary for 
iq(S) to be variable if the offending pole- 
dair is to be approximately cancelled at all 
imes. Assuming that a plant observer 
xists which is capable of supplying the 
ctuator with the approximate location of 
she important pole-pair, and assuming 
hat G,(s) is able to vary accordingly, the 
transfer function of the executive-control- 


er can be immediately determined as: 


| 
Me) =Ga(s) Pals) 


Ns) we 
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EXECUTIVE 
CONTROLLER 


(A) 


(B) 


Fig. 6. Notch filter approach 
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PLANT 
OBSERVER 


jw 


RANGE OF VARIATION 


(A) 


A block diagram of the complete system 
is Shown in Fig. 6(A). 

Since it is not necessary to cancel 
exactly the dominant pole-pair, G,(s) need 
not be continuously variable. Instead, 
several fixed passive networks can be em- 
ployed to cover effectively the region over 
which the pole-pair moves. Such an 
arrangement is shown in Fig. 6(B). The 
G(s) networks are selected by a rotary 
switch. The function of the plant ob- 
server in such a system is to measure the 
approximate pole location and to choose 
the appropriate switch position. 

If the region of pole variation closely 
surrounds the jw axis, then w,, the reso- 
nant frequency of the dominant pole-pair, 
is sufficient for locating the pole position 
for the purposes of switching in the suc- 
cessive compensation networks. A plant 


observer capable of supplying the value of 
®» can be constructed by taking advantage. 
of the properties of the frequency re- 
lightly 


sponse characterization of a 
damped process. 


In 1G(w)| 


® = 


ee) [Cl 2 }| 
IC(w, IF+IKM(, DI 

x | C(w, ) 

~ | M(o,) 


If, for the moment, it is assumed that in 
Fig. 5, w, is less than all other w; where the 
w; are the radial distances to all other poles 
and zeros of the process transfer function, 
then the frequency response of the process 
is of the form drawn in Fig. 7. If, in addi- 
tion, w; and w, are chosen in such a manner 
that wi<w,<w over the entire range of 
variation of w,, and where w.<w,;, then it is 
shown in Appendix I that: 


(25) ~otl | Cor) | (8) 
2 ON | C(e2)| + | KM(on)| 
and 
Clo) | 
= Gee = |G(o) | (9) 


where C(w:) and C(w2) are obtained from 


’ two narrow-band filters at the process 


output, and M(w,) qnd M (ws) are similarly 
obtained with two filters at the process 
input. (M/(w) and C(w) are the Fourier 
transforms of m(f) and c(é), the process 
input and output.) 

A straightforward analog computer 


=|6(o, ) 


Fig. 7. Logarithmic amplitude response for system with dominant 
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pole-pair 
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r(t) 


Coy) + KM(9) 


ANALOG -DIGITAL 
CONVERTER 


Fig. 8. Executive-controlled system diagram for frequency-response approach 


can be used to solve equations 8 and 9. 
A complete executive-controlled process- 
adaptive system employing such a com- 
puter is illustrated in Fig. 8. It is in- 
teresting to note that in addition to the 
approximate pole position, the computer 
also supplies the value of K=G(w,), the 
low-frequency gain of the process. Thus, 
with slight modification, the system of 
Fig. 8 can be made adaptive to changes in 
gain as well as to changes in pole posi- 
tion. 

If there is a pole at s=0, the derivative 
of c(#) is utilized by the plant observer in- 
stead of c(t). If, after accounting for the 
poles at the origin there are one or more 
poles located so that it is impossible to 
choose w2 less than the smallest w;, equa- 
tion 8 can be modified so that it will 
still give w,, provided the w,; remain 
relatively fixed. 


Alternate Solution for Lightly 
Damped Varying Processes 


For a lightly damped process with a 
dominant pole-pair, there is another in- 
teresting method of measurement based 
upon an impulse response characteriza- 
tion which is capable of supplying, ¢ the 
relative damping ratio as well as w,, the 
radial distance to the dominant pole-pair. 
Under the conditions imposed upon the 
process in the previous section (w,<w; 
and ¢ small), the impulse response of the 
process g(¢) is approximately that of a 
second-order system as drawn in Fig. 9. 
For this approximate second-order re- 
sponse it can be shown that (see Appendix 
IT); 

Tv 


Ce (10) 


and that 
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1 
¢=- In = 


T &m 


(11) 


where 7) is the period to the first zero of 
g(t), and where gy and g,, are the first 
maximum and first minimum respectively 
of g(¢) as indicated in Fig. 9. 

A computer capable of determining w, 
and £ from equations 10 and 11 is illus- 
trated in Fig. 10. In contradistinction to 
the two previous methods, this approach 
utilizes test signals to aid in the measure- 
ment. If white noise is added to the 
process input, and if the process output is 
cross-correlated with the noise delayed by 
a constant 7, the output from the cross- 
correlator is g(r), one point on the process 
impulse response. There is a tremen- 
dous instrumentation advantage if, in- 
stead of ordinary noise, 2-level, or so- 


9 (t) 
1.0 


0.8 


1 wee 


‘sla 
__ EN 
Ln 


Fig. 9. Transient 

response for system 

with dominant pole 
Pair 
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called binary, noise isemployed. For this 
type of signal, the noise generators can be 
constructed from motor-driven cams or 
random-toothed discs,’ and the cross 
correlators become simple relays followed 
by low-pass filters.2. The delayed nois 
then simply generated by synchronou 
driving a set of identical mechanical n 
generators, each one phased slightly 
ferently than the original, the time de 
being directly proportional to the mee 
ical phase displacement. j 
For the computer of Fig. 10, fourt 
mechanical noise generators (NG1 
NG4) are driven by motor no. 1 
separated from each other by mechanicé 
phaseshifters as indicated schematically 
the diagram. The noise output from NGI 
is added to m/(t), the process input. NG2? 
is connected to NG1 through a variab 
phase shifter (a simple differential gearin 
arrangement). The output of NG2 ; 
is cross-correlated with the process output | 
c(t) thereby obtaining one point on the 
g(r) curve. If the phase shift is initially j 
zero, and if the relative phase between j 
NG1 and NG2 is continuously change 
by motor no. 2, the output from the 
cross-correlator will scan the g(r) curve 
A null detector at this output can beé 
employed to stop the motor when g(r) goes 
through its first zero at r=T. Since 7185 
proportional to the angle of the variable 
phase shifter and, since w, is inversely} 
proportional to To, the value of w, can be é 
obtained directly from this first phase 
shifter. 
If NG3 and NG4 are connected to NG 
through fixed gear ratios of 1/2 to 1 
3/2 to 1 respectively, when NG2 is dela, 
by 7, NG3 will be delayed by To/2 an 
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Fig. 10. Executive-control for impulse-response approach 


NG4 by 37/2. But 7/2 and 37)/2 are 
approximately the values of + at which 
g(r) hits its first maximum and its first 
minimum. Thus, the outputs from the 
second and third cross-correlator are gy 
and g»,. A divider followed by a log- 
arithmic function generator and a 
potentiometer divider is sufficient to ob- 
tain ¢; see equation 11. The values of 
On and ¢ can then be used to adjust 
the compensator. 

The compensator, once again, may be 
continuously or discretely variable. The 
total installation for this method is well 
within the limits of practical realizability. 
Since the emphasis in the last two sections 
has been on cancelling the effects of the 
offending process pole-pair, the resultant 
systems have been process-adaptive. 
Since in these systems, as in all executive- 
controlled systems, the measurement 
problem is divorced from the performance 
specification, the final installations can 
be made signal-adaptive by varying the 
transfer characteristics of the executive- 
controller. 

- One final point that should be made is 
that, although the performance specifica- 
tion can be changed instantaneously, the 
measurement procedures discussed herein 
require that the process parameters vary 
slowly with respect to the measurement 
interval. In the differential equation 
approach, the measurement interval is 
determined by the sampling intervals 
and by the simultaneous equation solver; 
for the frequency-response approach, the 
measurement interval is limited by the 
delay in the narrow-band filters; and for 
the transient-response method, the delay 
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in the cross-correlators is the limiting 
factor. 


Conclusions 


Executive-control appears to be a use- 
ful approach for the design of adaptive 
systems. By dividing the responsibilities 
of the computer into three distinct 
functions: process measurement, per- 


formance maintenance, and signal genera- 


tion, the problems associated with process 
adaptability and signal adaptability can 
be treated separately, with the final de- 
signs fused together to form a completely 
adaptive system. 

The major challenge, at present, is in the 
process-measurement stage. Attempts 
to solve this problem in general result in 
large computer requirements of ques- 
tionable practicality. Fortunately, how- 
ever, for specific control situations, 
the total installations can apprently be 
kept well within practical limits. Per- 
haps from the solution of such specialized 
problems, some general methods will 
develop which will enable the principles 
of adaptive control to be applied to highly 
complex systems. 


Appendix | 


Under the conditions imposed upon the 
process in Figs. 5 and 7, the process-transfer 
function for w<wi can be considered 


approximately second order. Thus, for 
wwii 

Kan? 
= 12 
MSF ihr oasshar?) (12) 
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or in terms of w, 


Kon? 
Cl)! SS SS = 13 
2) (an? —w?) + 27fwnw 13) 
For wi<w, and £ small, 
Cor) 
G = = 14 
|G(w)| Mle) ~K (14) 
For w.2>wry and ¢ small, 
Keon? 
CC  rearey (15) 
2 —wy,2) 
Solving equation 15 for w, results in: 
|G(we) | 
= —— 16 
en ON |G(o2)|+K oe 
but 
C(we) 
ae 17 
|G(w)| Men) (17) 
Thus, 
Basi | C(w2) | (18) 


| C(we)|-+K | M(o:)| 


Appendix I 


Once again, if G(s) is assumed approxi- 
mately second order: 


Kon 
A= e Sent sin (onn/ lees et) (19) 
Lae ae 
where ne is the process-impulse response. 
If the process is lightly damped, £ is small 


and 
o(t)=Kune$°™ sin wnt (20) 


The first time g(t) crosses zero (excluding 


t=0) is at t=7/wn=T». Therefore, 
Tv 
=—- (21) 
AT 
But at t=7/2wn=T /2, g(t)=gmu. Hence, 
gn = Kone-*/? (22) 


However, at £=32/2wn=8T,/2, g(t)=£m 
where 


&m= —Kone**/? (23) 
Therefore, 
ioe (24) 
£m 
or 
1 
rein Oe (25) 
Tv £m 
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ERRATUM 


“Some Effects of Hypersonic lonization on 
the Design of Electrical and Electronic 
Components’ by W. B. Sisco- and J. M. 
Fiskin; published in Applications and In- 
dustry, November 1959, pages 352-56. 


The authors wish to make the following cor- 
rections in their paper. On page 356, 
column 2, in the first paragraph the allusion 
to “equations 2, 3, and 4” should read 
“equations 1, 2, and 3.” Also, items 1 and 
12 of the ‘‘References’’ should be inter- 
changed. 
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